Even Functions

Recall: A function y = f(t) is said to be even if f(-t) = f(t) for all values of t. The graph of an even function is always symmetrical about the y-axis (i.e. it is a mirror image).

Example of an Even Function 

f(t) = 2 cos πt

Fourier Series for Even Functions 

For an even function f(t), defined over the range -L to L (i.e. period = 2L), we have the following handy short cut.

Since
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and 

f(t) is even,

it means the integral will have value 0. (See Properties of Sine and Cosine Graphs.) 

So for the Fourier Series for an even function, the coefficient bn has zero value:

bn = 0
So we only need to calculate a0 and an when finding the Fourier Series expansion for an even function f(t):
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An even function has only cosine terms in its Fourier expansion:
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Fourier Series for Odd Functions

Recall: A function y = f(t) is said to be odd if f(-t) = - f(t) for all values of t. The graph of an odd function is always symmetrical about the origin.

Example of an Odd Function

f(t) = sin t
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Fourier Series for Odd Functions 

For an odd function f(t) defined over the range -L to L (i.e. period = 2L), we find that an = 0 for all n.
Since
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The zero coefficients in this case are: a0 = 0 and an = 0.

[image: image7.png]by LI () sin 2L m[t




[image: image8.png]Sy = 307 b, sin 2L




An odd function has only sine terms in its Fourier expansion.

Exercise 1

Find the Fourier Series for the function for which the graph is given by:
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Answer 

 HYPERLINK "http://www.intmath.com/fourier-series/ans-3.php?a=0" 
First, we need to define the function:
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We can see from the graph that it is periodic, with period 2π. 
So f(t) = f(t + 2π).
Also, L = π.

We can also see that it is an odd function, so we know a0 = 0 and an = 0. So we will only need to find bn.

Since L = π, the necessary formulae become:
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Now
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We could write this as: [image: image14.png]=
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So the Fourier series for our odd function is given by:
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NOTE: Since bn is non-zero for n odd, we must also have odd multiples of t within the sine expression (the even ones are multiplied by 0, so will be 0).

Checking, we take the first 5 terms:
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We see that the graph of the first 5 terms is certainly approaching the shape of the graph that was in the question. We can be confident we have the correct answer. 

Exercise 2

Sketch 3 cycles of the function represented by
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and f(t) = f(t + 2).

Find the Fourier Series.

Answer 

 HYPERLINK "http://www.intmath.com/fourier-series/ans-3.php?a=1" 
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This function is an even function, so bn = 0. We only need to find a0 and an .
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Now for an. We will use Scientific Notebook to perform the integration:
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Recall that cos(nπ/2) = 0 for n odd and +1 or -1 for n even. So we expect 0 for every odd term.

However, we cannot have n = 3 in this expression, since the denominator would be 0. In this situation, we need to integrate for n = 3 to see if there is a value. In fact, we will use SNB to find the values up to n = 5, to see what is happening:
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So we will start our series by writing out the terms for n = 2 and n = 3, then use summation notation from n = 4:
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As usual, we graph the first few terms and see that our series is correct:
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Solution without Scientific Notebook:

The integration for an could have been performed as follows. We re-express the function using a trick based on what we learned in Sum and Difference of Two Angles. 
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It is then necessary to substitute t = 1/2 and t = -1/2 as usual, then simplify the expression in n.

After integrating, we could have expressed an as follows:
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Then we could have substituted this expression into the series. However, we would still need to consider separately the case when n = 3.
