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Kfîiu

``vªj X® c©ikÆ¬ Äf¤ bjËthd k¦W« mHfhd T¦W
,W½Æ± fÂj tot¤ijna mila nt©L«pp - bjhu².

bghUËaY¡fhd nehg± gÇR bg¦wt®fË± mWgJ
ÉG¡fh£o¦F« nk¦g£nlh® fÂj¤Jt bghUËaÈ± _yKjyhd
rhjidf´ br­jt®f´.  m¤jifa bghUËa± t±Ye®f´ ca®
fÂj¤ij M³ªJ gÆ¬wnjhL mjid¥ bgU¥bghUËa± k¦W« fÂj¥
bghUËa± M»at¦¿¬ ca® M­îfS¡F bt¦¿fukhf¥ ga¬gL¤½d®.

µlh¬~ngh®L g±fiy¡ fHf Ã½¤Jiw¥ nguh¼Ça® Kidt®
µnfh±µ v¬gtU« bghUËa± t±Yd® Kidt® bk®l¬ v¬gtU«
,izªJ 1970M« M©L/ fhy¥ngh¡»± V¦gL« kh¦w¤ij¡ F¿¡F«
tif¡bfG rk¬gh£L¢ N¤½u« x¬iw¡ f©L¾o¤J
bghUshjhu¤½¦bfd 1997M« M©L nehg± gÇR bg¦wd®. ,¢N¤½u«
bjÇîÃiy¡ fhy«/ Éiyf´/ t£o åj« k¦W« rªijÆ± khW« j¬ik
v¬w eh¬F kh¿fË¬ mo¥gilÆ± Éiyia¤ Ô®khÅ¡F« tifÆ±
mikª½UªjJ.  ,¢N¤½u« eilKiwÆ± bgÇJ« ga¬g£lnjhl±yhk±/
mbkÇ¡f g§F¢ rªijiana kh¦wkila¢ br­jJ.

bghUËa± v¬gJ ¼y btË¥gil c©ikfis mo¥gilahf¡
bfh©L jU¡f Kiwia¥ ga¬gL¤½ tUÉ¡f¥gLtdt¦iw rh®ªj
m¿Éa± v¬W fUj¥g£lJ.  Mdh± ,¬W bghUËa± K¦¿Y«
cUkh¿É£lJ.  tiugl§f´/ rk¬ghLf´ k¦W« ò´ËÆa± M»at¦¿¬
Vuhskhd ga¬ghLf´/ bghUËa± j¬ikia kh¦¿É£ld.  ¼y
kh¿fË± Jt§» go¥goahf k¦w kh¿fis¥ òF¤½ ¾¬d®
mt¦¿¦»ilnaahd bjhl®igí«/ k¦W« bghUshjhu¡ f£lik¥¾¬ c´
mik¥ò¤ j¤Jt¤ij Muhaî« fÂj« ga¬gL¤j¥gL»wJ.  ,²Éjkhf
ò½a bghUËa± c©ikfis¡ f©L mt¦iw¥ bgUksÉ± ga¬gL¤j
fÂjtÊ mik¥òf´ ga¬gL»¬wd.

Mí´ fh¥ÕL/ g§F t®¤jf« k¦W« KjäL ngh¬witfis
c´sl¡»a ,l®-ne®î nkyh©ik fÂjÉaiy¢ rh®ªJ´sJ.
v½®fhy¤ij Äf¤ J±Èakhf fÂ¡f/ fÂj¤ij¢ rhjfkhf¥ ga¬gL¤j
Koí«;  MdhY« J±Èa¤ j¬ik üW ÉG¡fhlhf ,U¡fhJ v¬gJ
c©ikjh¬.  vÅD« xUt® j¬ gz¤ij v²thW KjäL br­tJ v¬W
ò¤½rhÈ¤jdkhfî« J±Èakhfî« KobtL¡f fÂj« ga¬gL«.
g½ndHh« ü¦wh©il¢ nr®ªj ghµf± k¦W« ~bg®kh£ v¬w ,U fÂj
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iv

t±Yd®f´ fÂj¤ij¥ ga¬gL¤½ v½®fhy Ãf³îfis¡ fÂ¡F«
Kiwia cUth¡»d®.  ,U gfilfis F¿¥¾£l jlitf´ åR«
Éisah£o¬ g±ntW Ãf³îfË¬ Ãf³jfîfis mt®f´ fz¡»£ld®.

eåd bghUshjhu¥ ¾u¢ridfË¬ ¼¡f±fË¬ fLik
m½fÇ¤J¡ bfh©nl nghtjh± ò½a Kiwfis V¦gj¦F«
Muh­tj¦Fkhd njit nk¬nkY« To¡bfh©nl ngh»wJ.  fÂj«
k¦W« ò´ËÆa± mo¥gilÆ± mikªj tÊKiwfis¤ j¡fgo
ga¬gL¤½dh± mit F¿¥ghf bghUËa±/ thÂg« k¦W« bjhÊ±
M»a JiwfË± RU¡fkhd/ x¥òik¤ j¬ikíila k¦W« ½w¬Ä¡f
fUÉfshf mikí«.  nkY« ,«Kiwf´ M­î br­a¥gL« nfh£gh£il
MHkhf my¼ Muha cjîtnjhl±yhk± rÇahd k¦W« gF¤j¿í«
mo¥gilÆ± Ô®îfis¥ bgwî« tÊtF¡»¬wd.

2005-2006 f±É M©L Kj± m¿Kf¥gL¤j¥gL« ,¥ghl¥ ò¤jf«
g¬Åbu©lh« tF¥ò tÂf¡ fÂj¤½¬ ghl¤½£l¤½¦ »z§f
vGj¥g£L´sJ.  x²bthU ghlK« mo¥gil¡ fU¤½± Jt§»
go¥goahf fU¤J¢ br¿î bgW« t©z« mik¡f¥g£L´sJ.  x²bthU
ÃiyÆY« Vuhskhd vL¤J¡fh£L¡ fz¡Ff´ bfhL¡f¥g£L´sd.
fU¤JU¡fisí« fiy¢ brh¦fË¬ bghUisí« khzt®f´ e¬F
f¦Wz®ªJ nkY« gy fz¡Ffis¤ jhkhfnt v½®bfh´s
m²btL¤J¡fh£Lf´ cjî«.  bfhL¡f¥g£L´s gÆ¦¼ fz¡Ff´
khzt®fS¡F¥ nghJkhd gÆ¦¼ia mË¡F«. fz¡Ffis¤ jh§fns
Ô®¡f¤ njitahd j¬d«¾¡ifia ts®¥gjhf mit mikí«.
khzt®f´ ,¥ò¤jf¤ij¥ ga¬gL¤J«bghGJ/ clD¡Fl¬ mªjªj
fz¡Ffis Xnuh®goahf¥ ngh£L¥ gh®¡f nt©L« vd ÉU«ò»nwh«.
,¥ò¤jf¤½¬ ò´ËÆa± gF½fË± v©f´ rh®ªj fz¡ÑLf´
,U¥gjh± tÂf¡ fÂj khzt®f´ m¡fz¡FfË¬ Ô®îfS¡F
fÂ¥gh¬fis (calculators) ga¬gL¤JkhW m¿îW¤j¥gL»wh®f´.
j§fË¬ brhªj Ka¦¼ah± gy fz¡Ffis¤ Ô®¥g½± bt¦¿bgW«
khzt®f´/ ò½a fz¡FfË¬ mo¥gilia cz®ªJ mt¦iw¤ Ô®¡F«
mt®j« ½w¬ bgUksÉ± bgUFtij cW½ahf m¿a Koí«.  bghJ¤
nj®îfË± Éilfis vË½± mË¡f mt®fsh± ,aY«.

,«Ka¦¼¡F M¼ tH§» tÊ el¤½a v±yh« t±y ,iwtid¥
ngh¦W»¬nwh«. ,¥ò¤jf« f±É¢ r_f¤½dÇilna tÂf¡ fÂj¥
ghl¤½¦fhd M®t¤ij¡ »s®ªbjH¢ br­í« vd e«ò»nwh«.

``m©ik¡fhy¤½± bghUËa± j¤Jt§fis¡ f©L¾o¥g½±
fÂjÉa± í¡½fis neuoahf¥ ga¬gL¤J« Kiwf´ fÂj t±Ye®fË¬
fu§fË± Äf¢¼wªj nrit M¦¿í´sd.pp - M±~¥u£ kh®\±
khÈÅ     mkÈ uh#h    ,uhk¬    g¤kehg¬    ,uhk¢rª½u¬khÈÅ     mkÈ uh#h    ,uhk¬    g¤kehg¬    ,uhk¢rª½u¬khÈÅ     mkÈ uh#h    ,uhk¬    g¤kehg¬    ,uhk¢rª½u¬khÈÅ     mkÈ uh#h    ,uhk¬    g¤kehg¬    ,uhk¢rª½u¬khÈÅ     mkÈ uh#h    ,uhk¬    g¤kehg¬    ,uhk¢rª½u¬
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1

mÂf´ k¦W« mÂ¡nfhitfË¬ ga¬ghLf´
bghUshjhu«/ thÂg«/ bjhÊ± ngh¬w gy JiwfË± ÄFªJ
c´sd.  eh« ,ªj¥ ghl¤½± mÂf´ k¦W« mÂ¡nfhitf´
g¦¿a ¼y ò½a E£g§fis¥ gÆ¬W mt¦¿¬ ga¬ghLfis
m¿ayh«.

1.1  X® mÂÆ¬ ne®khWX® mÂÆ¬ ne®khWX® mÂÆ¬ ne®khWX® mÂÆ¬ ne®khWX® mÂÆ¬ ne®khW (Inverse of a matrix)

1.1.1 X® mÂ¡nfhitÆ¬ cW¥òfË¬ ¼¦wÂf´X® mÂ¡nfhitÆ¬ cW¥òfË¬ ¼¦wÂf´X® mÂ¡nfhitÆ¬ cW¥òfË¬ ¼¦wÂf´X® mÂ¡nfhitÆ¬ cW¥òfË¬ ¼¦wÂf´X® mÂ¡nfhitÆ¬ cW¥òfË¬ ¼¦wÂf´
k¦W« ,iz¡ fhuÂf´k¦W« ,iz¡ fhuÂf´k¦W« ,iz¡ fhuÂf´k¦W« ,iz¡ fhuÂf´k¦W« ,iz¡ fhuÂf´

A v¬w mÂ¡nfhitÆ¬ a
ij
 v¬w X® cW¥¾¬ ¼¦wÂ

(minor) v¬gJ A ,± ,UªJ a
i j

 c´s Ãiu/ Ãu±fis ÉL¤J¥
bgw¥gL« mÂ¡nfhit MF«.  mij M

 i j
 vd¡ F¿¥ngh«.

M
i  j

 v¬gJ a
i  j 

,¬ ¼¦wÂ vÅ± a
i j

-,¬ ,iz¡ fhuÂ
(cofactor) C

ij
 v¬gJ Ñ³f©lthW tiuaW¡f¥gL»wJ.

C
ij
 = 







+−

+

 j  i    ,M

 j  i    ,M   

ji

ji

 

 

mjhtJ ,iz¡fhuÂf´/ F¿Æl¥g£l ¼¦wÂf´ MF«.

2221

1211

aa

aa
v¬w mÂ¡nfhitÆ±

  M
11

 = a
22

 ,     M
12

 = a
21

,    M
21

 = a
12  

, M
22

 = a
11

nkY« C
11

 = a
22

 ,     C
12

 = −a
21

,  C
21

 = −a
12 , 

   C
22

 = a
11

333231

232221

131211

aaa

aaa

aaa

 
v¬w mÂ¡nfhitÆ±

M
11

= 
3332

2322

aa

aa
 , C

11
 = 

3332

2322

aa

aa
 ;

mÂfŸ k‰W«

mÂ¡nfhitfË‹ ga‹ghLfŸ1

,u£il¥gil v© vÅ±

x¦iw¥gil v© vÅ±



2

M
12

= 
3331

2321

aa

aa
 , C

12
 = −

3331

2321

aa

aa
 ;

M
13

= 
3231

2221

aa

aa
 , C

13
 = 

3231

2221

aa

aa
 ;

M
21

= 
3332

1312

aa

aa
 , C

21
=−

3332

1312

aa

aa
 ,¬d¾w c´sd.

1.1.2 xU rJu mÂÆ¬ nr®¥ò mÂxU rJu mÂÆ¬ nr®¥ò mÂxU rJu mÂÆ¬ nr®¥ò mÂxU rJu mÂÆ¬ nr®¥ò mÂxU rJu mÂÆ¬ nr®¥ò mÂ (Adjoint of a

square matrix)

A v¬w rJu mÂÆ¬ x²bthU cW¥igí«
mÂ¡nfhit | A |  ,± mªj cW¥¾¬ ,iz¡ fhuÂah±
g½äL br­J bgw¥gL« mÂÆ¬ Ãiu Ãu± kh¦W mÂ/ A Æ¬
nr®¥ò mÂ MF«.  mjidAdj A v¬W F¿¥ngh«.

mjhtJ, AdjA  = A
t

c

F¿¥ò :F¿¥ò :F¿¥ò :F¿¥ò :F¿¥ò :

(i) A = 








dc

ba
   vÅ±/   A

c
 = 









−

−

ab

cd

∴ Adj A = A
t

c
 = 









−

−

ac

bd

vdnt  








dc

ba
v¬w 2 x 2 rJu mÂÆ¬

nr®¥ò mÂia 








−

−

ac

bd
 vd cldoahf vGjyh«.

(ii) Adj I = I, ,½± I v¬gJ xuyF mÂ.

(iii) A(AdjA) = (Adj A) A = | A | I

(iv) Adj (AB) = (Adj B) (Adj A)

(v) A v¬gJ tÇir 2 cila rJu mÂbaÅ±/ |AdjA| = |A|

A v¬gJ tÇir 3 cila rJu mÂbaÅ±/ |AdjA| = |A|2

vL¤J¡fh£L 1vL¤J¡fh£L 1vL¤J¡fh£L 1vL¤J¡fh£L 1vL¤J¡fh£L 1

     A = 






 −

34

21
 v¬w mÂÆ¬ nr®¥ò mÂiav¬w mÂÆ¬ nr®¥ò mÂiav¬w mÂÆ¬ nr®¥ò mÂiav¬w mÂÆ¬ nr®¥ò mÂiav¬w mÂÆ¬ nr®¥ò mÂia

vGjî«.vGjî«.vGjî«.vGjî«.vGjî«.
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Ô®î :

Adj A = 








− 14

23

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 2

          A = 
















113

321

210

v¬w mÂÆ¬ nr®¥ò mÂia¡ fh©fv¬w mÂÆ¬ nr®¥ò mÂia¡ fh©fv¬w mÂÆ¬ nr®¥ò mÂia¡ fh©fv¬w mÂÆ¬ nr®¥ò mÂia¡ fh©fv¬w mÂÆ¬ nr®¥ò mÂia¡ fh©f.....

Ô®î :

A = 
















113

321

210

, Adj A = A
t

c

,½±,

C
11

 = 
11

32
= −1, C

12
 = −

13

31
= 8, C

13
 = 

13

21
= −5,

C
21

 = −
11

21
=1, C

22
 = 

13

20
= −6, C

23
 = −

13

10
= 3,

C
31

 = 
32

21
= −1, C

32
 = −

31

20
= 2, C

33
 = 

21

10
= −1

∴ A
c
 = 

















−−

−

−−

12  1

3  61  

58  1

vdnt/

Adj A = 
















−−

−

−−

12   1

3  61  

58   1 t

   =  
















−−

−

−−

135

268

111

1.1.3 ó¢¼a¡ nfhit mÂahf ,±yhj mÂÆ¬ó¢¼a¡ nfhit mÂahf ,±yhj mÂÆ¬ó¢¼a¡ nfhit mÂahf ,±yhj mÂÆ¬ó¢¼a¡ nfhit mÂahf ,±yhj mÂÆ¬ó¢¼a¡ nfhit mÂahf ,±yhj mÂÆ¬
ne®khWne®khWne®khWne®khWne®khW (Inverse of a non-singular matrix).....
A v¬w ó¢¼a¡nfhit mÂahf ,±yhj mÂÆ¬

ne®khW mÂ v¬gJ AB = BA = I  vd mikí«  B v¬w mÂ
MF«.  B I A−1 vd¡ F¿¥ngh«.

F¿¥ò :F¿¥ò :F¿¥ò :F¿¥ò :F¿¥ò :

(i) rJu mÂ m±yhj mÂ¡F ne®khW »ilahJ.
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(ii) |A| ≠ 0  vd ,Uªjh± k£Lnk A v¬w mÂ¡F ne®khW
,U¡F«. mjhtJ A xU ó¢¼a¡ nfhit mÂ vÅ± A−1

»ilahJ.

(iii) B v¬gJ A ,¬ ne®khW vÅ± A v¬gJ B ,¬ ne®khW
MF«.  mjhtJ B = A−1  vÅ± A = B−1 MF«.

(iv) A A−1 = I = A−1 A

(v) X® mÂ¡F ne®khW ,U¡Fkhdh± mJ xUik¤ j¬ik
th­ªjjhF«.  mjhtJ vªj mÂ¡F« x¬W¡F nk¦g£l
ne®khWf´ ,U¡fhJ.

(vi) A−1 ,¬ tÇirí« A ,¬ tÇirí« rkkhf ,U¡F«.

(vii) I−1 = I

(viii) (AB)−1 = B−1 A−1,    (ne®khWf´ ,U¡Fkhdh±)

(ix) A2 = I vÅ± A−1 = A MF«.

(x) AB = C vÅ±
(a)  A = CB−1 (b)  B = A−1C, (ne®khWf´ ,U¡Fkhdh±)

(xi) A(AdjA) = (AdjA)A = |A| I v¬gJ eh« m¿ªjnj.

∴ A
|A|

1
(AdjA) = 

|A|

1
(AdjA)A = I           (�  |A| ≠ 0)

vdnt/  A−1 = 
|A|

1
(AdjA).  mjhtJ, A−1 = 

|A|

1
A

t

c

(xii) A  = 








dc

ba
,  |A| = ad − bc ≠ 0  v¬f.

vdnt/ A
c
 = 









−

−

ab

cd
, A

t

c
 = 









−

−

ac

bd

 ∴ A−1 = 
 bcad −

1









−

−

ac

bd

∴ 2 x 2 tÇiríila 








dc

ba
v¬w rJu mÂÆ¬ ne®khW

ad − bc ≠ 0 vÅ±/ 
 bcad −

1









−

−

ac

bd
 v¬W cldoahf vGjyh«.
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 3

 A = 








24

35
, v¬w mÂ¡F ne®khW mÂv¬w mÂ¡F ne®khW mÂv¬w mÂ¡F ne®khW mÂv¬w mÂ¡F ne®khW mÂv¬w mÂ¡F ne®khW mÂ

,U¡Fkhdh± mjid¡fh©f.,U¡Fkhdh± mjid¡fh©f.,U¡Fkhdh± mjid¡fh©f.,U¡Fkhdh± mjid¡fh©f.,U¡Fkhdh± mjid¡fh©f.
Ô®î :

|A| = 
24

35
= −2 ≠ 0   ∴ A−1 c´sJ..

A−1 =
2

1

− 








−

−

54

32
 = 

2

1−










−

−

54

32

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 4

(i)  A = 








−

−

93

62
  (ii) A =

















−

−

426

372

213

 v¬w mÂfS¡Fv¬w mÂfS¡Fv¬w mÂfS¡Fv¬w mÂfS¡Fv¬w mÂfS¡F

ne®khW mÂf´ »ilahJ vd¡fh£Lf.ne®khW mÂf´ »ilahJ vd¡fh£Lf.ne®khW mÂf´ »ilahJ vd¡fh£Lf.ne®khW mÂf´ »ilahJ vd¡fh£Lf.ne®khW mÂf´ »ilahJ vd¡fh£Lf.
Ô®î  :

(i) |A| = 
93

62

−

−
=  0 ∴ A−1 »ilahJ.

(ii) |A| = 

426

372

213

−

−

 = 0 ∴ A-1 »ilahJ.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 5

A = 
















−211

123

432

 v¬w mÂ¡F ne®khWv¬w mÂ¡F ne®khWv¬w mÂ¡F ne®khWv¬w mÂ¡F ne®khWv¬w mÂ¡F ne®khW

,U¡Fkhdh±/ mjid¡ fh©f.,U¡Fkhdh±/ mjid¡ fh©f.,U¡Fkhdh±/ mjid¡ fh©f.,U¡Fkhdh±/ mjid¡ fh©f.,U¡Fkhdh±/ mjid¡ fh©f.

Ô®î :

|A| = 
211

123

432

−

 = 15 ≠ 0  ∴ A−1 c´sJ.

  A−1 = 
|A|

1
 A

t

c
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C
11

 = 
21

12

−
 = −5, C

12
 = −

21

13

−
 = 7, C

13
 = 

11

23

 = 1,

C
21

 = −
21

43

−
= 10, C

22
 = 

21

42

−
 = −8, C

23
 = −

11

32

= 1,

C
31

 = 
12

43

 = −5, C
32

= −
13

42

= 10, C
33

 = 
22

32

=−5,

vdnt/

     A
c
 =

















−−

−

−

5105

1810

175

, A
t

c
 =

















−

−

−−

511

1087

5105

∴A−1=
15

1

















−

−

−−

511

1087

5105

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 6

A =
















−

−

−

234

112

323

 ,  B =
















17
7

17
1

17

10

17

9

17

6

17

8

17

1

17

5

17

1

--

-  v¬wmÂf´v¬wmÂf´v¬wmÂf´v¬wmÂf´v¬wmÂf´

x¬W¡bfh¬W ne®khW MF« v¬W fh£Lf.x¬W¡bfh¬W ne®khW MF« v¬W fh£Lf.x¬W¡bfh¬W ne®khW MF« v¬W fh£Lf.x¬W¡bfh¬W ne®khW MF« v¬W fh£Lf.x¬W¡bfh¬W ne®khW MF« v¬W fh£Lf.

Ô®î:

AB = 
















−

−

−

234

112

323

 
















17

7

17

1

17

10

17

9

17

6

17

8

17

1

17

5

17

1

--

-

= 
















−

−

−

234

112

323

 
17

1

















−−

−

7110

968

151

 = 
17

1

















1700

0170

0017

= 
















100

010

001

 = I

 A k¦W«  B rJu mÂfshfî« AB = I  v¬W« ,U¥gjh± mit
x¬W¡bfh¬W ne®khW MF«.
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gÆ¦¼ gÆ¦¼ gÆ¦¼ gÆ¦¼ gÆ¦¼ 1.1

1) 






 −

12

31
 v¬w mÂÆ¬ nr®¥ò mÂia vGJf.

2)














 −

310

015

102

 v¬w mÂÆ¬ nr®¥ò mÂia¡ fh©f.

3) A = 














 −−−

344

101

334

 v¬w mÂÆ¬ nr®¥ò mÂ mnj mÂjh¬

v¬W fh£Lf.

4) A = 
















−

−

312

321

111

 v¬w mÂ¡F/ A(Adj A) = (Adj A) A = |A| I

v¬gij¢ rÇgh®¡f.

5) A =  








24

13
, B =  







 −

12

01
v¬w mÂfS¡F

Adj (AB) = (Adj B) (Adj A) v¬gij¢ rÇ¥gh®¡fî«.

6) A= (a
i j

), v¬w tÇir ,u©L cila mÂÆ±  a
i j

 = i+j ,  vÅ±/

mÂ A ia vG½ |Adj A| =  |A| v¬gij¢ rÇgh®¡fî«.

7) A = 














 −

1-13

112

111

 v¬w mÂ¡F  |Adj A| = |A|2 v¬gij¢

rÇgh®¡f.

8) A = 








− 23

42
 v¬w mÂÆ¬ ne®khW mÂia vGJf.

9) A = 
















212

113

201

 v¬w mÂÆ¬ ne®khW fh©f.

10) A = 
















100

10

01

b

a

 
v¬w mÂÆ¬ ne®khW fh©f.

11) A = 
















3

2

1

00

00

00

a

a

a

,  ,§F a
1
, a

2
, a

3
 v¬gd ó¢¼ak±y vÅ± A

−1

I¡ fh©f.
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12) A = 
















−

−

−−

544

434

221

 vÅ±/ A ,¬ ne®khW A jh¬ v¬W fh£Lf.

13) A−1 = 
















111

223

431

 vÅ±/ A I¡ fh©f.

14) A = 
















213

321

132

 , B = 

















18

1

18

7

18

5

18

5

18

1

18

7

18

7

18

5

18

1

-

-

-

 v¬gd x¬W¡bfh¬W

ne®khW v¬W fh£Lf.

15) A = 








−

−

84

32
 vÅ± A−1 I¡ fh©f. mj¬ thÆyhf

4A−1 = 10  I−A vd¡ fh£Lf.

16) A = 








−− 12

34
 vÅ± (A−1)−1 = A v¬gij¢ rÇgh®¡fî«

17) A = 








−12

13
, B = 







 −

90

06
vÅ±/ (AB)−1 = B−1 A−1 v¬gij¢

rÇgh®¡fî«

18)














 −

λ119

5λ3

176

 v¬w mÂ¡F ne®khW ,±iybaÅ± λ ,¬ k½¥ò

fh©f.

19) X = 
















653

542

321

 ,  Y = 
















−−

−

qp2

133

231

 vÅ±  Y = X−1  v¬W

mikíkhW p, q ,¬ k½¥òfis¡ fh©f.

20) 






 −

25

34
 X = 









29

14
, vÅ± mÂ X I¡ fh©f.

1.2  neÇa± rk¬ghLfË¬ bjhF½f´neÇa± rk¬ghLfË¬ bjhF½f´neÇa± rk¬ghLfË¬ bjhF½f´neÇa± rk¬ghLfË¬ bjhF½f´neÇa± rk¬ghLfË¬ bjhF½f´
(SYSTEMS OF LINEAR EQUATIONS)

1.2.1 X® mÂÆ¬ c´ mÂf´X® mÂÆ¬ c´ mÂf´X® mÂÆ¬ c´ mÂf´X® mÂÆ¬ c´ mÂf´X® mÂÆ¬ c´ mÂf´     (submatrices)     k¦W«k¦W«k¦W«k¦W«k¦W«
¼¦wÂf´¼¦wÂf´¼¦wÂf´¼¦wÂf´¼¦wÂf´     (minors)

A v¬w X® mÂÆÈUªJ mj¬ ¼y Ãiufisí«
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Ãu±fisí« jÉ®¤J¡ »il¡F« mÂf´ A ,¬ c´ mÂf´
MF«.

v.fh.     A = 





















−

21413

24012

41102

51423

  vÅ±/ mj¬ ¼y c´ mÂf´:










02

23
,   









42

53
,   









23

42
,   









20

41
,










−110

142
 ,  

















241

201

410

,  
















−

14

11

14

  k¦W«  
















2413

4102

5423

rJu c´ mÂfË¬ mÂ¡nfhitf´ mªj mÂÆ¬
¼¦wÂf´ v¬wiH¡f¥gL«.  A ,¬ ¼¦wÂfË± ¼y :

10

42
, 

11

41
, 

02

23
, 

23

53
, 

402

112

143

−  k¦W« 

214

240

411 −

1.2.2 mÂÆ¬ ju«mÂÆ¬ ju«mÂÆ¬ ju«mÂÆ¬ ju«mÂÆ¬ ju« (Rank of a matrix).

A v¬w ó¢¼a mÂ m±yhj X® mÂÆ¬ ρ(A) vd
F¿¡f¥gL« ju« ‘r’ v¬w Äif KG v©zhf ,U¡f

(i) A ,¬  ‘r’ tÇiríila VnjD« X® ¼¦wÂahtJ
ó¢¼ak¦W ,U¡f nt©L«.  nkY«

(ii) ‘r’ tÇiria Él m½f tÇiríila A ,¬ v±yh
¼¦wÂfS« ó¢¼akhf ,U¡f nt©L«.

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò
(i) A v¬w mÂÆ¬ ju« v¬gJ mªj mÂÆ¬ ó¢¼a

k½¥¾±yhj ¼¦wÂfË¬ tÇirfË± Û¥bgU v© MF«.

(ii) A ,¬ tÇir m x n vÅ± ρ(A) <  {m, n fË± ¼¿a v©}

(iii) ó¢¼a mÂÆ¬ ju« ó¢¼akhF«.

(iv) ó¢¼a mÂ m±yhj mÂ A-¬ ju«  ρ(A) > 1 MF«.

(v) n x n tÇiríila ó¢¼a¡ nfhit mÂ m±yhj mÂÆ¬
ju«  n MF«.
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(vi) ρ(A) = ρ(At)

(vii) ρ(I
2
) = 2,   ρ(I

3
) = 3

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 7

A = 
















−

510

201

312

 v¬w mÂÆ¬ ju« fh©f. v¬w mÂÆ¬ ju« fh©f. v¬w mÂÆ¬ ju« fh©f. v¬w mÂÆ¬ ju« fh©f. v¬w mÂÆ¬ ju« fh©f.

Ô®î :

A ,¬ tÇir  3 x 3. ∴ ρ(A) < 3.  A-Æ± c´s xnu xU
_¬wh« tÇir ¼¦wÂ

510

201

312

−  = −2 ≠ 0.

tÇir _¬W cila ¼¦wÂ ó¢¼akhf ,±iy.
∴ ρ(A) =3

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 8

A =  
















543

321

654

 v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

A ,¬ tÇir  3 x 3. ∴ ρ(A) < 3.  A- Æ± c´s xnu xU
_¬wh« tÇir ¼¦wÂ

543

321

654

 = 0

A-Æ± c´s xnu xU _¬wh« tÇir cila ¼¦wÂí«
ó¢¼akhf c´sJ/  ∴ ρ(A) < 2

tÇir ,u©L cila ¼¦wÂfis¡ fh©ngh«.

mt¦¿±  
21

54
 = 3 ≠ 0

ó¢¼a« m±yhj ,u©lh« tÇir ¼¦wÂ c´sJ.

∴ ρ(A) = 2.
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 9

 A = 
















−−− 15126

1084

542

 v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

A ,¬ tÇir 3 x 3. ∴ ρ(A) < 3

A- Æ± c´s tÇir _¬W cila xnu xU ¼¦wÂ

15126

1084

542

−−−

 = 0 (R
1
 ∝ R

2
)

 vdnt  ρ(A) < 2

tÇir ,u©L cila ¼¦wÂfis¡ fh©ngh«.  mit
mid¤J« ó¢¼a k½¥òilad v¬gJ btË¥gil.

∴ ρ(A) < 1

A v¬gJ ó¢¼a mÂ m±y.  ∴ ρ(A) =1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 10

A =  






 −

0219

7431
 v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

A ,¬ tÇir  2 x 4.     ∴ ρ(A) < 2

tÇir ,u©L cila ¼¦wÂfis¡ fh©ngh«. mt¦¿±

19

31 −
 = 28 ≠ 0

tÇir ,u©L cila ó¢¼a« m±yhj ¼¦wÂ c´sJ.
∴ ρ(A) = 2

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 11

A = 
















−

−

7918

6312

5421

 v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

A ,¬ tÇir 3 x 4.    ∴ ρ(A) < 3.
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tÇir _¬W cila ¼¦wÂfis¡ fh©ngh« mt¦¿±

918

312

421

−

−

 = − 40 ≠ 0

tÇir _¬W cila ó¢¼a« m±yhj ¼¦wÂ c´sJ.
∴ρ(A) = 3.

1.2.3 mo¥gil¢ bra±fS«/ rkhd mÂfS«mo¥gil¢ bra±fS«/ rkhd mÂfS«mo¥gil¢ bra±fS«/ rkhd mÂfS«mo¥gil¢ bra±fS«/ rkhd mÂfS«mo¥gil¢ bra±fS«/ rkhd mÂfS«
(Elementary operations and equivalent matrices)

X® mÂÆ¬ ju« fhz eh« ÉiHí« nghJ
Jt¡f¤½nyna ó¢¼ak¦w ¼¦wÂ »il¡f¥ bgwhÉo± ju«
fhQ« Ka¦¼ fodkhdjh»ÉL«. ,ªj¥ ¾u¢ridia¤ Ô®¡f
mo¥gil¢ bra±f´ thÆyhf mÂÆ± gy ó¢¼a§fis¥ òF¤½
¼¦wÂfË¬ k½¥òfis¡ fhQ« ntiyia vËjh¡F»nwh«.
mo¥gil¢ bra±fis bra±gL¤Jtjh± X® mÂÆ¬ ju«
khwhJ vd ÃU¾¡f Koí«.

¾¬tUtd mo¥gil¢ bra±fshF«.

(i) ,U Ãiufis¥ gÇkh¦w« br­j±.

(ii) xU Ãiuia ó¢¼a« m±yhj v©zh± bgU¡Fj±

(iii) xU ÃiuÆ¬ kl§Ffis k¦bwhU Ãiuíl¬ T£Lj±.

A v¬w mÂÆ± F¿¥¾£l v©Â¡if c´s mo¥gil¢
bra±f´ _y« B v¬w mÂ bgw¥gLkhÆ¬ A k¦W« B mÂf´
rkhd mÂf´ vd¥gL«.  ,ij A ∼ B v¬W F¿¥ngh«.

       nkY« bfhL¡f¥g£l mÂÆ± gy ó¢¼a§fis òF¤J« nghJ
mÂia xU K¡nfhz mik¥ò¡F (triangular form) kh¦WtJ
e±yJ.  Mdh± ,²thW jh¬ br­a nt©Lbk¬g½±iy.

A = (a
i j

) v¬w mÂÆ±  i > j vD«nghJ a
i j

 = 0 vÅ±
mÂ/ xU K¡nfhz mik¥¾± ,U¥gjhf¢ brh±y¥gL«/

 v.fh.   
















9200

0370

4321

 v¬w mÂ xU K¡nfhz mik¥¾± c´sJ.
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 12

A = 
















021-1

1210

41435

 v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

A ,¬ tÇir 3 x 4.        ∴ ρ(A) < 3.

mÂia xU K¡nfhz mik¥¾¦F kh¦w« br­nth«.

A = 
















− 0211

1210

41435

R
1
 ↔ R

3
-

 
I bra±gL¤½dh±

~ 














 −

41435

1210

0211

 R
3
 → R

3 
− 5R

1 
I bra±gL¤½dh±

~ 














 −

4480

1210

0211

   R
3
 → R

3
 − 8R

2 
I bra±gL¤½dh±

~ 
















−−

−

41200

1210

0211

,J xU K¡nfhz mik¥¾±  c´sJ.

,½± 

1200

210

211

−

−

= − 12  ≠ 0

tÇir _¬Wila ó¢¼a« m±yhj ¼¦wÂ c´sJ. ∴ ρ(A)= 3.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 13

A = 
















−

−

2302

1231

1111

 v¬w mÂÆ¬ ju« fh©f.v¬w mÂÆ¬ ju« fh©f.v¬w mÂÆ¬ ju« fh©f.v¬w mÂÆ¬ ju« fh©f.v¬w mÂÆ¬ ju« fh©f.



14

Ô®î :

A ,¬ tÇir 3 x 4.     ∴ ρ(A) < 3

mÂia xU K¡nfhz mik¥¾¦F kh¦w« br­nth«.

A = 
















−

−

2302

1231

1111

  R
2
 → R

2
 − R

1
 ,

  R
3
 → R

3 
− 2R

1  
,itfis¢ bra±gL¤½dh±

~ 
















−−

−

0520

0320

1111

  R
3
 → R

3
 + R

2  
I bra±gL¤½dh±

∼ 
















−

−

0800

0320

1111

,J xU K¡nfhz mik¥¾± c´sJ.

,½±,

800

320

111

−

− = − 16  ≠ 0

tÇir _¬W cila ó¢¼a« m±yhj ¼¦wÂ c´sJ.

∴ρ(A) = 3.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 14

A = 
















0844

6123

2254

 v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« v¬w mÂÆ¬ ju« fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

A ,¬ tÇir   3 x 4.         ∴ρ (A) < 3.

mÂia xU K¡nfhz mik¥¾¦F kh¦Wnth«
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A = 
















0844

6123

2254

     R
3
 → 

4

R3  I bra±gL¤½dh±

∼ 
















0211

6123

2254

 R
1
 ↔ R

3   
I bra±gL¤½dh±

∼ 
















2254

6123

0211

  R
2
 → R

2
 − 3R

1 ,

  R
3
 → R

3
 − 4R

1 
  ,itfis¢ bra±gL¤½dh±

~ 
















−

−−

2610

6510

0211

  R
3
 → R

3
 + R

2  
I bra±gL¤½dh±

~ 
















−

−−

81100

6510

0211

,J xU K¡nfhz mik¥¾± c´sJ.

,½±/   
1100

510

211

−

−−  = 11 ≠ 0

_¬W tÇir cila ó¢¼a« m±yhj ¼¦wÂ c´sJ.
∴ρ(A) = 3

1.2.4 neÇa± rk¬ghLfË¬ bjhF½f´neÇa± rk¬ghLfË¬ bjhF½f´neÇa± rk¬ghLfË¬ bjhF½f´neÇa± rk¬ghLfË¬ bjhF½f´neÇa± rk¬ghLfË¬ bjhF½f´.

kh¿f´ x¬wh« goÆ± k£L« ,U¡F« (xU§fik)
rk¬ghLfË¬ bjhF½ neÇa±  rk¬ghLfË¬ bjhF½
vd¥gL«.
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neÇa± rk¬ghLfË¬ bjhF½ia AX = B v¬W vGjyh«/
vL¤J¡fh£lhf  x−3y+z = −1,  2x+y−4z = −1,          6x−7y+8z =

7 v¬w rk¬ghLfis

  
















−

−

−

876

412

131

 
















z

y

x

  =  
















−

−

7

1

1

 v¬W mÂ mik¥¾±

vGjyh«.  A              X       =      B

A ¡F Fzf mÂ (coefficient matrx) v¬W bga®/ A cl¬
mj¬ tyJòw« B mÂia xU Ãuyhf ,iz¤J¥ bgW« mÂ/

















−

−−

−−

7876

1412

1131

M

M

M

 v¬w Äif¥gL¤j¥g£l mÂ (augmented

matrix) MF«.
,ij  (A, B) vd¡ F¿¥ngh«.

neÇa± rk¬ghLfË¬ bjhF½ x¬¿± c´s x²bthU
rk¬gh£o¬ jÅ cW¥ò« ó¢¼akhf ,Uªjh± m¤bjhF½ rk
go¤jhd bjhF½ (homogeneous system) MF«. xU neÇa± rk
go¤jhd rk¬ghLfË¬ bjhF½ia AX = O vd vGjyh«.
vL¤J¡fh£lhf 3x+4y−2z = 0, 5x+2y = 0, 3x−y+z = 0 v¬w
rk¬ghLfis

  
















−

−

113

025

243

 
















z

y

x

 =  
















0

0

0

 v¬W mÂ mik¥¾± vGjyh«.

A          X     =     O

1.2.5 rk¬ghLfË¬ x¥òik¤j¬ikrk¬ghLfË¬ x¥òik¤j¬ikrk¬ghLfË¬ x¥òik¤j¬ikrk¬ghLfË¬ x¥òik¤j¬ikrk¬ghLfË¬ x¥òik¤j¬ik (Consistency of

equations)

xU rk¬gh£L¤ bjhF½¡F FiwªjJ xU Ô®ntD«
,U¡Fkhdh± m¤bjhF½ x¥òik¤j¬ik cila bjhF½
vd¥gL«.  ,±iybaÅ± x¥òik¤j¬ik m¦w bjhF½
vd¥gL«.

x¥òik¤j¬ik cila rk¬gh£L¤ bjhF½¡F
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(i) xnu xU Ô®î (unique solution) m±yJ  (ii) v©z¦w
Ô®îf´ (infinite sets of solution) ,U¡fyh«.

,ij És¡F« tifÆ± KjÈ± ,U kh¿fis¡ bfh©l
neÇa± bjhF½fis¥ gh®¥ngh«.

4x−y = 8, 2x + y = 10 v¬w rk¬ghLf´ (3. 4) v¬w
ò´ËÆ± bt£o¡ bfh´S« ,U ne®nfhLfis¡ F¿¡»¬wd.
mit  x = 3, y = 4 v¬w xnu xU Ô®it¡ bfh©l x¥òik¤
j¬ik ciladthF«. (gl«. 1.1)

            x¥òik¤j¬ik cilad;

xnu xU Ô®î/

5x − y = 15,  10x − 2y = 30 v¬w rk¬ghLf´ x¬w¬ ÛJ
k¦bwh¬whf mikí« ,U ne® nfhLfshF«.  m¡nfh£o¬ ÛJ
c´s x²bthU ò´Ëí« m¢rk¬ghLfË¬ Ô®îfshf mika¡
fh©»nwh«.  ,¢rk¬ghLf´ x¥òik¤ j«ik cilad/  x = 1,

y = -10 ; x = 3, y = 0 ; x = 4, y = 5 ngh¬w v©z¦w Ô®îfis¥
bg¦W´sd.

x¥òik¤j¬ik cilad;
v©z¦w Ô®îf´.

y

xO

(3, 4)

4
x
-y

 =
 8

2
x
+
y
 =

 1
0

gl« 1.1

y

O x

.  (1, -10)

.  (4, 5)

.  
(3, 0)5

x
-y

 =
 1

5
, 
  
1
0
x
-2

y
 =

 3
0

gl« 1.2
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4x − y = 4 ,  8x − 2y = 5 v¬gd ,U ,iznfhLfis¡
F¿¡»¬wd. mitf´ x¥òik¤ j¬ik m¦w rk¬ghLf´
MF«. mt¦¿¦F Ô®îfns »ilahJ. (gl«. 1.3)

x¥òik¤j¬ik m¦wit
Ô®îfns »ilahJ.

,¥nghJ _¬W kh¿fË± mikí« neÇa± bjhF½fis¡
fh©ngh«.  vL¤J¡fh£lhf   2x + 4y + z = 5, x + y + z = 6,

2x + 3y + z = 6 v¬gd x¥òik¤ j¬ik cilait.  ,it x = 2,

y = −1, z = 5 v¬w xnu xU Ô®it¥ bg¦W´sd.  x + y + z = 1,

x + 2y + 4z = 1, x + 4y + 10z = 1 v¬w rk¬ghLf´ x¥òik¤
j¬ik c´sitjh¬/ Mdh± x = 1, y = 0, z = 0 ; x = 3, y = -3,

z = 1  ngh¬w v©z¦w Ô®îfis¥ bg¦W´sd.  m¤jifa
v©z¦w Ô®îf´ mid¤J« x = 1+2k, y = -3k, z = k v¬g½±
ml§F« (,½±  k v¬gJ xU bk­ba© MF«).

 x + y + z = −3, 3x +y - 2z = -2, 2x +4y + 7z = 7 v¬w
rk¬ghLfS¡F xU Ô®î Tl ,±iy.  mit x¥òik¤ j¬ik
m¦w rk¬ghLf´ MF«.

v±yh rkgo¤jhd rk¬ghLfS¡F« x = 0, y = 0, z = 0

v¬w ó¢¼a¤ Ô®îf´ (trivial solutions) c©L.  vdnt v±yh
rkgo¤jhd rk¬ghLfS« x¥òik¤ j¬ik cilad.
rkgo¤jhd rk¬ghLfis¥ bghW¤jtiuÆ± x¥òik¤ j¬ik
ciladth ,±iyah v¬w nf´É¡nf ,lÄ±iy.  rkgo¤jhd
rk¬ghLfS¡F ó¢¼a Ô®îfnshL k¦w Ô®îfS« ,U¡fyh«
m±yJ ,±yhkY« ,U¡fyh«.  vL¤J¡fh£lhf x + 2y + 2z = 0,

x −3y −3z = 0, 2x +y −z = 0 v¬w rk¬ghLfS¡F  x = 0, y = 0,

x

y

O

4
x
 -
 y

 =
 4

8
x
 -
 2

y
 =

 5
gl« 1.3
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z = 0 v¬w ó¢¼a Ô®îf´ k£Lnk c´sd.  Mdh± x +y -z = 0,

x −2y +z = 0, 3x +6y -5z = 0 v¬w rk¬ghLfS¡F x = 1, y = 2,

z = 3 ; x = 3, y = 6, z = 9 ngh¬w v©z¦w Ô®îf´ c´sd. mit
mid¤J« x = t, y = 2t, z = 3t v¬g½± ml§F«. (t v¬gJ xU
bk­ba© MF«)

1.2.6 mÂÆ¬ ju« thÆyhf rk¬ghLfË¬mÂÆ¬ ju« thÆyhf rk¬ghLfË¬mÂÆ¬ ju« thÆyhf rk¬ghLfË¬mÂÆ¬ ju« thÆyhf rk¬ghLfË¬mÂÆ¬ ju« thÆyhf rk¬ghLfË¬
x¥òik¤ j¬ikia Muh­j±x¥òik¤ j¬ikia Muh­j±x¥òik¤ j¬ikia Muh­j±x¥òik¤ j¬ikia Muh­j±x¥òik¤ j¬ikia Muh­j±  (Testing the

consistency of equations by rank method)

'n' kh¿fË± c´s kh¿fË± c´s kh¿fË± c´s kh¿fË± c´s kh¿fË± c´s AX = B v¬w rk¬ghLfisv¬w rk¬ghLfisv¬w rk¬ghLfisv¬w rk¬ghLfisv¬w rk¬ghLfis
vL¤J¡bfh´nth«.vL¤J¡bfh´nth«.vL¤J¡bfh´nth«.vL¤J¡bfh´nth«.vL¤J¡bfh´nth«.

1) ρ(A, B) = ρ(A) vÅ±/ rk¬ghLf´ x¥òik¤j¬ik
ciladthf ,U¡F«.

2) ρ(A, B) ≠ ρ(A) vÅ±/ rk¬ghLf´ x¥òik¤j¬ik
m¦witahf ,U¡F«.

3) ρ(A, B) = ρ(A) = n  vÅ±/ rk¬ghLf´ x¥òik¤j¬ikÆ±
xnu xU Ô®it¥ bg¦¿U¡F«.

4) ρ(A, B) = ρ(A) < n  vÅ±/ rk¬ghLf´ x¥òik¤j¬ikÆ±
v©z¦w Ô®îfis¥ bg¦¿U¡F«.

'n'  kh¿fË±kh¿fË±kh¿fË±kh¿fË±kh¿fË±  AX=0 v¬w rk¬ghLfisv¬w rk¬ghLfisv¬w rk¬ghLfisv¬w rk¬ghLfisv¬w rk¬ghLfis
vL¤J¡bfh´nth«vL¤J¡bfh´nth«vL¤J¡bfh´nth«vL¤J¡bfh´nth«vL¤J¡bfh´nth«.....

1) ρ(A) = n vÅ±/ rk¬ghLfS¡F ó¢¼a¤ Ô®îf´ k£Lnk
c©L.

2) ρ(A) < n vÅ±/ rk¬ghLfS¡F ó¢¼a¤ Ô®îfSl¬ k¦w
Ô®îfS« c©L.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 15

2x −−−−−y +z = 7, 3x  +y−−−−−5z = 13, x +y +z = 5 v¬wv¬wv¬wv¬wv¬w
rk¬ghLf´ x¥òik¤j¬ikíilad v¬W«/rk¬ghLf´ x¥òik¤j¬ikíilad v¬W«/rk¬ghLf´ x¥òik¤j¬ikíilad v¬W«/rk¬ghLf´ x¥òik¤j¬ikíilad v¬W«/rk¬ghLf´ x¥òik¤j¬ikíilad v¬W«/
Ô®îf´ xUik¤ j¬ikíilad v¬W« fh£Lf.Ô®îf´ xUik¤ j¬ikíilad v¬W« fh£Lf.Ô®îf´ xUik¤ j¬ikíilad v¬W« fh£Lf.Ô®îf´ xUik¤ j¬ikíilad v¬W« fh£Lf.Ô®îf´ xUik¤ j¬ikíilad v¬W« fh£Lf.

Ô®î :

rk¬ghLfË¬ mÂ tot«
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















−

−

111

513

112

  
















z

y

x

  =  
















5

13

7

A           X     =    B
,½±/

(A, B) = 
















−

−

5111

13513

7112

M

M

M

  R
1
 ↔ R

3  
 I bra±gL¤½dh±

  ∼ 
















−

−

7112

13513

5111

M

M

M

  R
2
 → R

2
−3R

1

     R
3
 → R

3
−2R

1 
 ,itfis¢ bra±gL¤½dh±

  ∼ 
















−−−

−−−

3130

2820

5111

M

M

M

R
3
 → R

3
 − 

2

3
R

2 
I bra±gL¤½dh±

  ∼ 
















−−−

01100

2820

5111

M

M

M

ρ(A, B) = 3, ρ(A) = 3  v¬gJ btË¥gil.
kh¿fË¬ v©Â¡if 3/
vdnt

ρ(A, B) = ρ(A) = kh¿fË¬ v©Â¡if.

∴ ,ªj¢ rk¬ghLf´ x¥òik¤ j¬ik cilad.  nkY«
Ô®îf´ xUik¤ j¬ikíilad.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 16

 x + 2y = 3, y - z = 2, x + y + z = 1 v¬w rk¬ghLf´v¬w rk¬ghLf´v¬w rk¬ghLf´v¬w rk¬ghLf´v¬w rk¬ghLf´
x¥òik¤j¬ik cilad v¬W« v©z¦wx¥òik¤j¬ik cilad v¬W« v©z¦wx¥òik¤j¬ik cilad v¬W« v©z¦wx¥òik¤j¬ik cilad v¬W« v©z¦wx¥òik¤j¬ik cilad v¬W« v©z¦w
Ô®îfis¥ bg¦W´sd v¬W« fh£LfÔ®îfis¥ bg¦W´sd v¬W« fh£LfÔ®îfis¥ bg¦W´sd v¬W« fh£LfÔ®îfis¥ bg¦W´sd v¬W« fh£LfÔ®îfis¥ bg¦W´sd v¬W« fh£Lf.
Ô®îf´ :

rk¬ghLfË¬ mÂ mik¥ò
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















111

1-10

021

  
















z

y

x

  =  
















1

2

3

A           X     =    B

,½±, (A, B) = 
















1111

21-10

3021

M

M

M

    R
3
 → R

3

 - R
1 

I bra±gL¤½dh±

 (A, B) ∼ 
















2-11-0

21-10

3021

M

M

M

   R
3
 → R

3
+R

2  
I bra±gL¤½dh±

 (A, B) ~ 
















0000

21-10

3021

M

M

M

ρ(A, B) = 2,   ρ(A) = 2 v¬gJ btË¥gil.  kh¿fË¬
v©Â¡if 3.

vdnt  ρ(A, B) = ρ(A) <  kh¿fË¬ v©Â¡if.

   ∴ ,ªj¢ rk¬ghLf´ x¥òik¤j¬ik cilad.  nkY«
v©z¦w Ô®îfis¥ bg¦W´sd.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 17

x -3y +4z = 3,  2x -5y +7z = 6, 3x -8y +11z = 1 v¬wv¬wv¬wv¬wv¬w
rk¬ghLf´ x¥òik¤j¬ik m¦wit v¬W fh£Lf.rk¬ghLf´ x¥òik¤j¬ik m¦wit v¬W fh£Lf.rk¬ghLf´ x¥òik¤j¬ik m¦wit v¬W fh£Lf.rk¬ghLf´ x¥òik¤j¬ik m¦wit v¬W fh£Lf.rk¬ghLf´ x¥òik¤j¬ik m¦wit v¬W fh£Lf.

Ô®î :

rk¬ghLfË¬ mÂ tot«

  
















−

−

−

1183

752

431

  
















z

y

x

  =  
















1

6

3

A           X     =    B
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,½±/

(A, B) = 
















−

−

−

11183

6752

3431

M

M

M

   R
2
 → R

2
 - 2R

1 
,

   R
3
 → R

3
-3R

1 
,itfis¢ bra±gL¤½dh±

(A, B) ~ 
















−−

−

−

8110

0110

3431

M

M

M

    R
3
 → R

3
-R

2  
I bra±gL¤½dh±

(A, B) ~ 
















−

−

−

8000

0110

3431

M

M

M

ρ(A, B) = 3,     ρ(A) = 2 v¬gJ btË¥gil
vdnt ρ(A, B) ≠ ρ(A)

∴  rk¬ghLf´ x¥òik¤j¬ik m¦wit.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 18

x  +y  +z  = 0, 2x  +y  −−−−−z  = 0, x  −−−−−2y  +z  = 0 v¬wv¬wv¬wv¬wv¬w
rk¬ghLfS¡F ó¢¼a¤ Ô®îf´ k£Lnk c©Lrk¬ghLfS¡F ó¢¼a¤ Ô®îf´ k£Lnk c©Lrk¬ghLfS¡F ó¢¼a¤ Ô®îf´ k£Lnk c©Lrk¬ghLfS¡F ó¢¼a¤ Ô®îf´ k£Lnk c©Lrk¬ghLfS¡F ó¢¼a¤ Ô®îf´ k£Lnk c©L
vd¡fh£Lf.vd¡fh£Lf.vd¡fh£Lf.vd¡fh£Lf.vd¡fh£Lf.
Ô®î :

rk¬ghLfË¬ mÂ tot«

  
















−

−

121

112

111

 
















z

y

x

  =  
















0

0

0

A           X     =    O

A = 
















−

−

121

112

111

   R
2
 → R

2
−2R

1

   R
3
 → R

3
 − R

1  
,itfis¢ bra±gL¤½dh±
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A ∼ 
















−

−−

030

310

111

R
3
 → R

3
 − 3R

2 
I¢ bra±gL¤½dh±

A ~ 
















−−

900

310

111

ρ (A) = 3  v¬gJ btË¥gil.

kh¿fË¬ v©Â¡if 3.

vdnt ρ (A) = kh¿fË¬ v©Â¡if

∴ ,ªj¢ rk¬ghLfS¡F ó¢¼a¤ Ô®îf´ k£Lnk c©L.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 19

3x +y +9z = 0, 3x +2y +12z =0, 2x +y +7z = 0 v¬wv¬wv¬wv¬wv¬w
rk¬ghLfS¡F ó¢¼a¤ Ô®îfnshL k¦w Ô®îfS«rk¬ghLfS¡F ó¢¼a¤ Ô®îfnshL k¦w Ô®îfS«rk¬ghLfS¡F ó¢¼a¤ Ô®îfnshL k¦w Ô®îfS«rk¬ghLfS¡F ó¢¼a¤ Ô®îfnshL k¦w Ô®îfS«rk¬ghLfS¡F ó¢¼a¤ Ô®îfnshL k¦w Ô®îfS«
c©L vd¡ fh£Lf.c©L vd¡ fh£Lf.c©L vd¡ fh£Lf.c©L vd¡ fh£Lf.c©L vd¡ fh£Lf.

Ô®î :

rk¬ghLfË¬ mÂ tot«

  
















712

1223

913

  
















z

y

x

  =  
















0

0

0

A           X     =    O

A = 
















712

1223

913

|A| = 

712

1223

913

 = 0, 
23

13
 = 3 ≠ 0

∴ ρ (A) = 2

kh¿fË¬ v©Â¡if 3.

vdnt ρ(A)   <   kh¿fË¬ v©Â¡if
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∴ ,ªj¢ rk¬ghLfS¡F ó¢¼a¤ Ô®îfnshL k¦w
Ô®îfS« c©L.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 20

2x + 3y -z = 5, 3x -y +4z = 2, x +7y -6z = k  v¬wv¬wv¬wv¬wv¬w
rk¬ghLf´ x¥òik¤ j¬ikíila rk¬ghLf´rk¬ghLf´ x¥òik¤ j¬ikíila rk¬ghLf´rk¬ghLf´ x¥òik¤ j¬ikíila rk¬ghLf´rk¬ghLf´ x¥òik¤ j¬ikíila rk¬ghLf´rk¬ghLf´ x¥òik¤ j¬ikíila rk¬ghLf´
vÅ±vÅ±vÅ±vÅ±vÅ± k ,¬ k½¥ig¡ fh©f.,¬ k½¥ig¡ fh©f.,¬ k½¥ig¡ fh©f.,¬ k½¥ig¡ fh©f.,¬ k½¥ig¡ fh©f.
Ô®î :

(A, B) = 
















−

−

−

k671

2413

5132

M

M

M

, A = 
















−

−

−

671

413

132

| A | = 

671

413

132

−

−

−

 = 0,
13

32

−
 = −11 ≠ 0

ρ(A) = 2.

bfhL¡f¥g£l rk¬ghLf´ x¥òik¤ j¬ik ciladthf
,U¡f nt©LbkÅ± ρ(A, B) í« 2 Mf ,U¡f nt©L«.
vdnt (A, B) ,¬ tÇir _¬W cila x²bthU ¼¦wÂí«
ó¢¼akhf nt©L«.

∴
k67

241

513

−

−

−

 = 0

⇒    k = 8.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 21

x + y + z = 3, x +3y +2z = 6,  x +5y +3z = k v¬gdv¬gdv¬gdv¬gdv¬gd
x¥òik¤j¬ik m¦w rk¬ghLf´ vÅ± x¥òik¤j¬ik m¦w rk¬ghLf´ vÅ± x¥òik¤j¬ik m¦w rk¬ghLf´ vÅ± x¥òik¤j¬ik m¦w rk¬ghLf´ vÅ± x¥òik¤j¬ik m¦w rk¬ghLf´ vÅ± k ,¬,¬,¬,¬,¬
k½¥ig¡ fh©f.k½¥ig¡ fh©f.k½¥ig¡ fh©f.k½¥ig¡ fh©f.k½¥ig¡ fh©f.

Ô®î :

(A, B) = 
















kM

M

M

351

6231

3111

,  A = 
















351

231

111
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| A | = 

 351 

 231 

 111 

 = 0,
 31 

 11 
 = 2 ≠ 0

ρ(A) = 2 v¬gJ btË¥gil.

bfhL¡f¥g£l rk¬ghLf´ x¥òik¤ j¬ik m¦w
rk¬ghLfshf ,U¡f nt©LbkÅ± ρ(A, B) v¬gJ 2 Mf
,U¡f¡ TlhJ.

     (A, B) = 
















kM

M

M

351

6231

3111

    R
2
 → R

2
 − R

1
 ,

R
3
 → R

3
 − R

1 
,itfis¢ bra±gL¤½dh±

      (A, B) ~ 
















−3240

3120

3111

kM

M

M

R
3
 → R

3
 − 2R

2  
I bra±gL¤½dh±

      (A, B) ~ 
















−9000

3120

3111

kM

M

M

k ≠ 9 vÅ± ρ(A, B) v¬gJ 2 Mf ,U¡fhJ.

∴   bfhL¡f¥g£l rk¬ghLf´ x¥òik¤j¬ik
m¦witahf ,U¡f  k MdJ 9 m±yhj VnjD« xU
bk­ba©zhf ,U¡f nt©L«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 22

kx + 3y + z = 0, 3x −−−−− 4y + 4z = 0, kx −−−−− 2y + 3z = 0 v¬wv¬wv¬wv¬wv¬w
rk¬ghLfS¡F ó¢¼a¤ Ô®îfnshL k¦w Ô®îfS«rk¬ghLfS¡F ó¢¼a¤ Ô®îfnshL k¦w Ô®îfS«rk¬ghLfS¡F ó¢¼a¤ Ô®îfnshL k¦w Ô®îfS«rk¬ghLfS¡F ó¢¼a¤ Ô®îfnshL k¦w Ô®îfS«rk¬ghLfS¡F ó¢¼a¤ Ô®îfnshL k¦w Ô®îfS«
,U¡FkhW ,U¡FkhW ,U¡FkhW ,U¡FkhW ,U¡FkhW k ,¬ k½¥ig¡ fh©f. ,¬ k½¥ig¡ fh©f. ,¬ k½¥ig¡ fh©f. ,¬ k½¥ig¡ fh©f. ,¬ k½¥ig¡ fh©f.

Ô®î :

A = 
















−

−

32

443

13

k

k
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rkgo¤jhd rk¬ghLfS¡F ó¢¼a¤ Ô®îfnshL k¦w
Ô®îfS« ,U¡f nt©LbkÅ±  ρ(A) v¬gJ kh¿fË¬
v©Â¡ifiaÉl¡ Fiwthf ,U¡f nt©L«.

∴ ρ(A) ≠ 3.

vdnt    
32

443

13

−

−

k

k

 = 0  ⇒ k = 
4

11

vL¤Jfh£LvL¤Jfh£LvL¤Jfh£LvL¤Jfh£LvL¤Jfh£L 23

x + 2y +2z = 0, x -3y -3z = 0,    2x +y +kz = 0 v¬wv¬wv¬wv¬wv¬w
rk¬ghLfS¡F ó¢¼a¤ Ô®îf´ k£Lnkrk¬ghLfS¡F ó¢¼a¤ Ô®îf´ k£Lnkrk¬ghLfS¡F ó¢¼a¤ Ô®îf´ k£Lnkrk¬ghLfS¡F ó¢¼a¤ Ô®îf´ k£Lnkrk¬ghLfS¡F ó¢¼a¤ Ô®îf´ k£Lnk
c©blÅ± c©blÅ± c©blÅ± c©blÅ± c©blÅ± k ,¬ k½¥ig¡ fh©f. ,¬ k½¥ig¡ fh©f. ,¬ k½¥ig¡ fh©f. ,¬ k½¥ig¡ fh©f. ,¬ k½¥ig¡ fh©f.

Ô®î :

A = 
















−−

k12

331

221

rkgo¤jhd rk¬ghLfS¡F ó¢¼a¤ Ô®îf´ k£Lnk
,U¡f  ρ(A) kh¿fË¬ v©Â¡if¡F¢ rkkhf ,U¡f
nt©L«.

∴
k12

331

221

−−  ≠ 0

⇒  k ≠ 1.   mjhtJ  k  MdJ 1 m±yhj VnjD« xU
bk­ba©zhf ,U¡f nt©L«.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 1.2

1) ¾¬tU« x²bthU mÂÆ¬ ju« fh©f.

(i) 
















524

123

321

(ii) 
















663

540

123

(iii) 
















963

642

321

(iv) 














 −

7431

2110

4312

 (v) 
















−−−− 4221

8642

4321

 (vi) 
















−−−−

−

7431

2110

4312
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(vii) 
















3431

91293

3431

  (viii) 








43

21
    (ix) 









− 46

69

2) A = 
















−

−

−

323

432

111

 k¦W« B = 














 −−−

5105

6126

121

 vÅ±  A+B k¦W«

AB M»at¦¿¬ ju« fh©f.

3)
















1

1

1

33

22

11

yx

yx

yx

 v¬w mÂÆ¬ ju« 3 ¡F¡ Fiwthf ,U¥¾¬

(x
1
, y

1
), (x

2
, y

2
)  k¦W« (x

3
, y

3
) v¬w ò´Ëf´ xnu nfh£o±

mikí« vd¡fh£Lf.

4) 2x +8y +5z = 5, x +y +z = −2, x +2y −z = 2  v¬w rk¬ghLf´

xnu xU Ô®îl¬ x¥òik¤j¬ik bfh©lit vd¡fh£Lf.

5) x−3y −8z = −10, 3x + y −4z = 0, 2x +5y +6z = 13 v¬w

rk¬ghLf´ v©z¦w Ô®îfSl¬ x¥òik¤j¬ik
bfh©lit vd¡ fh£Lf.

6) 4x −5y −2z = 2, 5x −4y +2z = −2, 2x + 2y +8z = −1 v¬w

rk¬ghLfË¬ x¥òik¤j¬ikia Muh­f.

7) 4x −2y = 3, 6x −3y = 5 v¬w rk¬ghLf´ x¥òik¤j¬ik

m¦wit vd¡fh£Lf.

8) x + y + z = −3, 3x +y −2z = −2, 2x +4y +7z = 7 v¬w
rk¬ghLf´ x¥òik¤j¬ik m¦wit vd¡fh£Lf.

9) x  +2y  +2z = 0,  x  −3y  −3z = 0 ,  2x  +y  −z = 0 v¬w
rk¬ghLfS¡F x = 0, y = 0 k¦W« z = 0 v¬w Ô®îfis¤

jÉ®¤J ntW Ô®îf´ »ilahJ vd¡fh£Lf..

10) x  +y  −z  = 0 ,  x  −2y  +z  =  0 ,  3x  +  6y  −5z =  0 v¬w
rk¬ghLfS¡F ó¢¼a¤ Ô®îfSl¬ k¦w Ô®îfS« c©L

vd¡fh£Lf.

11) x  +2y  −3z = −2, 3x  −y−2z = 1, 2x +3y −5z = k v¬w
rk¬ghLf´ x¥òik¤j¬ik cila rk¬ghLfbsÅ±  k  ,¬

k½¥ig¡ fh©f.
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12) x +y +z  = 1, 3x −y −z = 4, x +5y + 5z = k  v¬w rk¬ghLf´
x¥òik¤j¬ik m¦w rk¬ghLfbsÅ±  k  ,¬ k½¥ig¡

fh©f.

13) 2x−3y  +z = 0,   x +2y −3z = 0, 4x  −y  + kz  = 0 v¬w

rk¬ghLfS¡F ó¢¼a¤ Ô®îfnshL k¦w Ô®îfS«
,U¡FkhW k  ,¬ k½¥ig¡ fh©f.

14) x +2y +3z = 0, 2x +3y +4z = 0  7x +ky +9z = 0 v¬w

rk¬ghLfS¡F ó¢¼a¤ Ô®î m±yhj ntW Ô®îf´
,±iybaÅ± k  ,¬ k½¥ig¡ fh©f.

1.3  neÇa± rk¬ghLfË¬ Ô®îf´neÇa± rk¬ghLfË¬ Ô®îf´neÇa± rk¬ghLfË¬ Ô®îf´neÇa± rk¬ghLfË¬ Ô®îf´neÇa± rk¬ghLfË¬ Ô®îf´
(SOLUTIONS OF LINEAR EQUATIONS)

1.3.1 mÂfis¥ ga¬gL¤½¤ Ô®î fhz±mÂfis¥ ga¬gL¤½¤ Ô®î fhz±mÂfis¥ ga¬gL¤½¤ Ô®î fhz±mÂfis¥ ga¬gL¤½¤ Ô®î fhz±mÂfis¥ ga¬gL¤½¤ Ô®î fhz± (Solution

by matrix method)

|A| ≠ 0, vD« nghJ AX = B v¬w rk¬ghLfË¬ xnu Ô®î
X = A-1B MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 24

2x−−−−−y = 3, 5x+y = 4 v¬w rk¬ghLfis mÂv¬w rk¬ghLfis mÂv¬w rk¬ghLfis mÂv¬w rk¬ghLfis mÂv¬w rk¬ghLfis mÂ
KiwÆ± Ô®¡f.KiwÆ± Ô®¡f.KiwÆ± Ô®¡f.KiwÆ± Ô®¡f.KiwÆ± Ô®¡f.
Ô®î :

bfhL¡f¥g£l rk¬ghLfË¬ mÂtot«










15

1-2
 









y

x
  = 









4

3

    A      X      =    B

|A| = 
15

12 −
 = 7 ≠ 0

∴ rk¬ghLfË¬ xnu Ô®î  X = A-1B

⇒ 








y

x
= 

7

1









− 25

11










4

3

⇒ 








y

x
= 

7

1









−7

7
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⇒ 








y

x
= 









−1

1
        ∴ x = 1,  y = −1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 25

2x +8y +5z = 5,  x +y +z = −−−−−2, x +2y −−−−−z = 2 v¬wv¬wv¬wv¬wv¬w
rk¬ghLfis mÂfis¥ ga¬gL¤½¤ Ô®¡f.rk¬ghLfis mÂfis¥ ga¬gL¤½¤ Ô®¡f.rk¬ghLfis mÂfis¥ ga¬gL¤½¤ Ô®¡f.rk¬ghLfis mÂfis¥ ga¬gL¤½¤ Ô®¡f.rk¬ghLfis mÂfis¥ ga¬gL¤½¤ Ô®¡f.
Ô®î :

bfhL¡f¥g£l rk¬ghLfË¬ mÂ tot«

 
















1-21

111

582

 
















z

y

x

 =  
















−

2

2

5

      A           X    =     B

|A|   = 

1-21

111

582

 = 15 ≠ 0

∴ rk¬ghLfË¬ xnu Ô®î

X = A−1B MF«.

,¥nghJ  A−1 I¡ fh©ngh«.

A
c

= 
















−

−

−

633

4718

123

A
t

c
= 

















−

−

−

641

372

3183

A-1 = 
|A|

1
At

c
  = 

15

1

















−

−

−

641

372

3183

vdnt/

















z

y

x

= 
15

1

















−

−

−

641

372

3183

 
















−

2

2

5

,iz¡fhuÂf´
+(−1−2), −(−1−1), +(2−1)

-(−8−10), +(−2−5),−(4−8)

+(8−5), −(2−5), +(2−8)
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⇒
















z

y

x

= 
15

1

















−

−

15

30

45

  ie., 
















z

y

x

= 
















−

−

1

2

3

⇒ x = −3,  y = 2,  z = −1.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 26

xU bg©kÂ xU bg©kÂ xU bg©kÂ xU bg©kÂ xU bg©kÂ 8%, 8
4

3 % k¦W«k¦W«k¦W«k¦W«k¦W« 9% jÅ t£ojÅ t£ojÅ t£ojÅ t£ojÅ t£o
åj§fË± bt²ntW KjäLf´ br­jh® . mt®åj§fË± bt²ntW KjäLf´ br­jh® . mt®åj§fË± bt²ntW KjäLf´ br­jh® . mt®åj§fË± bt²ntW KjäLf´ br­jh® . mt®åj§fË± bt²ntW KjäLf´ br­jh® . mt®
bkh¤j¤½± %.40/000 KjäL br­J´sh®. M©L¡Fbkh¤j¤½± %.40/000 KjäL br­J´sh®. M©L¡Fbkh¤j¤½± %.40/000 KjäL br­J´sh®. M©L¡Fbkh¤j¤½± %.40/000 KjäL br­J´sh®. M©L¡Fbkh¤j¤½± %.40/000 KjäL br­J´sh®. M©L¡F
%.3/455 t£o bgW»wh®.  mt® 9%.3/455 t£o bgW»wh®.  mt® 9%.3/455 t£o bgW»wh®.  mt® 9%.3/455 t£o bgW»wh®.  mt® 9%.3/455 t£o bgW»wh®.  mt® 9% ,± 8 ,± 8 ,± 8 ,± 8 ,± 8% Él Él Él Él Él
% . 4 / 0 0 0  m½fkhf KjäL br ­J´sh®  vÅ±% . 4 / 0 0 0  m½fkhf KjäL br ­J´sh®  vÅ±% . 4 / 0 0 0  m½fkhf KjäL br ­J´sh®  vÅ±% . 4 / 0 0 0  m½fkhf KjäL br ­J´sh®  vÅ±% . 4 / 0 0 0  m½fkhf KjäL br ­J´sh®  vÅ±
x²bthU rjåj¤½Y« KjäL br ­J´sJx²bthU rjåj¤½Y« KjäL br ­J´sJx²bthU rjåj¤½Y« KjäL br ­J´sJx²bthU rjåj¤½Y« KjäL br ­J´sJx²bthU rjåj¤½Y« KjäL br ­J´sJ
v²tsî? Ô®it mÂKiwÆ± f©L¾o¡fî«.v²tsî? Ô®it mÂKiwÆ± f©L¾o¡fî«.v²tsî? Ô®it mÂKiwÆ± f©L¾o¡fî«.v²tsî? Ô®it mÂKiwÆ± f©L¾o¡fî«.v²tsî? Ô®it mÂKiwÆ± f©L¾o¡fî«.

Ô®î :

  8%, 8
4

3
% k¦W« 9% ,± br­a¥g£l KjäLf´ Kiwna

%.x, %. y  k¦W«  %. z v¬f

fz¡»¬go   x + y + z = 40000

100

1  8  xxx
+ 

400

1 y   35 xx
+

100

1  z  9 xx
 = 3455 k¦W«

z − x = 4000  ⇒  x + y + z = 40000

32x +35y + 36z = 1382000

x − z = −4000

,¢rk¬ghLfË¬ mÂ mik¥ò

  
















−101

363532

111

  
















z

y

x

  =  
















− 4000

1382000

40000

A            X     =         B

|A|   = 

101

363532

111

−

 = −2 ≠ 0
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∴ rk¬ghLfË¬ xnu Ô®î X = A−1B

eh« ,¥nghJ A−1 I¡ fhzyh«.

A
c
 = 

















−

−

−−

341

121

356835

A
t

c
 = 

















−

−−

−

3135

4268

1135

∴ A-1 = 
|A|

1
At

c
   = 

2

1

− 















−

−−

−

3135

4268

1135

∴
















z

y

x

= 
2

1-
















−

−−

−

3135

4268

1135

 
















− 000,4

13,82,000

40,000

⇒
















z

y

x

 = 
2

1-
















−

−

−

000,03

28,000

22,000

     ⇒
















z

y

x

 = 
















000,15

14,000

11,000

vdnt 8%, 8
4

3
% k¦W«9% ,± br­j KjäLf´

Kiwna %. 11,000, %. 14,000 k¦W« %. 15,000 MF«.

1.3.2 mÂ¡nfhit KiwÆ± Ô®î fhz±mÂ¡nfhit KiwÆ± Ô®î fhz±mÂ¡nfhit KiwÆ± Ô®î fhz±mÂ¡nfhit KiwÆ± Ô®î fhz±mÂ¡nfhit KiwÆ± Ô®î fhz± (Solution

by determinant method).

»uhkÇ¬ É½ (Cramer's rule)

    a
1
x + b

1
y + c

1
z = d

1
,  a

2
x + b

2
y + c

2
z = d

2
, a

3
x + b

3
y + c

3
z = d

3

v¬w rk¬ghLfis vL¤J¡ bfh´nth«

∆ = 

333

222

111

cba

cba

cba

 , ∆
x
 =  

333

222

111

cbd

cbd

cbd

,iz¡fhuÂf´

+(-35-0), -(-32-36), +(0-35)

-(-1-0), +(-1-1), -(0-1)

+(36-35), -(36-32), +(35-32)
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∆
y
 = 

333

222

111

cda

cda

cda

, ∆
z
 =  

333

222

111

dba

dba

dba

   v¬f

∆ ≠ 0, vD«nghJ xnu Ô®î

x = 
∆

∆ x ,   y = 
∆

∆ y
,  z = 

∆

∆ z  MF«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 27

x +2y +5z = 23, 3x +y +4z = 26,  6x +y +7z = 47 v¬wv¬wv¬wv¬wv¬w
rk¬ghLfis mÂ¡nfhit KiwÆ± Ô®¡f.rk¬ghLfis mÂ¡nfhit KiwÆ± Ô®¡f.rk¬ghLfis mÂ¡nfhit KiwÆ± Ô®¡f.rk¬ghLfis mÂ¡nfhit KiwÆ± Ô®¡f.rk¬ghLfis mÂ¡nfhit KiwÆ± Ô®¡f.

Ô®î :

bfhL¡f¥g£l rk¬ghLf´

x +2y +5z = 23

3x +y +4z = 26

6x +y +7z = 47

∆ = 

716

413

521

 = −6 ≠ 0; ∆
x

= 

7147

4126

5223

 = −24

∆
y

= 

7476

4263

5231

 = −12 ; ∆
z

= 

4716

2613

2321

 = −18

»uhkÇ¬ É½¥go

∴  x =
∆

∆ x = 
6

24

−
−

 = 4 ;    y =

∆

∆ y

=
6

12

−
−

= 2

     z =

∆

∆ z

= 
6

18

−
−

 = 3 ;  ⇒   x = 4,  y = 2,  z = 3.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 28

2x−−−−−3y−−−−−1 = 0, 5x +2y −−−−−12 = 0 v¬w rk¬ghLfisv¬w rk¬ghLfisv¬w rk¬ghLfisv¬w rk¬ghLfisv¬w rk¬ghLfis
»uhkÇ¬ É½ia¥ ga¬gL¤½¤ Ô®¡f.»uhkÇ¬ É½ia¥ ga¬gL¤½¤ Ô®¡f.»uhkÇ¬ É½ia¥ ga¬gL¤½¤ Ô®¡f.»uhkÇ¬ É½ia¥ ga¬gL¤½¤ Ô®¡f.»uhkÇ¬ É½ia¥ ga¬gL¤½¤ Ô®¡f.
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Ô®î :

bfhL¡f¥g£l rk¬ghLf´ 2x − 3y = 1,   5x +2y = 12

∆ = 

25

32 −

 = 19 ≠ 0 ; ∆
x

= 
212

31 −
 = 38

∆
y

= 
125

12
 = 19 ;

»uhkÇ¬ É½¥go/

∴  x =
∆

∆ x = 
19

38
 = 2 ,    y =

∆

∆ y
=

19

19
= 1

⇒ x = 2,   y = 1.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 29

bt²ntW juF åj§fisíila bt²ntW juF åj§fisíila bt²ntW juF åj§fisíila bt²ntW juF åj§fisíila bt²ntW juF åj§fisíila A, B, C v¬wv¬wv¬wv¬wv¬w
_¬W bghU´fis flªj _¬W khj§fË± xU_¬W bghU´fis flªj _¬W khj§fË± xU_¬W bghU´fis flªj _¬W khj§fË± xU_¬W bghU´fis flªj _¬W khj§fË± xU_¬W bghU´fis flªj _¬W khj§fË± xU
É¦gidahs® É¦gid br­jj¦fhd Étu§f´É¦gidahs® É¦gid br­jj¦fhd Étu§f´É¦gidahs® É¦gid br­jj¦fhd Étu§f´É¦gidahs® É¦gid br­jj¦fhd Étu§f´É¦gidahs® É¦gid br­jj¦fhd Étu§f´
ÑnHí´s m£ltizÆ± bfhL¡f¥g£L´sd.ÑnHí´s m£ltizÆ± bfhL¡f¥g£L´sd.ÑnHí´s m£ltizÆ± bfhL¡f¥g£L´sd.ÑnHí´s m£ltizÆ± bfhL¡f¥g£L´sd.ÑnHí´s m£ltizÆ± bfhL¡f¥g£L´sd.

     khj§f´khj§f´khj§f´khj§f´khj§f´   É¦gid br­jÉ¦gid br­jÉ¦gid br­jÉ¦gid br­jÉ¦gid br­j  bg¦w bkh¤j juF bg¦w bkh¤j juF bg¦w bkh¤j juF bg¦w bkh¤j juF bg¦w bkh¤j juF
  myFf´  myFf´  myFf´  myFf´  myFf´      (%ghÆ±)     (%ghÆ±)     (%ghÆ±)     (%ghÆ±)     (%ghÆ±)

  A       B        C

rdtÇrdtÇrdtÇrdtÇrdtÇ 90 100 20 800

¾¥utÇ¾¥utÇ¾¥utÇ¾¥utÇ¾¥utÇ 130 50 40 900

kh®¢kh®¢kh®¢kh®¢kh®¢ 60 100 30 850

A, B, C v¬w bghU´fS¡fhd juF åj¤ij¡ fh©f.v¬w bghU´fS¡fhd juF åj¤ij¡ fh©f.v¬w bghU´fS¡fhd juF åj¤ij¡ fh©f.v¬w bghU´fS¡fhd juF åj¤ij¡ fh©f.v¬w bghU´fS¡fhd juF åj¤ij¡ fh©f.
»uhkÇ¬ KiwÆ± Ô®¡fî«.»uhkÇ¬ KiwÆ± Ô®¡fî«.»uhkÇ¬ KiwÆ± Ô®¡fî«.»uhkÇ¬ KiwÆ± Ô®¡fî«.»uhkÇ¬ KiwÆ± Ô®¡fî«.
Ô®î :

A, B k¦W« C ,¬ juF åj§f´ X® myF¡F Kiwna x,

y k¦W« z  %gh­f´ v¬f.

fz¡»¬go
90x +100y +20z = 800

130x +50y +40z = 900

60x +100y +30z = 850
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x²bthU rk¬gh£ilí« KGtJ« 10 M± tF¥gjh±

9x +10y + 2z = 80

13x + 5y + 4z = 90

6x + 10y + 3z = 85

∆ = 

3106

4513

2109

 = −175 ≠ 0 ; ∆
x

= 

31085

4590

21080

 = −350

∆
y

= 

3856

49013

2809

 = −700 ; ∆
z

= 

85106

90513

80109

 = −1925

»uhkÇ¬ É½¥go/

∴  x =
∆

∆ x = 
175

350

−
−

 = 2 ; y =

∆

∆ y

=
175

700

−
−

= 4

     z =

∆

∆ z

= 
175

1925

−
−

 = 11

vdnt  A, B k¦W« C¡fhd juF åj§f´ Kiwna %.2/
%.4 k¦W« %.11 MF«.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 1.3

1) mÂ KiwÆ± ¾¬tU« rk¬ghLfis¤ Ô®¡f :

2x +3y = 7,   2x + y = 5.

2) ¾¬tU« rk¬ghLfis mÂKiwÆ± Ô®¡f :

x −2y +3z = 1, 3x −y +4z = 3, 2x +y −2z = −1

3) ¾¬tU« rk¬ghLfis »uhkÇ¬ É½¥go¤ Ô®¡f :

6x -7y = 16,   9x −5y = 35.

4) mÂ¡nfhit KiwÆ± Ô®¡f :

2x +2y −z −1 = 0, x + y − z = 0, 3x +2y −3z = 1.

5) »uhkÇ¬ É½¥go¤ Ô®¡f:   x + y = 2,  y + z = 6, z + x = 4.

6) xU ¼¿a bjhÊ¦Tl¤½± P, Q v¬w ,UÉjkhd thbdhÈ¥

bg£of´ jahÇ¡f¥gL»¬wd.  mj¦F A, B v¬w ,U

Éjkhd th±îf´ ga¬gL¤j¥gL»¬wd.  P v¬w thbdhÈ¥
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bg£o¡F ,u©L A th±îfS«/ _¬W B  th±îfS«

ga¬gL¤j¥gL»¬wd.  Q v¬w thbdhÈ¥ bg£o¡F _¬W

A th±îfS«/ eh¬F B th±îfS« ga¬gL¤j¥gL»¬wd.

bkh¤j¤½± 130 A th±îfS«/ 180 B th±îfS« mªj

bjhÊ¦Tl¤½± ga¬gL¤j¥g£oU¥¾¬ jahÇ¡f¥g£l

thbdhÈ¥ bg£ofË¬ v©Â¡ifia mÂKiwÆ± fh©f.

7) 2 »nyh nfhJik k¦W« 1 »nyh r®¡fiuÆ¬ Éiy %.7; 1 »nyh

nfhJik k¦W« 1 »nyh mÇ¼Æ¬ Éiy %.7; 3 »nyh nfhJik/

2 »nyh r®¡fiu k¦W« 1 »nyh mÇ¼Æ¬ Éiy %.17 vÅ±

x²bth¬¿¬ Éiyiaí« mÂKiwÆ± fh©f.

8) X, Y k¦W« Z v¬w _¬W bghU´fis A, B k¦W« C v¬w

_¬W ÉahghÇf´ th§» É¦»wh®f´. A v¬gt® X ,¬ 2

myFfisí« Z ,¬ 5 myFfisí« th§»/ Y ,¬ 3

myFfis É¦»wh®; B v¬gt® X ,¬ 5 myFfisí«/ Y

,¬ 2 myFfisí« th§»/ Z ,¬ 7 myFfis É¦»wh®;  C

v¬gt®Y ,¬ 3 myFfisí« Z ,¬ 1 myifí« th§»/ X

,¬ 4 myFfis É¦»wh®. ,ªj bra±ghLfË± A, %.11

bgW»wh® C, %.5 bgW»wh® Mdh± B,  %.12 ,H¡»wh®.

bghU£f´ X, Y k¦W« Z x²bth¬¿¬ Éiyia¡ fh©f.

mÂ¡nfhitfis¥ ga¬gL¤½¤ Ô®¡f.

9) xU bjhÊ¦rhiyÆ± eh´njhW« _¬W bghU£f´

c¦g¤½ah»¬wd.  xU ehË± mj¬ bkh¤j c¦g¤½ 45

l¬fshf c´sJ.  Kj± bghUË¬ c¦g¤½ia Él _¬wh«

bghUË¬ c¦g¤½ 8 l¬f´ m½fkhf c´sJ.  Kj± bghU´

k¦W« _¬wh« bghUË¬ bkh¤j c¦g¤½ ,u©lh« bghUË¬

c¦g¤½ia¥ ngh± ,U kl§F c´sJ.  »uhkÇ¬ É½ia¥

ga¬gL¤½ x²bthU bghUË¬ c¦g¤½ msit¡ fh©f.

1.4  jft± g½îf´jft± g½îf´jft± g½îf´jft± g½îf´jft± g½îf´ (STORING INFORMATION)

»ilk£lkhfî« br§F¤jhfî« ¾Ç¡f¡Toa
Étu§fis tr½ahfî« ml¡fkhfî« F¿¥¾l mÂ Kiw
tÊtF¡»wJ v¬gij eh« m¿nth«.

Ñ³f©lt¦¿± mÂfË¬ ga¬ghLf´ g¦¿ ,§F eh«
m¿ayh«.
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(i) fz§f´ Ûjhd cwîf´ (Relation on sets).

(ii) ½irÆ£l jl§f´ (Directed routs).

(ii) ,uf¼a jft± gÇkh¦w« (Cryptography).

mj¦F K¬djhf Kªija tF¥òfË± go¤j fz§f´
Ûjhd cwîf´ g¦¿ Ãidî T®nth«.

cwîf´cwîf´cwîf´cwîf´cwîf´ (Relations)

A v¬w fz¤½ÈUªJ B v¬w fz¤½¦fhd cwî R

v¬gJ/ fh®O¼a¬ bgU¡f± A X B ,¬ X® c£fz« MF«.
vdnt R v¬gJ tÇir¢ nrhofË¬ fzkhF«.  mt¦¿¬ Kj±
cW¥ò  A ,± ,UªJ« ,u©lh« cW¥ò B ,± ,UªJ«
tU»¬wd  (a,  b) ∈ R vÅ± ‘a’ v¬gJ ‘b’ cl¬ cwî´sJ
v¬»nwh«. mijna a R b v¬W vGJ»nwh«. (a, b) ∉ R vÅ±
'a' v¬gJ 'b' cl¬ cwt¦wJ. mij aRb v¬W vGJ»nwh«. R
v¬gJ A v¬w fz¤½ÈUªJ mnj fz¤½¦fhd cwî vÅ±
R I A-,¬ Ûjhd cwî v¬ngh«.

vL¤J¡fh£lhf

A = {2, 3, 4, 6} k¦W«   B = {4, 6, 9}v¬f.

x MdJ y I rÇahf tF¡Fkhd± xRy v¬W/  A Æ±
,UªJ   B ¡F tiuaW¡f¥gL« cwit  R v¬f.

m²thbwÅ±

R = {(2, 4), (2, 6), (3, 6), (3, 9), (4, 4), (6, 6)} MF«

ne®khW cwîne®khW cwîne®khW cwîne®khW cwîne®khW cwî (Inverse relation)

A v¬w fz¤½ÈUªJ B v¬w fz¤½¦fhd cwî R

v¬f.  R ,¬ ne®khW cwit R-1 v¬W vGJ»nwh«. R-1 v¬gJ
B ,± ,UªJ A ¡fhd cwî MF«.    R-1 ,± c´s tÇir¢
nrhofis ½U¥¾dh± mit R ,± mikí«.  vL¤J¡fh£lhf
R = {(1, y) (1, z) (3, y)}v¬gJ A = {1, 2, 3} ,± ,UªJ
B = {x, y, z} ¡F tiuaW¡f¥gL« cwî vÅ±   R-1 = {(y, 1)

(z, 1) (y, 3)} v¬gJ B ,± ,UªJ  A ¡F mikí« R ,¬ ne®khW
cwî MF«.
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cwîfË¬ nr®¡ifcwîfË¬ nr®¡ifcwîfË¬ nr®¡ifcwîfË¬ nr®¡ifcwîfË¬ nr®¡if (Composition of relations)

R v¬gJ A v¬w fz¤½± ,UªJ B v¬w fz¤½¦fhd
cwî v¬f. S v¬gJ  B fz¤½ÈUªJ C v¬w fz¤½¦fhd
cwî v¬f.  mjhtJ R v¬gJ A x B ,¬ c£fz«/ S v¬gJ
B X  C-,¬ c£fz«. RoS v¬gJ m²ÉU cwîfË¬
nr®¡ifahF«.  mjid ¾¬tUkhW tiuaW¡»nwh«.

RoS = {(a, c) /  b∈B v¬w cW¥¾¦F (a, b) ∈R nkY«

(b, c) ∈S}. RoS 

⊆

  A X C

vL¤J¡fh£lhf

 A = {1, 2, 3, 4},  B = {a, b, c, d} k¦W« C = {x, y, z}

nkY«

R = {(1, a), (2, d), (3, a), (3, b), (3, d)} k¦W«

S = {(b, x), (b, z), (c, y), (d, z)}v¬f.

,²thbwÅ±

RoS = {(2, z), (3, x), (3, z)} MF«.

cwîfË¬ tiff´cwîfË¬ tiff´cwîfË¬ tiff´cwîfË¬ tiff´cwîfË¬ tiff´ (Types of relations)

A v¬w fz¤½¬ Ûjhd R v¬w X® cwî/ rkÅ cwthf
(Reflexive relation) ,U¡f x²bthU a∈A ¡F« (a, a)∈R

v¬¿U¡f nt©L«.

A v¬w fz¤½¬ Ûjhd R v¬w X® cwî rk¢Ó® cwthf
(Symmetric relation) ,U¡f aRb v¬¿U¡F« nghJ bRa v¬W
,U¡f nt©L«. mjhtJ (a, b)∈R  vÅ± (b, a)∈R v¬W ,U¡f
nt©L«.

A v¬w fz¤½¬ Ûjhd R v¬w X® cwî bjhl® cwthf
(Transitive relation) ,U¡f aRb k¦W« bRc v¬¿U¡F« nghJ
aRc  v¬¿U¡f nt©L« mjhtJ (a, b), (b, c)∈R vÅ± (a, c)∈R

R v¬w cwî rkÅ/ rk¢Ó® k¦W« bjhl® cwîfshf
,U¥¾¬/  R v¬gJ rkhd cwî  (Equivalence relation)

vd¥gL«.
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vL¤J¡fh£Lf A = {1, 2, 3} v¬w fz¤½¬ Ûjhd

R = {(1, 1), (1, 2), (1, 3), (3, 3)}

S = {(1, 1), (1, 2), (2, 1), (2, 2), (3, 3)}

T = {(1, 1), (1, 2), (2, 2), (2, 3)}

v¬w _¬W cwîfis vL¤J¡bfh©lh± R v¬gJ rkÅ
cwt±y/ S v¬gJ rkÅ cwî k¦W« T v¬gJ rkÅ cwt±y.
R  v¬gJ rk¢Ó® cwî m±y/ S v¬gJ rk¢Ó® cwî k¦W« T
v¬gJ rk¢Ó® cwt±y. R v¬gJ bjhl®cwî/ S v¬gJ bjhl®
cwî k¦W« T v¬gJ bjhl® cwt±y.

1.4.1 cwî mÂf´cwî mÂf´cwî mÂf´cwî mÂf´cwî mÂf´ (Relation matrices)

X ,± ,UªJ Y ¡fhd cwit/ mÂ thÆyhf tr½ahf¡
F¿¡fyh«.  m²thW F¿¡f¥gL« cwîfis fÂÅ _y« M­î
br­ayh«.

ÃiufS¡F X ,¬ cW¥òfis¡ bfh©L (VnjD« xU
tÇirÆ±) bgaÇL»nwh«.

Ãu±fS¡F Y ,¬ cW¥òfis¡ bfh©L (Û©L«
VnjD« xU tÇirÆ±) bgaÇL»nwh«.

x R y vÅ± x MtJ Ãiu y MtJ Ãu± g½É± v© 1
,L»nwh«.  ,±iybaÅ± v© 0 ,L»nwh«.   ,²thW
bgw¥gL« mÂna R v¬w cwÉ¬ mÂ MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 30

x v¬gJv¬gJv¬gJv¬gJv¬gJ  y I ÛjÄ¬¿ tF¤jh± I ÛjÄ¬¿ tF¤jh± I ÛjÄ¬¿ tF¤jh± I ÛjÄ¬¿ tF¤jh± I ÛjÄ¬¿ tF¤jh± xRy v¬Wv¬Wv¬Wv¬Wv¬W
{2, 3, 4} v¬w fz¤½ÈUªJ  v¬w fz¤½ÈUªJ  v¬w fz¤½ÈUªJ  v¬w fz¤½ÈUªJ  v¬w fz¤½ÈUªJ {5, 6, 7, 8} v¬w fz¤½¦Fv¬w fz¤½¦Fv¬w fz¤½¦Fv¬w fz¤½¦Fv¬w fz¤½¦F
tiuaW¡f¥gL« cwî tiuaW¡f¥gL« cwî tiuaW¡f¥gL« cwî tiuaW¡f¥gL« cwî tiuaW¡f¥gL« cwî R ,¬ cwî mÂia¡,¬ cwî mÂia¡,¬ cwî mÂia¡,¬ cwî mÂia¡,¬ cwî mÂia¡
fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

R = {(2, 6), (2, 8), (3, 6), (4, 8)}

R ,¬ cwî mÂ

R = 

















1000

0010

1010

4

3

2

8765    
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 31

m < n vÅ±vÅ±vÅ±vÅ±vÅ± mRn v¬wthW v¬wthW v¬wthW v¬wthW v¬wthW S = {1, 2, 3, 4} ,¬ ÛJ,¬ ÛJ,¬ ÛJ,¬ ÛJ,¬ ÛJ
tiuaW¡f¥gL« tiuaW¡f¥gL« tiuaW¡f¥gL« tiuaW¡f¥gL« tiuaW¡f¥gL« R v¬w cwÉ¬ mÂia¡ fh©f.v¬w cwÉ¬ mÂia¡ fh©f.v¬w cwÉ¬ mÂia¡ fh©f.v¬w cwÉ¬ mÂia¡ fh©f.v¬w cwÉ¬ mÂia¡ fh©f.
Ô®î :

R = {(1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4)}

R ,¬ cwî mÂ

R = 





















0000

1000

1100

1110

4

3

2

1

4321    

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 32

X® cwî mÂX® cwî mÂX® cwî mÂX® cwî mÂX® cwî mÂ  R = 








011

001

321    

y

x
  vd¡ bfhL¡f¥go¬vd¡ bfhL¡f¥go¬vd¡ bfhL¡f¥go¬vd¡ bfhL¡f¥go¬vd¡ bfhL¡f¥go¬

cwîcwîcwîcwîcwî R I xU tÇir¢ nrhofË¬ fzkhf vGJf.I xU tÇir¢ nrhofË¬ fzkhf vGJf.I xU tÇir¢ nrhofË¬ fzkhf vGJf.I xU tÇir¢ nrhofË¬ fzkhf vGJf.I xU tÇir¢ nrhofË¬ fzkhf vGJf.

Ô®î :

R = {(x, 1), (y, 1), (y, 2)}

ne®khW cwÉ¬ mÂne®khW cwÉ¬ mÂne®khW cwÉ¬ mÂne®khW cwÉ¬ mÂne®khW cwÉ¬ mÂ (matrix for inverse relation)

R v¬gJ X® cwÉ¬ mÂbaÅ± mj¬ Ãiu Ãu± kh¦W
mÂ Rt v¬gJ mj¬ ne®khW cwî R-1 I¡ F¿¡F«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 33

mn = m vÅ±vÅ±vÅ±vÅ±vÅ±  mRn vd vd vd vd vd A = {0, 1, 2} v¬w fz¤½¬v¬w fz¤½¬v¬w fz¤½¬v¬w fz¤½¬v¬w fz¤½¬
ÛJ ÛJ ÛJ ÛJ ÛJ R v¬w cwî tiuaW¡f¥gL»wJ.  v¬w cwî tiuaW¡f¥gL»wJ.  v¬w cwî tiuaW¡f¥gL»wJ.  v¬w cwî tiuaW¡f¥gL»wJ.  v¬w cwî tiuaW¡f¥gL»wJ.  R ,¬,¬,¬,¬,¬
cwî mÂia¡ f h©f .  mij¥ ga¬gL¤½cwî mÂia¡ f h©f .  mij¥ ga¬gL¤½cwî mÂia¡ f h©f .  mij¥ ga¬gL¤½cwî mÂia¡ f h©f .  mij¥ ga¬gL¤½cwî mÂia¡ f h©f .  mij¥ ga¬gL¤½
ne®khW cwî ne®khW cwî ne®khW cwî ne®khW cwî ne®khW cwî R-1 ,¬ mÂia¡ fh©f.,¬ mÂia¡ fh©f.,¬ mÂia¡ fh©f.,¬ mÂia¡ fh©f.,¬ mÂia¡ fh©f.
Ô®î :

R = {(0, 0), (0, 1), (0, 2), (1, 1), (2, 1)}

R  ,¬ cwî mÂ

R = 

















010

010

111

2

1

0

210    
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R-1 ,¬ cwî mÂ

   R-1 = Rt

= 

















001

111

001

2

1

0

210    

cwîfË¬ nr®¥ò mÂcwîfË¬ nr®¥ò mÂcwîfË¬ nr®¥ò mÂcwîfË¬ nr®¥ò mÂcwîfË¬ nr®¥ò mÂ  (matrix for composition of

relations)

mÂ¥ bgU¡f± R
1
 R

2
 ,± ó¢¼ak¦w cW¥òf´

x²bth¬iwí« 1 Mf kh¦¿¥ bgw¥gL« mÂ R
1

o R
2
 ,¬ nr®¥ò

mÂ MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 34

R
1
 = {(1, a), (2, b), (3, a), (3, b)} v¬gJ  v¬gJ  v¬gJ  v¬gJ  v¬gJ X = {1, 2, 3}

,± ,UªJ ,± ,UªJ ,± ,UªJ ,± ,UªJ ,± ,UªJ Y ={a, b, c,} ¡F c´s cwî.  ¡F c´s cwî.  ¡F c´s cwî.  ¡F c´s cwî.  ¡F c´s cwî. R
2
 = {(a, x),

(a, y), (b, y), (b,z)} v¬gJ  v¬gJ  v¬gJ  v¬gJ  v¬gJ Y ,± ,UªJ ,± ,UªJ ,± ,UªJ ,± ,UªJ ,± ,UªJ Z = {x, y, z} ¡F¡F¡F¡F¡F
c´s cwî vÅ± c´s cwî vÅ± c´s cwî vÅ± c´s cwî vÅ± c´s cwî vÅ± R

1  
k¦W« k¦W« k¦W« k¦W« k¦W« R

2 
cwîfS¡fhdcwîfS¡fhdcwîfS¡fhdcwîfS¡fhdcwîfS¡fhd

mÂfis¡ mÂfis¡ mÂfis¡ mÂfis¡ mÂfis¡ fh©f.  mitfis¥ ga¬gL¤½ fh©f.  mitfis¥ ga¬gL¤½ fh©f.  mitfis¥ ga¬gL¤½ fh©f.  mitfis¥ ga¬gL¤½ fh©f.  mitfis¥ ga¬gL¤½ R
1 

o

R
2 
,¬ cwî mÂia¡ fh©f.,¬ cwî mÂia¡ fh©f.,¬ cwî mÂia¡ fh©f.,¬ cwî mÂia¡ fh©f.,¬ cwî mÂia¡ fh©f.

Ô®î :

R
1
 ¡fhd cwî mÂ/   R

1
 = 

















011

010

001

3

2

1

cba    

R
2
 ¡fhd cwî mÂ/   R

2
 = 

















000

110

011

c

b

a

zyx    

mÂ¥ bgU¡f±

R
1
 R

2
=  

















011

010

001

  
















000

110

011

= 
















121

110

011
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 R
1
 R

2
 ,± ó¢¼ak¦w cW¥òf´ x²bth¬iwí« 1 Mf

kh¦¿dh±

R
1
 o R

2
= 

















111

110

011

3

2

1

zyx    

cwî mÂ btË¥gL¤J« cwÉ¬ tifcwî mÂ btË¥gL¤J« cwÉ¬ tifcwî mÂ btË¥gL¤J« cwÉ¬ tifcwî mÂ btË¥gL¤J« cwÉ¬ tifcwî mÂ btË¥gL¤J« cwÉ¬ tif  (Type of

relation as revealed by relation matrix)

cwî mÂÆ¬ Kj¬ik _iyÉ£l¤½± 1 v¬w v©f´
k£Lnk ,U¡Fkhdh± mªj cwî rkÅ cwthF«.

cwî mÂ rk¢ÓuÂahdh± (mjhtJ a
i j

 = a
j i 

v±yh
i, j fS¡F«) mªj cwî rk¢Ó® cwthF«.

R2  ,¬ (i, j) g½î ó¢¼a« ,±yhk± ,U¡F« nghbj±yh«
R  ,¬ (i, j) g½î« ó¢¼a« ,±yhk± ,U¡Fkhdh± mªj cwî
bjhl® cwthF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 35

A = {a, b, c, d}  v¬w fz¤½¬ ÛJv¬w fz¤½¬ ÛJv¬w fz¤½¬ ÛJv¬w fz¤½¬ ÛJv¬w fz¤½¬ ÛJ R  = {(a, a),

(b, b), (c, c), (d, d), (b, c), (c, b)}  v¬w cwî bfhL¡f¥v¬w cwî bfhL¡f¥v¬w cwî bfhL¡f¥v¬w cwî bfhL¡f¥v¬w cwî bfhL¡f¥
gL»wJ.gL»wJ.gL»wJ.gL»wJ.gL»wJ.  R ,¬ cwî mÂia¡ fh©f. mij¥,¬ cwî mÂia¡ fh©f. mij¥,¬ cwî mÂia¡ fh©f. mij¥,¬ cwî mÂia¡ fh©f. mij¥,¬ cwî mÂia¡ fh©f. mij¥
ga¬gL¤½ mªj cwÉ¬ tifia¡ fh©f.ga¬gL¤½ mªj cwÉ¬ tifia¡ fh©f.ga¬gL¤½ mªj cwÉ¬ tifia¡ fh©f.ga¬gL¤½ mªj cwÉ¬ tifia¡ fh©f.ga¬gL¤½ mªj cwÉ¬ tifia¡ fh©f.

Ô®î :

R ,¬ cwî mÂ

R = 





















1000

0110

0110

0001

d

c

b

a

dcba    

Kj¬ik _iyÉ£l¤½± 1 v¬w v©f´ k£Lnk c´sd/
vdnt R, rkÅ cwthF«.

R mÂ rk¢Ó® mÂahF«.  vdnt R, rk¢Ó® cwthF«.

mÂ¥ bgU¡f±
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R2 = 





















1000

0110

0110

0001

 





















1000

0110

0110

0001

 = 





















1000

0220

0220

0001

R2  ,± X® cW¥ò ó¢¼a« ,±iybaÅ± mj¦F Ãfuhf
R-,± c´s cW¥ò« ó¢¼a« ,±yhk± ,U¡»wJ.  vdnt R,

bjhl® cwthF«.

vdnt R v¬gJ rkÅ/ rk¢Ó® k¦W« bjhl® cwthf
c´sJ.  vdnt R, rkhd cwthF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 36

|m-n| <1 vÅ± vÅ± vÅ± vÅ± vÅ± mRn v¬W v¬W v¬W v¬W v¬W S = {1, 2, 3, 4} v¬wv¬wv¬wv¬wv¬w
fz¤½¬ ÛJ fz¤½¬ ÛJ fz¤½¬ ÛJ fz¤½¬ ÛJ fz¤½¬ ÛJ R v¬w cwî tiuaW¡f¥gL»wJ.v¬w cwî tiuaW¡f¥gL»wJ.v¬w cwî tiuaW¡f¥gL»wJ.v¬w cwî tiuaW¡f¥gL»wJ.v¬w cwî tiuaW¡f¥gL»wJ.
R-,¬ cwî mÂia¡ fh©f. mij¥ ga¬gL¤½,¬ cwî mÂia¡ fh©f. mij¥ ga¬gL¤½,¬ cwî mÂia¡ fh©f. mij¥ ga¬gL¤½,¬ cwî mÂia¡ fh©f. mij¥ ga¬gL¤½,¬ cwî mÂia¡ fh©f. mij¥ ga¬gL¤½
R-,¬ tifia¡ fh©f.,¬ tifia¡ fh©f.,¬ tifia¡ fh©f.,¬ tifia¡ fh©f.,¬ tifia¡ fh©f.

Ô®î :

R = {(1, 1), (1, 2), (2, 1), (2, 2), (2, 3), (3, 2), (3, 3), (3, 4),

(4, 3), (4, 4)}

R  ,¬ cwî mÂ

  R = 





















1100

1110

0111

0011

4

3

2

1

4321    

Kj¬ik _iyÉ£l¤½± 1 v¬w v©f´ k£Lnk c´sd.
vdnt R, rkÅ cwthF«

R mÂ rk¢Ó® mÂahF«.  vdnt R, rk¢Ó®cwthF«.

R
2
 = 





















1100

1110

0111

0011

 





















1100

1110

0111

0011

 = 





















2210

2321

1232

0122

R2 ,± (1/ 3)tJ cW¥ò ó¢¼a« ,±iy/ Mdh± R ,± (1/ 3)tJ
cW¥ò ó¢¼akhf c´sJ.  vdnt R, bjhl® cwî m±y.
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1.4.2 jl mÂf´jl mÂf´jl mÂf´jl mÂf´jl mÂf´ (Route matrices)

Kidf´ v¬wiH¡f¥gL« P
1
,  P

2
, ..., P

n
 v¬w ò´ËfS«/

mt¦¿± ,U bt²ntW tÇir¢ nrho ò´Ëfis ,iz¡F«
½irÆ£l ÉË«òfS« xU ½irÆ£l jl¤ij cUth¡F«.
½irÆ£l ÉË«ò  P

i j
 v¬gJ ½irÆ£l ÉË«ò P

j i  
,± ,UªJ

ntWg£ljhF«.  P
i
 v¬w KidÆÈUªJ ntW xU Kid¡F

½irÆ£l ÉË«ò ,±yhkÈU¡fyh«; ntW vªj xU
KidÆÈUªJ« P

i 
¡F ½irÆ£l ÉË«ò ,±yhkÈU¡fyh«.

nkY« vªj xU KidÆY« tisa§f´ »ilahJ. vªj ,U
ò´Ëfisí« ½irÆ£l gy ÉË«òf´ ,iz¡fhJ vd¡
bfh´nth«.

xU ½irÆ£l jl¤½¬ x²bthU ÉË«ò«/ Ús« 1 c´s
Ãiy v¬W miH¡f¥gL«.  P

i
 v¬w KidÆÈUªJ P

j
 v¬w

Kid¡fhd ghij (Path) v¬gJ P
i
 ,± ,UªJ P

j
 tiuÆyhd

ÉË«òfË¬ bjhlÇdkhF«.  mJ P
i
 ,± bjhl§f nt©L«/ P

j

,± Koa nt©L«.  Kidf´ P
i
, P

j
 c´gl ghijÆ± Û©L«

Û©L« tuyh«.

P
i 
,± ,UªJ P

j
 ¡F xU ghij ,U¡Fkhdh± P

j 
, P

i 
 ,±

,UªJ mQfgl¡ToaJ (accessible) m±yJ P
i
, P

j
 I mQF«

½w¬ (access) bfh©lJ vd¢ brh±nth«.

xU jl¤½± P
i
, P

j 
v¬w vªj ,U ò´Ëfis vL¤J¡

bfh©lhY« P
i
 ,± ,UªJ P

j
 ¡F xU ghijí«  P

j
 ,± ,UªJ

P
i
 ¡F xU ghijí« ,U¡Fkhdh± mªj jl« tYthf

,iz¡f¥g£L´sJ v¬W brh±y¥gL«. ,±iybaÅ± tYthf
,iz¡f¥glÉ±iy vd¥gL«.

xU ½irÆ£l jl¤ij mj¬ jl mÂah± F¿¡fyh«. G
v¬gJ ‘n’ Kidf´ c´s xU ½irÆ£l jl« v¬f.  n x n

tÇirí´s A v¬w X® mÂÆ± P
i
 ,± ,UªJ P

j
 ¡F xU

½irÆ£l ÉË«ò ,U¥¾¬ (i, j) MtJ cW¥ò 1 vdî«
,±iybaÅ± 0 vdî« mik¡f¥gL« mÂ/ mªj ½irÆ£l
jl¤½¬ jl mÂ MF«.

jl mÂÆ± c´s 1 v¬w v©fË¬ v©Â¡if
jl¤½Y´s ½irÆ£l ÉË«òfË¬ v©Â¡if¡F¢ rkkhf
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,U¡F«.  jl mÂfS« cwî mÂf´ jh¬. Mdh± jl
mÂf´ rJu mÂfshf¤ jh¬ ,U¡fnt©L«;  cwî mÂf´
rJu mÂfshf ,U¡f nt©Lbk¬g½±iy.

xU ½irÆ£l jl¤½¬ ghij mÂ (Path matrix)

P = {P
ij
} v¬gJ

P
ij
 =  





                             

v¬W mikí« mÂ MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 37

ÑnH bfhL¡f¥£L´s x²bthU ½irÆ£lÑnH bfhL¡f¥£L´s x²bthU ½irÆ£lÑnH bfhL¡f¥£L´s x²bthU ½irÆ£lÑnH bfhL¡f¥£L´s x²bthU ½irÆ£lÑnH bfhL¡f¥£L´s x²bthU ½irÆ£l
jl¤½¦F« mj¬ jl mÂia¡ fh©f.jl¤½¦F« mj¬ jl mÂia¡ fh©f.jl¤½¦F« mj¬ jl mÂia¡ fh©f.jl¤½¦F« mj¬ jl mÂia¡ fh©f.jl¤½¦F« mj¬ jl mÂia¡ fh©f.

(i) (ii)

(iii) (iv)

Ô®î :

(i) 

















000

100

010

P

P

P

PPP    

3

2

1

321

(ii) 





















0000

0000

0000

0110

P

P

P

P

PPPP    

4

3

2

1

4321

P
1

P
3

P
2

P
2

P
3

P
1

gl« 1.6 gl« 1.7

1, P
i 
 ,± ,UªJ P

j 
¡F xU ghij ,U¡Fkhdh±

0,     k¦wgo

P
3

P
2

P
1

.
P

4

P
1

P
3

P
2

gl« 1.4 gl« 1.5
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(iii) 

















001

000

110

P

P

P

PPP    

3

2

1

321

(iv) 

















001

101

110

P

P

P

PPP    

3

2

1

321

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 38

ÑnH bfhL¡f¥g£L´s x²bthU jlÑnH bfhL¡f¥g£L´s x²bthU jlÑnH bfhL¡f¥g£L´s x²bthU jlÑnH bfhL¡f¥g£L´s x²bthU jlÑnH bfhL¡f¥g£L´s x²bthU jl
mÂ¡F« ½irÆ£l jl« tiuf.mÂ¡F« ½irÆ£l jl« tiuf.mÂ¡F« ½irÆ£l jl« tiuf.mÂ¡F« ½irÆ£l jl« tiuf.mÂ¡F« ½irÆ£l jl« tiuf.

(i) 





















0  1  0  1

1  0  1  0

1  1  0  0

1  0  1  0

P

P

P

P

PPPP      

4

3

2

1

4321

(ii) 



























 0  1  0  0  0 0 

 0  0  0  1  0 0 

 0  1  0  1  0 1 

 0  0  0  0  0 0 

 0  0  0  1  0 0 

 0  0  0  1  1 0 

P

P

P

P

P

P

PPPPPP      

6

5

4

3

2

1

654321

Ô®î :

(i) (ii)

½irÆ£l jl§f´ g¦¿a nj¦w§f´½irÆ£l jl§f´ g¦¿a nj¦w§f´½irÆ£l jl§f´ g¦¿a nj¦w§f´½irÆ£l jl§f´ g¦¿a nj¦w§f´½irÆ£l jl§f´ g¦¿a nj¦w§f´

MW nj¦w§f´ (Ã%gzÄ¬¿) ÑnH bfhL¡f¥g£L´sd.
¾¬ tUtdt¦¿±     A     v¬gJ xU jl mÂia¡ F¿¡F« v¬f.

nj¦w«nj¦w«nj¦w«nj¦w«nj¦w« 1

A
r
 ,±  (i, j) -MtJ cW¥ò/ P

i
 ,± ,UªJ P

j
 I  r ÃiyfË±

v¤jid tÊfË± mQfyhnkh mt¦¿¬ v©Â¡if MF«.

nj¦w«nj¦w«nj¦w«nj¦w«nj¦w« 2

A
r
 ,± j ÃuÈ± c´s cW¥òfË¬ TLj±/ mid¤J

KidfËÈUªJ« P
j
 I r ÃiyfË± v¤jid tÊfË±

mQfyhnkh mt¦¿¬ v©Â¡if MF«.

P
2 P

3

P
4

P
5

P
6

P
1

P
3

P
4

P
1

P
2

gl« 1.8 gl« 1.9
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nj¦w«nj¦w«nj¦w«nj¦w«nj¦w« 3

A + A
2
 + A

3
 + ... +A

r
 ,± (i, j)- MtJ cW¥ò/ P

i
  ,±

,UªJ P
j
 I x¬W/ ,u©L/ ... m±yJ r ÃiyfË± v¤id

tÊfË± mQfyhnkh mt¦¿¬ v©Â¡if MF«.

nj¦w«nj¦w«nj¦w«nj¦w«nj¦w« 4

A + A
2
 + A

3
 + ... +A

r
 ,± j ÃuÈ± c´s cW¥òfË¬

TLj±/ mid¤J KidfËÈUªJ« P
J
 I x¬W/ ,u©L ...

m±yJ r ÃiyfË± v¤jid tÊfË± mQfyhnkh mt¦¿¬
v©Â¡if MF«.

nj¦w«nj¦w«nj¦w«nj¦w«nj¦w« 5

n Kidfisíila xU ½irÆ£l jl¤½± A + A
2
 + A

3
 +

... +A
n
   ,± ó¢¼a g½îf´ ,±iybaÅ± mªj ½irÆ£l jl«

tYthf ,iz¡f¥g£l jlkhF«

nj¦w«nj¦w«nj¦w«nj¦w«nj¦w« 6

n Kidfisíila ½irÆ£l jl¤½±  A + A
2
 + A

3
 + ...

+A
n ,± ó÷Íak±yhj x²bthU cW¥igí« 1 Mf kh¦¿

bgw¥gL« mÂ mªj ½irÆ£l jl¤½¬ ghij mÂ MF«.

,ªj nj¦w§fË¬ ga¬ghLfis És¡F« tifÆ± ¼y
vL¤J¡fh£Lfis eh« ,¥nghJ gh®¡fyh«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 39

¾¬tU« ¾¬tU« ¾¬tU« ¾¬tU« ¾¬tU«  G v¬w ½irÆ£l jl¤ij fU¤½±v¬w ½irÆ£l jl¤ij fU¤½±v¬w ½irÆ£l jl¤ij fU¤½±v¬w ½irÆ£l jl¤ij fU¤½±v¬w ½irÆ£l jl¤ij fU¤½±
bfh´f.bfh´f.bfh´f.bfh´f.bfh´f.

P
5

P
6

P
4

P
2

P
1

P
3

gl« 1.10
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(i)  G ,¬ jl mÂia¡ fh©f.,¬ jl mÂia¡ fh©f.,¬ jl mÂia¡ fh©f.,¬ jl mÂia¡ fh©f.,¬ jl mÂia¡ fh©f.

(ii) P
3
 IIIII  P

1
 ,± ,UªJ 3 ÃiyfË± v¤jid,± ,UªJ 3 ÃiyfË± v¤jid,± ,UªJ 3 ÃiyfË± v¤jid,± ,UªJ 3 ÃiyfË± v¤jid,± ,UªJ 3 ÃiyfË± v¤jid

tÊfË± mQfyh« vd¡ f©L¾o.  ÃfuhdtÊfË± mQfyh« vd¡ f©L¾o.  ÃfuhdtÊfË± mQfyh« vd¡ f©L¾o.  ÃfuhdtÊfË± mQfyh« vd¡ f©L¾o.  ÃfuhdtÊfË± mQfyh« vd¡ f©L¾o.  Ãfuhd
ghijfis¡ F¿¥¾Lfghijfis¡ F¿¥¾Lfghijfis¡ F¿¥¾Lfghijfis¡ F¿¥¾Lfghijfis¡ F¿¥¾Lf.

(iii) P
1
 ,± ,UªJ ,± ,UªJ ,± ,UªJ ,± ,UªJ ,± ,UªJ P

5
 ¡F 3 ÃiyfË± c´s¡F 3 ÃiyfË± c´s¡F 3 ÃiyfË± c´s¡F 3 ÃiyfË± c´s¡F 3 ÃiyfË± c´s

ghijfË¬ v©Â¡ifia¡ fh©f.  ÃfuhdghijfË¬ v©Â¡ifia¡ fh©f.  ÃfuhdghijfË¬ v©Â¡ifia¡ fh©f.  ÃfuhdghijfË¬ v©Â¡ifia¡ fh©f.  ÃfuhdghijfË¬ v©Â¡ifia¡ fh©f.  Ãfuhd
ghijfis¡ F¿¥¾Lf.ghijfis¡ F¿¥¾Lf.ghijfis¡ F¿¥¾Lf.ghijfis¡ F¿¥¾Lf.ghijfis¡ F¿¥¾Lf.

(iv) P
6
 v¬gJ k¦witfsh±v¬gJ k¦witfsh±v¬gJ k¦witfsh±v¬gJ k¦witfsh±v¬gJ k¦witfsh± 3 ÃiyfË± v¤jidÃiyfË± v¤jidÃiyfË± v¤jidÃiyfË± v¤jidÃiyfË± v¤jid

tÊfË± mQf¥glyh« v¬W f©L¾o.tÊfË± mQf¥glyh« v¬W f©L¾o.tÊfË± mQf¥glyh« v¬W f©L¾o.tÊfË± mQf¥glyh« v¬W f©L¾o.tÊfË± mQf¥glyh« v¬W f©L¾o.

(v) x¬W/ ,u©L m±yJ _¬W ÃiyfË±x¬W/ ,u©L m±yJ _¬W ÃiyfË±x¬W/ ,u©L m±yJ _¬W ÃiyfË±x¬W/ ,u©L m±yJ _¬W ÃiyfË±x¬W/ ,u©L m±yJ _¬W ÃiyfË± P
5 
IIIII

P
1
 v¤jid tÊfË± mQF« ½w¬ bfh©lJv¤jid tÊfË± mQF« ½w¬ bfh©lJv¤jid tÊfË± mQF« ½w¬ bfh©lJv¤jid tÊfË± mQF« ½w¬ bfh©lJv¤jid tÊfË± mQF« ½w¬ bfh©lJ

v¬W f©L¾o.v¬W f©L¾o.v¬W f©L¾o.v¬W f©L¾o.v¬W f©L¾o.

(vi) P
6
 v¬gJ k¦witfsh± v¬gJ k¦witfsh± v¬gJ k¦witfsh± v¬gJ k¦witfsh± v¬gJ k¦witfsh± 3 m±yJ mj¦Fm±yJ mj¦Fm±yJ mj¦Fm±yJ mj¦Fm±yJ mj¦F

Fiwthd ÃiyfË± v¤jid tÊfË±Fiwthd ÃiyfË± v¤jid tÊfË±Fiwthd ÃiyfË± v¤jid tÊfË±Fiwthd ÃiyfË± v¤jid tÊfË±Fiwthd ÃiyfË± v¤jid tÊfË±
mQf¥glyh« v¬W f©L¾o.mQf¥glyh« v¬W f©L¾o.mQf¥glyh« v¬W f©L¾o.mQf¥glyh« v¬W f©L¾o.mQf¥glyh« v¬W f©L¾o.

Ô®î :

(i) G ,¬ jl mÂ

A = 



























0 1 0  1 0 0 

0 0 0  0 0 0 

1 0 0  1 0 0 

1 1 1  0  1  0 

1 1 1  0 0 0 

0 0 1  1 1 0 

P

P

P

P

P

P

PPPPPP      

6

5

4

3

2

1

654321

(ii) A2 = 



























1  1  1  0  1  0

0  0  0  0  0  0

1  2  1  1  1  0

2  2  1  2  0  0

1  1  0  2  0  0

3  2  2  1  1  0

P

P

P

P

P

P

PPPPPP      

6

5

4

3

2

1

654321

  A3 = 



























2  2  1  2  0  0

0  0  0  0  0  0

3  3  2  2  1  0

3  4  2  3  2  0

2  3  2  1  2  0

4  5  2  5  1  0

P

P

P

P

P

P

PPPPPP      

6

5

4

3

2

1

654321

P
3
 I P

1
 ,± ,UªJ 3 ÃiyfË± 5 tÊfË± mQfyh«.
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ghijf´ :
P

1
 P

2
P

4
 P

3
, P

1
 P

2
 P

6
P

3
, P

1
 P

4 
P

6
 P

3
, P

1
P

3
 P

4
 P

3
 k¦W«

P
1
 P

3
 P

6
P

3
.

(iii) P
1
 ,± ,UªJ P

5
 ¡F 3 ÃiyfË± c´s ghijfË¬

v©Â¡if 5.

mitf´
P

1
 P

2
P

6
 P

5
, P

1
 P

3
 P

2
P

5
, P

1
 P

3 
P

6
 P

5
, P

1
P

4
 P

6
 P

5
 k¦W«

P
1
 P

4
 P

3
P

5

(iv) P
6
 v¬gJ k¦witfsh± 3 ÃiyfË± 4 + 2 + 3 + 3 + 0 = 12

tÊfË± mQf¥glyh«.

(v) A + A2 + A3 = 



























3 4 2  3 1 0 

0 0 0  0 0 0 

5 5 3  4 2 0 

6 7 4  5 3  0 

4 5 3  3 2 0 

7 7 5  7 3 0 

P

P

P

P

P

P

PPPPPP      

6

5

4

3

2

1

654321

P
5
 I P

1
 v¬gJ x¬W/ ,u©L m±yJ _¬W ÃiyfË± 7

tÊfË± mQF« ½w¬ bfh©lJ.

(vi) P
6
 k¦witfsh± 3 m±yJ mj¦F Fiwthd ÃiyfË±

7 + 4 + 6 + 5 + 0 = 22 tÊfË± mQf¥glyh«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 40

jl mÂiaí« mj¬ mL¡Ffisí«jl mÂiaí« mj¬ mL¡Ffisí«jl mÂiaí« mj¬ mL¡Ffisí«jl mÂiaí« mj¬ mL¡Ffisí«jl mÂiaí« mj¬ mL¡Ffisí«
ga¬gL¤½ ÑnH bfhL¡f¥g£L´s ½irÆ£l jl«ga¬gL¤½ ÑnH bfhL¡f¥g£L´s ½irÆ£l jl«ga¬gL¤½ ÑnH bfhL¡f¥g£L´s ½irÆ£l jl«ga¬gL¤½ ÑnH bfhL¡f¥g£L´s ½irÆ£l jl«ga¬gL¤½ ÑnH bfhL¡f¥g£L´s ½irÆ£l jl«
G tYthf ,iz¡f¥g£L´sJ vd¡ fh£Lf.tYthf ,iz¡f¥g£L´sJ vd¡ fh£Lf.tYthf ,iz¡f¥g£L´sJ vd¡ fh£Lf.tYthf ,iz¡f¥g£L´sJ vd¡ fh£Lf.tYthf ,iz¡f¥g£L´sJ vd¡ fh£Lf.

P
2

P
3

P
4

P
1

gl« 1.11
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Ô®î :

G ,¬ jl mÂ

A= 





















0  0  0  1

1  0  0  0

1  1  0  0

1  0  1  0

P

P

P

P

PPPP      

4

3

2

1

4321

4 Kidf´ ,U¥gjh± A + A2 + A3 +A4 I¡ f©L
¾o¥ngh«.

A2 = 





















1  0  1  0

0  0  0  1

1  0  0  1

1  1  0  1

P

P

P

P

PPPP      

4

3

2

1

4321

 , A3 = 





















1  1  0  1

1  0  1  0

1  0  1  1

2  0  1  1

P

P

P

P

PPPP      

4

3

2

1

4321

A4 = 





















2  0  1  1

1  1  0  1

2  1  1  1

2  1  1  2

P

P

P

P

PPPP      

4

3

2

1

4321

 , A + A2 + A3 +A4 = 





















4  1  2  3

3  1  1  2

5  2  2  3

6  2  3  4

P

P

P

P

PPPP      

4

3

2

1

4321

,½± ó¢¼a¥ g½îf´ ,±iy.

  ∴ G, tYthf ,iz¡f¥g£L´sJ.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 41

ÑnH ½irÆ£l jl«ÑnH ½irÆ£l jl«ÑnH ½irÆ£l jl«ÑnH ½irÆ£l jl«ÑnH ½irÆ£l jl« G bfhL¡f¥g£L´sJ.bfhL¡f¥g£L´sJ.bfhL¡f¥g£L´sJ.bfhL¡f¥g£L´sJ.bfhL¡f¥g£L´sJ.

G ,¬ jl mÂia¡ fh©f .  mj¬,¬ jl mÂia¡ fh©f .  mj¬,¬ jl mÂia¡ fh©f .  mj¬,¬ jl mÂia¡ fh©f .  mj¬,¬ jl mÂia¡ fh©f .  mj¬
mL¡Ffis¥ ga¬gL¤½mL¡Ffis¥ ga¬gL¤½mL¡Ffis¥ ga¬gL¤½mL¡Ffis¥ ga¬gL¤½mL¡Ffis¥ ga¬gL¤½  G, tYthf ,iz¡f¥tYthf ,iz¡f¥tYthf ,iz¡f¥tYthf ,iz¡f¥tYthf ,iz¡f¥
g£L´sjh v¬W Ô®khÅ¡fî«.g£L´sjh v¬W Ô®khÅ¡fî«.g£L´sjh v¬W Ô®khÅ¡fî«.g£L´sjh v¬W Ô®khÅ¡fî«.g£L´sjh v¬W Ô®khÅ¡fî«.

V
1

V
2

V
4

V
3

gl« 1.12
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Ô®î :

G ,¬ jl mÂ

A = 





















0  1   0  1

1   0   0  1

1   1   0  1

1   0   0  0

V

V

V

V

VVVV      

4

3

2

1

4321

4 Kidf´ ,U¥gjh± A + A2 + A3 + A4 I¡ fh©»nwh«.

A2 = 





















2  0  0  1

1  1  0  1

2   1  0  2

0   1  0   1

V

V

V

V

VVVV      

4

3

2

1

4321

A3 = 





















1   2  0  2

2   1  0  2

3   2   0  3

2   0   0  1

V

V

V

V

VVVV      

4

3

2

1

4321

A4 = 





















4   1  0  3

3   2  0  3

5   3  0  5

1   2  0  2

V

V

V

V

VVVV     

4

3

2

1

4321

∴ A +A2 +A3 +A4 = 





















7  4  07

7  4  07

11  7  011

4  3  0 4

V

V

V

V

VVVV      

4

3

2

1

4321

,½± ó¢¼a¥ g½î c´sJ.

vdnt G, tYthf ,iz¡f¥glÉ±iy

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 42

A = 
















001

100

110

P

P

P

PPP    

3

2

1

321

 v¬w jl mÂiaíila v¬w jl mÂiaíila v¬w jl mÂiaíila v¬w jl mÂiaíila v¬w jl mÂiaíila G v¬wv¬wv¬wv¬wv¬w

jl« tYthf ,iz¡f¥g£L´sJ v¬W fh£Lf.jl« tYthf ,iz¡f¥g£L´sJ v¬W fh£Lf.jl« tYthf ,iz¡f¥g£L´sJ v¬W fh£Lf.jl« tYthf ,iz¡f¥g£L´sJ v¬W fh£Lf.jl« tYthf ,iz¡f¥g£L´sJ v¬W fh£Lf.
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Ô®î:

3 Kidf´ ,U¥gjh±, A + A2 + A3 I¡ fh©»nwh«.

A2 = 

















1  1  0

0  0  1

1  0  1

P

P

P

PPP      

3

2

1

321

 , A3 = 

















1  0  1

1  1  0

1  1  1

P

P

P

PPP      

3

2

1

321

.

∴ A + A2 + A3 = 

















2  1  2

2  1  1

3  2  2

P

P

P

PPP      

3

2

1

321

,½± ó¢¼a¥ g½îf´ ,±iy

∴ G, tYthf ,iz¡f¥g£L´sJ.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 43

ÑnH bfhL¡f¥g£L´s ½irÆ£l jl¤½¬ÑnH bfhL¡f¥g£L´s ½irÆ£l jl¤½¬ÑnH bfhL¡f¥g£L´s ½irÆ£l jl¤½¬ÑnH bfhL¡f¥g£L´s ½irÆ£l jl¤½¬ÑnH bfhL¡f¥g£L´s ½irÆ£l jl¤½¬
mÂÆ¬ mL¡Ffis¥ ga¬gL¤½ mªj jl¤½¬mÂÆ¬ mL¡Ffis¥ ga¬gL¤½ mªj jl¤½¬mÂÆ¬ mL¡Ffis¥ ga¬gL¤½ mªj jl¤½¬mÂÆ¬ mL¡Ffis¥ ga¬gL¤½ mªj jl¤½¬mÂÆ¬ mL¡Ffis¥ ga¬gL¤½ mªj jl¤½¬
ghij mÂia¡ fh©f.ghij mÂia¡ fh©f.ghij mÂia¡ fh©f.ghij mÂia¡ fh©f.ghij mÂia¡ fh©f.

Ô®î :

jl mÂ

A = 





















0   0  1  0

1   0  1  0

1   1  0  0

1   0  1  0

V

V

V

V

VVVV     

4

3

2

1

4321

4 Kidf´ ,U¥gjh± A + A2 + A3 + A4 I¡ fh©»nwh«.

V
4

V
1

V
3

V
2

gl« 1.13
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A2 = 





















1   1  0  0

1   1  1  0

1   0  2  0

1   1  1  0

V

V

V

V

VVVV     

4

3

2

1

4321

 ,   A3 = 





















1   0  2  0

2   1  2  0

2   2  1  0

2   1  2  0

V

V

V

V

VVVV     

4

3

2

1

4321

 ,

A4 = 





















2   2  1  0

3   2  3  0

3   1  4  0

3   2  3  0

V

V

V

V

VVVV     

4

3

2

1

4321

 ∴A+A2 +A3 + A4 = 





















4   3  4  0

7   4  7  0

7   4  7  0

7   4  7  0

V

V

V

V

VVVV     

4

3

2

1

4321

ó¢¼ak±yhj x²bthU g½ití« 1 Mf kh¦¿ ghij mÂ
P I bgW»nwh«.

P = 





















1   1  1  0

1   1  1  0

1   1  1  0

1   1  1  0

V

V

V

V

VVVV     

4

3

2

1

4321

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 44

G v¬w ½irÆ£l jl¤½¬ mÂv¬w ½irÆ£l jl¤½¬ mÂv¬w ½irÆ£l jl¤½¬ mÂv¬w ½irÆ£l jl¤½¬ mÂv¬w ½irÆ£l jl¤½¬ mÂ

A = 





















0   0  1  1

1   0  0  0

0   1  0  0

1   1  10

V

V

V

V

VVVV     

4

3

2

1

4321

 vÅ±/ vÅ±/ vÅ±/ vÅ±/ vÅ±/ A-,¬ mL¡Ffis¥,¬ mL¡Ffis¥,¬ mL¡Ffis¥,¬ mL¡Ffis¥,¬ mL¡Ffis¥

ga¬gL¤jhk± ga¬gL¤jhk± ga¬gL¤jhk± ga¬gL¤jhk± ga¬gL¤jhk± G ,¬ ghij mÂia¡ fh©f.,¬ ghij mÂia¡ fh©f.,¬ ghij mÂia¡ fh©f.,¬ ghij mÂia¡ fh©f.,¬ ghij mÂia¡ fh©f.

Ô®î :

½irÆ£l jl« G :

V
3

V
4

V
1

V
2

gl« 1.14
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G ,± ,UªJ ghij mÂia neÇilahf vG½dh±

P = 





















1   1   1  1

1   1   1  1

1   1   1  1

1   1   1  1

V

V

V

V

VVVV     

4

3

2

1

4321

1.4.3 ,uf¼a jft± gÇkh¦w«,uf¼a jft± gÇkh¦w«,uf¼a jft± gÇkh¦w«,uf¼a jft± gÇkh¦w«,uf¼a jft± gÇkh¦w« (Cryptography)

br­½fis¢ r§nfj bkhÊÆ± vGjî«/ r§nfj bkhÊÆ±
vGj¥g£l br­½ia btË¡bfhzuî« ó¢¼a¡ nfhit
mÂahf ,±yhj mÂia¢ ¼w¥ghf ga¬gL¤jyh«. ¾¬tU«
vL¤J¡fh£L ,jid És¡Ftjhf mikí«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 45

1 2 3 4 5 6 7 8 9 10 11 12 13

××××× ××××× ××××× ××××× ××××× ××××× ××××× ××××× ××××× ××××× ××××× ××××× ×××××

A B C D E F G H I J K L M

14 15 16 17 18 19 20 21 22 23 24 25 26

××××× ××××× ××××× ××××× ××××× ××××× ××××× ××××× ××××× ××××× ××××× ××××× ×××××

N O P Q R S T U V W X Y Z

v¬w g½ä£L¤ ½£l¤ijí«v¬w g½ä£L¤ ½£l¤ijí«v¬w g½ä£L¤ ½£l¤ijí«v¬w g½ä£L¤ ½£l¤ijí«v¬w g½ä£L¤ ½£l¤ijí«  A = 








12

35
v¬wv¬wv¬wv¬wv¬w

mÂiaí« ga¬gL¤½mÂiaí« ga¬gL¤½mÂiaí« ga¬gL¤½mÂiaí« ga¬gL¤½mÂiaí« ga¬gL¤½
(i) HARD WORK v¬gij¢ r§nfj bkhÊÆ±v¬gij¢ r§nfj bkhÊÆ±v¬gij¢ r§nfj bkhÊÆ±v¬gij¢ r§nfj bkhÊÆ±v¬gij¢ r§nfj bkhÊÆ±

vGJf. nkY«vGJf. nkY«vGJf. nkY«vGJf. nkY«vGJf. nkY«

(ii) 98, 39, 125, 49, 80, 31 v¬w r§nfj bkhÊÆ¬v¬w r§nfj bkhÊÆ¬v¬w r§nfj bkhÊÆ¬v¬w r§nfj bkhÊÆ¬v¬w r§nfj bkhÊÆ¬
br­½ia btË¡ bfhz®f.br­½ia btË¡ bfhz®f.br­½ia btË¡ bfhz®f.br­½ia btË¡ bfhz®f.br­½ia btË¡ bfhz®f.

Ô®î :

(i) g½ä£L¤ ½£l¥go

H A R D W O R K

8 1 18 4 23 15 18 11
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,itfis ¾¬tUkhW bjhF¡fyh«.










1

8
,  









4

18
,  









15

23
,  









11

18

AX = B v¬w cUkh¦w« br­jh±










12

35
 









1

8
= 









17

43










12

35
 









4

18
= 









40

102










12

35
 









15

23
= 









61

160










12

35
 









11

18
= 









47

123

r§nfj bkhÊ¢ br­½ : 43, 17, 102, 40, 160, 61, 123, 47

(ii) 98, 39, 125, 49, 80, 31

,itfis ¾¬tUkhW bjhF¡fyh«










39

98
, 









49

125
, 









31

80

,¥nghJ AX = B I¤ Ô®¡fyh«.

∴ X = A−1B, A−1 = 








−

−

52

31










−

−

52

31
 









39

98
= 









1

19










−

−

52

31
 









49

125
= 









5

22










−

−

52

31
 









81

80
= 









5

13

vdnt  19, 1, 22, 5, 13, 5

g½ä£L ½£l¤ij¥ ga¬gL¤½dh± btË¡ bfhzu¥g£l

br­½ : S  A  V  E   M  E
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F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò
2 x 2 ó¢¼a mÂ¡nfhit m±yhj mÂia¥ ga¬gL¤J«

nghJ v©fis tÇirÆ± ,u©ou©lhf bjhF¡»nwh«.  X®
v©/ nrho ,¬¿ ,U¡Fkhdh± ehkhfnt r«kªjÄ±yhj X®
v©iz¡ fil¼ v©zhf¢ nr®¤J ¾¬d® mij jÉ®¤J
Élyh«. 3 x 3 mÂia¥ ga¬gL¤J« nghJ v©fis tÇirÆ±
_¬W _¬whf¤ bjhF¡»nwh«.  njitahdh± r«kªjÄ±yhj
VnjD« x¬W m±yJ ,u©L v©fis¢ nr®¤J¡ bfh©L
¾¬d® mt¦iw¤ jÉ®¤J Élyh«.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 1.4

1) x v¬gJ y I¢ rÇahf tF¤jh± x  R  y v¬W {2, 5, 8, 9} ,±
,UªJ {6, 8, 9, 12} ¡F tiuaW¡f¥gL« R v¬w cwÉ¬
cwî mÂia¡ fh©f.

2) m > n vÅ± m R n  v¬W S={2, 4, 6, 9} v¬w fz¤½¬ÛJ
tiuaW¡f¥gL« R v¬w cwÉ¬/ cwî mÂia¡ fh©f.

3) R = 

















10

10

01

    

c

b

a

ml

 v¬w cwî mÂ F¿¡F« cwit xU

tÇir¢ nrhofË¬ fzkhf vGJf.

4) R = 





















11

00

10

01

    

d

c

b

a

ba

 v¬w cwî mÂ F¿¡F« cwÉ¬ ne®khW

cwî  R−1 ,¬ mÂia¡ fh©f.

5) x + y > 10 vÅ± xRy v¬W R v¬w cwî X = { 3, 5, 9} ,±
,UªJ Y= {4, 3, 8}¡F tiuaW¡f¥gL»wJ. y < z vÅ±/ ySz

v¬W  S v¬w cwî Y-,± ,UªJ  Z = {1, 2, 5}-¡F
tiuaW¡f¥gL»wJ. R, S k¦W« R o S-,¬ cwî mÂfis¡
fh©f.

6) {1, 2, 3, 4} ,¬ Ûjhd R = {(1,  1),  (2,  2),  (3,  3),  (4,  4)}

v¬w cwÉ¬ mÂia¡ fh©f. mij¥ ga¬gL¤½ mªj
cwÉ¬ tifia¡ fh©f.
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7) {1, 2, 3, 4} ,¬ Ûjhd R = {(1,  1), (2,  2), (3,  3), (4,  4), (1,  2)}

v¬w cwÉ¬ mÂia¡ f©L¾o¤J mj¬ _y« mªj
cwÉ¬ tifia¡ f©L¾o¡f.

8) {1, 2, 3, 4} ,¬ Ûjhd R = {(2,  2),  (3,  3),  (4,  4),  (1,  2)}

v¬w cwÉ¬ mÂia¡ fh©f.  mj¬ _y« mªj cwÉ¬
tifia¡ f©L¾o¡f.

9) {1, 2, 3, 4} ,¬ Ûjhd R = {(1,  2),  (2,  3)} v¬w cwÉ¬
mÂia¡ f©L¾o¤J mj¬ _y« mªj cwÉ¬ tifia¤
Ô®khÅ¡fî«.

10) ¾¬tU« ½irÆ£l jl« x²bth¬¿¬ jl mÂia¡ fh©f :

(i) (ii)

(iii) (iv)

(v) (vi)

P
1

P
2

P
3

gl« 1.15

P
2

P
3

P
4

P
1

gl« 1.16

V
1

V
2

V
3

V
4

gl« 1.20

V
1

V
2

V
3

V
4

V
5

V
6

gl« 1.19

P
1

P
2

P
3

P
4

gl« 1.18

P
3

P
2

P
1

gl« 1.17
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11) ¾¬tU« jl mÂfË¬ ½irÆ£l jl§fis tiuf.

(i)  A= 

















0  0 0

1  0 1

1  1 0

P

P

P

PPP     

3

2

1

321

    (ii) 





















0   0  0  1

0   0  1  1

0   0  0  0

0   1  10

V

V

V

V

VVVV     

4

3

2

1

4321

12) G v¬w ½irÆ£l jl¤½¬ mÂ M = 





















0011

1010

0001

0100

D

C

B

A

DCBA    

 vÅ±

C Æ± ,UªJ A ¡F m½fg£r« _¬W ÃiyfË± mikí«
ghijfË¬ v©Â¡ifia  M ,¬ mL¡Ffis¥
ga¬gL¤½¡ fh©f.  mªj¥ ghijfis¡ F¿¥¾Lf.

13) ½irÆ£l jl« G ÑnH bfhL¡f¥g£L´sJ.

(i) G ,¬ jl mÂia¡ fh©f.
(ii) jl mÂÆ¬ mL¡Ffis¥ ga¬gL¤½ G v¬w jl«

tYthf ,iz¡f¥gg£L´sjh v¬W f©L¾o¡fî«
(iii) G ,¬ ghij mÂia¡ fh©f.

14) G v¬w ½irÆ£l jl« bfhL¡f¥g£L´sJ :

(i) G ,¬ jl mÂia¡ fh©f.

(ii) V
2
 ,± ,UªJ  V

3
 ¡F Ús«  3 c´s ghijfË¬

v©Â¡ifia¡ fh©f.

V
2

V
3

V
4

V
1

gl« 1.22

X Y

WZ

gl« 1.21
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(iii) V
2
 ,± ,UªJ  V

4
 ¡F Ús« 4 c´s ghijfË¬

v©Â¡ifia¡ f©L ¾o¡fî«.  m¥ghijfis¡
F¿¥¾lî«.

(iv) V
4
 ,± ,UªJ V

1
 ¡F 3 m±yJ mj¦F Fiwthd

ÚsK´s ghijfË¬ v©Â¡ifia¡ f©L¾o¡f.
m¥ghijfis¡ F¿¥¾lî«.

(v) x¬W/ ,©L m±yJ _¬W ÃiyfË± V
4
 I k¦w

KidfËÈUªJ v¤jid tÊfË± mQfyh«?

(vi) G v¬gJ tYthf ,iz¡f¥g£L´sjh?

(vii) G ,¬ ghij mÂia¡ f©L¾o¡fî«.

15) G v¬w ½irÆ£l jl« bfhL¡f¥g£L´sJ :

G ,¬ jl mÂia¡ fh©f.  mj¬ mL¡Ffis¥ ga¬gL¤½
G v¬gJ tYthf ,iz¡f¥g£L´sjh v¬W f©L¾o.

16) G v¬w ½irÆ£l jl¤½¬ mÂ





















0  1  0  1

0  0  0  1

0  1  0  0

1  0  1  0

P

P

P

P

PPPP      

4

3

2

1

4321

 vÅ±/ G v¬gJ tYthf ,iz¡f¥g£L´sJ

v¬W fh£Lf.

17) G v¬w ½irÆ£l jl« bfhL¡f¥g£L´sJ. G ,¬ jl
mÂia¡ fh©f. nkY« mj¬ mL¡Ffis¥ ga¬gL¤½ G
,¬ ghij mÂia¡ fh©f.

P
3

P
2

P
1

gl« 1.24

V
1

V
2

V
3

V
4gl« 1.23
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18) G v¬w ½irÆ£l jl¤½¬ mÂ

A = 





















0   1   1  1

0   0   1  1

0   1   0  0

0   0   1  0

V

V

V

V

VVVV     

4

3

2

1

4321

 vÅ± A ,¬ mL¡Ffis¥

ga¬gL¤jhk± G ,¬ ghij mÂia¡ fh©f.
19) G v¬w ½irÆ£l jl« bfhL¡f¥g£L´sJ:

mj¬ jl  k¦W« ghij mÂfis¡ fh©f.

20) 1 2 3 4 5 6 7 8 9 10 11 12 13

× × × × × × × × × × × × ×

A B C D E F G H I J K L M

14 15 16 17 18 19 20 21 22 23 24 25 26

× × × × × × × × × × × × ×

N O P Q R S T U V W X Y Z

v¬w g½ä£L¤ ½£lK«  A = 








12

13
 v¬w mÂí«

bfhL¡f¥go¬/
(i) CONSUMER  v¬gij¢ r§nfj bkhÊÆ± vGJf. nkY«

(ii) 68, 48, 81, 60, 61, 42, 28, 27 v¬w r§nfj bkhÊÆ¬ br­½ia
btË¡ bfhz®f.

1.5  c´çL - btËÞL gF¥gh­îc´çL - btËÞL gF¥gh­îc´çL - btËÞL gF¥gh­îc´çL - btËÞL gF¥gh­îc´çL - btËÞL gF¥gh­î
(INPUT - OUTPUT ANALYSIS)

A
1
 k¦W« A

2
  v¬w ,U bjhÊ¦rhiyfis¡ bfh©l

vËikahd bghUshjhu¡ f£lik¥ò x¬iw¡ fUJnth«.  mªj
bjhÊ¦rhiyf´ x²bth¬W« xnu xU Éjkhd bghUis

V
1

V
2

V
3

V
4

gl« 1.25
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k£Lnk c¦g¤½¢ br­tjhf¡ bfh´nth«.  x²bthU
bjhÊ¦rhiyí« jdJ bra±gh£o¦F/ j¬ c¦g¤½Æ± xU
gF½iaí«/ Vidat¦¿¦F k¦w bjhÊ¦rhiyÆ¬
c¦g¤½iaí« ga¬gL¤½¡ bfh´»wJ.  ,²Éjkhf mit
x¬iwbah¬W rh®ªJ bra±gL»¬wd.  nkY« c¦g¤½
KGtJ« Efu¥gLtjhf¡ bfh´»nwh«.  mjhtJ x²bthU
bjhÊ¦rhiyÆ¬ bkh¤j c¦g¤½í« mj¬ njitiaí«/ k¦w
bjhÊ¦rhiyÆ¬ njitiaí«/ btËahÇ¬ njit mjhtJ
,W½¤ njitiaí« rÇahf Ãiwî br­íkhW miktjhf¡
bfh´nth«.

bghUshjhu¡ f£lik¥ò khwh½U¡F«nghJ/ ,U
bjhÊ¦rhiyfË¬ j¦nghija c¦g¤½ msîfË¬
Étu§fË¬ mo¥gilÆ±/ btËahÇ¬ njitÆ¬ kh¦w¤½¦F
V¦wgo c¦g¤½ msîf´ vªj msÉ± ,U¡f nt©L«
v¬gij¡ fhQtnj ekJ neh¡fkhF«.

a
i j

 v¬gJ A
j
 M± ga¬gL¤j¥gL« A

i
 ,¬ c¦g¤½Æ¬

%gh­ k½¥ò v¬f.  ,½± i, j = 1, 2

x
1
 k¦W« x

2
 v¬gd Kiwna A

1
 k¦W« A

2
 ,¬ j¦nghija

c¦g¤½fË¬ %gh­ k½¥òf´ v¬f.

d
1
 k¦W«  d

2
 v¬gd Kiwna  A

1
 k¦W«  A

2
 ,¬

c¦g¤½¡fhd ,W½¤ njitfË¬ %gh­ k½¥òf´ v¬f.

,t¦¿¬ thÆyhf eh« mik¡F« rk¬ghLf´

a
11

+ a
12

 + d
1
 = x

1

a
21

 + a
22

 + d
2
 = x

2

----------(1)

nkY« b
i j

 = 
j

ji

x

a
 

, i, j = 1, 2 v¬f.

mjhtJ    b
11

 = 
1

11

x

a
, b

12
 = 

2

12

x

a
, b

21
 = 

1

21

x

a
,  b

22
 = 

2

22

x

a
,

vdnt rk¬ghLf´ (1) I¡ Ñ³f©lthW vGjyh«.

b
11

 x
1
 + b

12
 x

2
 + d

1
 = x

1

b
21

 x
1
 + b

22
 x

2
 + d

2
 = x

2

}
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,t¦iw¡ Ñ³f©lthW kh¦¿ vGjyh«.
(1−b

11
) x

1
−b

12
 x

2
 = d

1

−b
21

 x
1
 + (1−b

22
) x

2
 = d

2

,t¦¿¬ mÂ mik¥ò/










−−

−−

2221

1211

1

1

bb

bb
 









2

1

x

x
 = 









2

1

d

d

mjhtJ    (I − B) X  =   D

,½± B = 








2221

1211

bb

bb
, X = 









2

1

x

x
 k¦W« D = 









2

1

d

d

X = (I − B)-1 D MF«.

m½± mÂ B ¡F bjhÊ± E£g mÂ (Technology matrix)

v¬W bga®.

,ªj bghUshjhu¡ f£lik¥ò bra±gL« tifÆ± ,U¡f
Ah¡»¬-irk¬  v¬gt®fsJ ,U Ãgªjidf´ Ãiwî
br­a¥gl nt©L«.

B v¬gJ bjhÊ±E£g mÂ vÅ± Ah¡»¬µ-irk¬
Ãgªjidf´ :

(i) I − B mÂÆ¬ Kj¬ik _iyÉ£l cW¥òf´ Äif
v©fshf ,U¡f nt©L«.  nkY«

(ii) |I − B| Äif v©zhf ,U¡f nt©L«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 46

P, Q v¬w ,U bjhÊ¦rhiyfis¡ bfh©lv¬w ,U bjhÊ¦rhiyfis¡ bfh©lv¬w ,U bjhÊ¦rhiyfis¡ bfh©lv¬w ,U bjhÊ¦rhiyfis¡ bfh©lv¬w ,U bjhÊ¦rhiyfis¡ bfh©l
bghUshjhu¡ f£lik¥¾¬ Étu« ÑnH bfhL¡f¥bghUshjhu¡ f£lik¥¾¬ Étu« ÑnH bfhL¡f¥bghUshjhu¡ f£lik¥¾¬ Étu« ÑnH bfhL¡f¥bghUshjhu¡ f£lik¥¾¬ Étu« ÑnH bfhL¡f¥bghUshjhu¡ f£lik¥¾¬ Étu« ÑnH bfhL¡f¥
g£L´sJ.  ,§F´s k½¥òf´ ,y£r %gh­fis¡g£L´sJ.  ,§F´s k½¥òf´ ,y£r %gh­fis¡g£L´sJ.  ,§F´s k½¥òf´ ,y£r %gh­fis¡g£L´sJ.  ,§F´s k½¥òf´ ,y£r %gh­fis¡g£L´sJ.  ,§F´s k½¥òf´ ,y£r %gh­fis¡
F¿¡F«F¿¡F«F¿¡F«F¿¡F«F¿¡F«

 c¦g¤½ahs®  cgnah»¥ngh®   ,W½¤  bkh¤j c¦g¤½ahs®  cgnah»¥ngh®   ,W½¤  bkh¤j c¦g¤½ahs®  cgnah»¥ngh®   ,W½¤  bkh¤j c¦g¤½ahs®  cgnah»¥ngh®   ,W½¤  bkh¤j c¦g¤½ahs®  cgnah»¥ngh®   ,W½¤  bkh¤j
         njit  c¦g¤½         njit  c¦g¤½         njit  c¦g¤½         njit  c¦g¤½         njit  c¦g¤½

P Q

P 16 12 12 40

Q 12 8 4 24
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bjhÊ± E£g mÂia¡ f©L¾o¤J/ ,ªjbjhÊ± E£g mÂia¡ f©L¾o¤J/ ,ªjbjhÊ± E£g mÂia¡ f©L¾o¤J/ ,ªjbjhÊ± E£g mÂia¡ f©L¾o¤J/ ,ªjbjhÊ± E£g mÂia¡ f©L¾o¤J/ ,ªj
bg hUshj h u¡  f£lik¥ò Ah¡»¬ -irk¬bghUshj h u¡  f£lik¥ò Ah¡»¬ -irk¬bghUshj h u¡  f£lik¥ò Ah¡»¬ -irk¬bghUshj h u¡  f£lik¥ò Ah¡»¬ -irk¬bghUshj h u¡  f£lik¥ò Ah¡»¬ -irk¬
Ãgªjidf´go bra±gL« tifÆ± csjh vdÃgªjidf´go bra±gL« tifÆ± csjh vdÃgªjidf´go bra±gL« tifÆ± csjh vdÃgªjidf´go bra±gL« tifÆ± csjh vdÃgªjidf´go bra±gL« tifÆ± csjh vd
Mu h ­ f .M u h ­ f .M u h ­ f .M u h ­ f .M u h ­ f .

Ô®î :

tH¡fkhd F¿Þ£o±

a
11

 =16, a
12

 = 12, x
1
 = 40

a
21

 =12, a
22

 = 8, x
2
 = 24

∴ b
11

 = 
1

11

x

a
 = 

40

16
 = 

5

2
, b

12
 = 

2

12

x

a
 = 

24

12
 = 

2

1
,

b
21

 = 
1

21

x

a
 = 

40

12
 = 

10

3
, b

22
 = 

2

22

x

a
 = 

24

8
 = 

3

1
.

vdnt bjhÊ±E£g mÂ

B = 








3

1

10

3

2

1

5

2

I - B = 








10

01
 − 









3

1

10

3

2

1

5

2

= 








−

−

3

2

10

3

2

1

5

3

Kj¬ik _iyÉ£l cW¥òfshd 
5

3
 k¦W« 

3

2
 v¬gd

Äif v©fshf c´sd.

nkY« |I − B| = 

3

2

10

3

2

1

5

3

−

−
 = 

4

1
  ∴  |I − B| v¬gJ Äif

v©zhf c´sd.

∴  Ah¡»¬-irkÅ¬ ,U ÃgªjidfS« Ãiwî
br­a¥gL»¬wd.  vdnt ,ªj bghUshjhu¡ f£lik¥ò
bra±gL« tifÆ± c´sJ.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 47

xU bghUshjhu mik¥¾±xU bghUshjhu mik¥¾±xU bghUshjhu mik¥¾±xU bghUshjhu mik¥¾±xU bghUshjhu mik¥¾± P k¦W«k¦W«k¦W«k¦W«k¦W« Q v¬w ,Uv¬w ,Uv¬w ,Uv¬w ,Uv¬w ,U
bjhÊ¦rhiyf´ c´sd.  mt¦¿¬ njit k¦W«bjhÊ¦rhiyf´ c´sd.  mt¦¿¬ njit k¦W«bjhÊ¦rhiyf´ c´sd.  mt¦¿¬ njit k¦W«bjhÊ¦rhiyf´ c´sd.  mt¦¿¬ njit k¦W«bjhÊ¦rhiyf´ c´sd.  mt¦¿¬ njit k¦W«
mË¥ò Ãytu« (%g h ­  nf hofË± )  Ñ³tU«mË¥ò Ãytu« (%g h ­  nf hofË± )  Ñ³tU«mË¥ò Ãytu« (%g h ­  nf hofË± )  Ñ³tU«mË¥ò Ãytu« (%g h ­  nf hofË± )  Ñ³tU«mË¥ò Ãytu« (%g h ­  nf hofË± )  Ñ³tU«
m£ltizÆ± bfhL¡f¥g£L´sJ.m£ltizÆ± bfhL¡f¥g£L´sJ.m£ltizÆ± bfhL¡f¥g£L´sJ.m£ltizÆ± bfhL¡f¥g£L´sJ.m£ltizÆ± bfhL¡f¥g£L´sJ.



63

 c¦g¤½ahs® c¦g¤½ahs® c¦g¤½ahs® c¦g¤½ahs® c¦g¤½ahs®          cgnah»¥ngh®cgnah»¥ngh®cgnah»¥ngh®cgnah»¥ngh®cgnah»¥ngh®   ,W½¤  bkh¤j   ,W½¤  bkh¤j   ,W½¤  bkh¤j   ,W½¤  bkh¤j   ,W½¤  bkh¤j
         njit  c¦g¤½         njit  c¦g¤½         njit  c¦g¤½         njit  c¦g¤½         njit  c¦g¤½

P Q

P 10 25 15 50

Q 20 30 10 60

P ,¬ ,W½¤njitahdJ,¬ ,W½¤njitahdJ,¬ ,W½¤njitahdJ,¬ ,W½¤njitahdJ,¬ ,W½¤njitahdJ  35¡F«¡F«¡F«¡F«¡F«  Q-,¬,¬,¬,¬,¬
,W½¤njit ,W½¤njit ,W½¤njit ,W½¤njit ,W½¤njit 42¡F« khW«nghJ c¦g¤½fis¡¡F« khW«nghJ c¦g¤½fis¡¡F« khW«nghJ c¦g¤½fis¡¡F« khW«nghJ c¦g¤½fis¡¡F« khW«nghJ c¦g¤½fis¡
fz¡»Lf.fz¡»Lf.fz¡»Lf.fz¡»Lf.fz¡»Lf.

Ô®î :

tH¡fkhd F¿Þ£o±/

a
11

 = 10,    a
12

 = 25 x
1
 = 50

a
21

 = 20,    a
22

 = 30 x
2
 = 60

vdnt

b
11

 = 
1

11

x

a
 = 

50

10
 = 

5

1
, b

12
 = 

2

12

x

a
 = 

60

25
 = 

12

5
,

b
21

 = 
1

21

x

a
 = 

50

20
 = 

5

2
, b

22
 = 

2

22

x

a
 = 

60

30
 = 

2

1
.

∴ bjhÊ± E£g mÂ

       B = 








2

1

5

2

12

5

5

1

   I - B = 








10

01
 − 









2

1

5

2

12

5

5

1

 = 








−

−

2

1

5

2

12

5

5

4

  |I - B| = 








−

−

2

1

5

2

12

5

5

4

 = 
30

7

(I - B)-1 = 
30

7

1
 









5

4

5

2

12

5

2

1

 = 
7

30
 









5

4

5

2

12

5

2

1

 = 
7

1









2412

15
2

25

X = (I−B)−1 D
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= 
7

1









2412

15
2

25

 








42

35
= 









2412

15
2

25

 








6

5
= 









204

150

P ,¬ c¦g¤½ %.150 nfho k½¥ò´sjhí« Q ,¬ c¦g¤½
%. 204 nfho k½¥ò´sjhí« ,U¡f nt©L«.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  1.5

1) ,U bjhÊ¦rhiyfisíila bghUshjhu mik¥¾¬ bjhÊ±

E£g mÂ 








3

2

5

2

4

1

2

1

 vÅ± Ah¡»¬-irk¬ ÃgªjidfË¬

go mJ bra±gL« tifÆ± csjh v¬W f©L¾o¡f.

2) ,U bjhÊ¦rhiyfË¬ bghUshjhu mik¥¾± bjhÊ±E£g

mÂ  








5

4

5

1

10

9

5

3

 vÅ± mªj mik¥ò Ah¡»¬µ-irk¬

ÃgªjidfË¬go mJ bra±gL« tifÆ± csjh vd M­î

br­f.

3) ,U bjhÊ¦rhiyfË¬ bghUshjhu f£lik¥¾¬ bjhÊ±

E£g mÂ  








5

3

10

7

10

1

5

2

 MF«. ,W½¤ njitf´  34, 51

myFfshf khW«nghJ c¦g¤½ msîfis¡ fh©f.

4) P k¦W« Q v¬w ,U bjhÊ¦rhiyfË¬ bghUshjhu

mik¥¾¬ Étu« ÑnH bfhL¡f¥g£L´sJ (k½¥òf´ %gh­

Ä±Èa¬fË±).

c¦g¤½ahs®
cgnah»¥ngh® ,W½¤ bkh¤j

njit c¦g¤½
P Q

P 14 6 8 28

Q 7 18 11 36

,W½¤ njitf´ P, 20 Mfî«/ Q 30 Mfî« khW»wJ vÅ±

bjhÊ¦rhiyfË¬ btËÞLfis¡ fh©f.
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5) P k¦W«  Q v¬w ,U bjhÊ¦rhiyfË¬ c¦g¤½fS¡

»ilnaahd bjhl®ò ¾¬tU« m£ltizÆ±

bfhL¡f¥g£L´sJ.  k½¥òf´ ,y£r %gh­fË± c´sd.

c¦g¤½ahs®
cgnah»¥ngh® ,W½¤ bkh¤j

njit c¦g¤½
P Q

P 15 10 10 35

Q 20 30 15 65

,W½¤ njitf´

(i) P/ 12 Mfî« Q, 18 Mfî« khW«nghJ

(ii) P, 8 Mfî« Q, 12 Mfî« khW«nghJ

     bjhÊ¦rhiyfË¬ c¦g¤½fis¡ fh©f.

6) P k¦W«  Q v¬w ,U bjhÊ¦rhiyfË¬ bghUshjhu

mik¥¾± njit k¦W« mË¥ò Étu§f´ ÑnH Ä±Èa¬

%gh­fË± bfhL¡f¥g£L´sd.

c¦g¤½ahs®
cgnah»¥ngh® ,W½¤ bkh¤j

njit c¦g¤½P Q

P 16 20 4 40

Q 8 40 32 80

,W½¤ njitf´ P, 18 Mfî« Q, 44 Mfî« khW«nghJ

mt¦¿¬ btËÞLfis¡ fh©f.

7) P k¦W« Q v¬w ,U bjhÊ¦rhiyfË¬ bghUshjhu

mik¥¾¬ Étu§f´ (%gh­ nfhofË±) ÑnH bfhL¡f¥

g£L´sd.

c¦g¤½ahs®
cgnah»¥ngh® ,W½¤ bkh¤j

njit c¦g¤½P Q

P 50 75 75 200

Q 100 50 50 200
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P-,¬ ,W½¤ njit 300 Mfî« Q-,¬ ,W½ njit 600

Mfî« khW«nghJ mt¦¿¬ c¦g¤½ msîfis¡ fh©f.

8) P k¦W« Q v¬w ,U bjhÊ¦rhiyfË¬ c¦g¤½fS¡fhd

bjhl®ò nfho %gh­fË± ¾¬tU« m£ltizÆ±

bfhL¡f¥g£L´sJ.

c¦g¤½ahs®
cgnah»¥ngh®

bkh¤j c¦g¤½
P Q

P 300 800 2,400

Q 600 200 4,000

P-¡fhd k¦W« Q-¡fhd ,W½¤ njitf´ Kiwna 5,000

k¦W« 4,000 Mf ,U¡F«nghJ mªj bjhÊ¦rhiyfË¬

c¦g¤½fis¡ fh©f.

1.6  khWj± Ãf³jfî mÂf´khWj± Ãf³jfî mÂf´khWj± Ãf³jfî mÂf´khWj± Ãf³jfî mÂf´khWj± Ãf³jfî mÂf´
(TRANSITION PROBABILITY MATRICES)

,²tif mÂfË¬ cW¥òf´ ahî« xU ÃiyÆÈUªJ
k¦bwhU Ãiy¡F khWjÈ¬ Ãf³jfîfshf ,U¡F«.  gy
kh¦w§fË¬ Ãf³jfîfis/  Jt¡f Ãiy¡F/  mÂ¥
bgU¡f± _y« bra±gL¤½dh± mL¤j ÃiyÆid
C»¡fyh«. ¾¬tU« vL¤J¡fh£Lf´ ,ij És¡F«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 48

A k¦W«k¦W«k¦W«k¦W«k¦W« B v¬w ,U É¦gid¥ bghU´fË¬v¬w ,U É¦gid¥ bghU´fË¬v¬w ,U É¦gid¥ bghU´fË¬v¬w ,U É¦gid¥ bghU´fË¬v¬w ,U É¦gid¥ bghU´fË¬
rªij É¦gid Kiwnarªij É¦gid Kiwnarªij É¦gid Kiwnarªij É¦gid Kiwnarªij É¦gid Kiwna 60% k¦W«k¦W«k¦W«k¦W«k¦W« 40 % Mf c´sJ.Mf c´sJ.Mf c´sJ.Mf c´sJ.Mf c´sJ.
x²bthU thuK« ¼y Ef®nthÇ¬ ÉU¥g§f´x²bthU thuK« ¼y Ef®nthÇ¬ ÉU¥g§f´x²bthU thuK« ¼y Ef®nthÇ¬ ÉU¥g§f´x²bthU thuK« ¼y Ef®nthÇ¬ ÉU¥g§f´x²bthU thuK« ¼y Ef®nthÇ¬ ÉU¥g§f´
khW»¬wd.  br¬wthu« khW»¬wd.  br¬wthu« khW»¬wd.  br¬wthu« khW»¬wd.  br¬wthu« khW»¬wd.  br¬wthu« A th§»at®fË±th§»at®fË±th§»at®fË±th§»at®fË±th§»at®fË±  70%

ng®f´ Û©L«ng®f´ Û©L«ng®f´ Û©L«ng®f´ Û©L«ng®f´ Û©L«  A th§F»¬wd®.th§F»¬wd®.th§F»¬wd®.th§F»¬wd®.th§F»¬wd®.  30% ng® ng® ng® ng® ng® B-¡F¡F¡F¡F¡F
kh¿ÉL»wh®f´. br¬wthu«kh¿ÉL»wh®f´. br¬wthu«kh¿ÉL»wh®f´. br¬wthu«kh¿ÉL»wh®f´. br¬wthu«kh¿ÉL»wh®f´. br¬wthu« B th§»at®fË±th§»at®fË±th§»at®fË±th§»at®fË±th§»at®fË± 80%

ng® mij Û©L« th§F»wh®f´/ng® mij Û©L« th§F»wh®f´/ng® mij Û©L« th§F»wh®f´/ng® mij Û©L« th§F»wh®f´/ng® mij Û©L« th§F»wh®f´/ 20% ng®ng®ng®ng®ng® A-¡F¡F¡F¡F¡F
kh¿ÉL»wh®f´. ,U thu§fS¡F¥ ¾wF mt®fË¬kh¿ÉL»wh®f´. ,U thu§fS¡F¥ ¾wF mt®fË¬kh¿ÉL»wh®f´. ,U thu§fS¡F¥ ¾wF mt®fË¬kh¿ÉL»wh®f´. ,U thu§fS¡F¥ ¾wF mt®fË¬kh¿ÉL»wh®f´. ,U thu§fS¡F¥ ¾wF mt®fË¬
rªij¥ g§ÑLfis¡ fh©f .  ,ªj ngh¡Frªij¥ g§ÑLfis¡ fh©f .  ,ªj ngh¡Frªij¥ g§ÑLfis¡ fh©f .  ,ªj ngh¡Frªij¥ g§ÑLfis¡ fh©f .  ,ªj ngh¡Frªij¥ g§ÑLfis¡ fh©f .  ,ªj ngh¡F
bjhlUkhdh± v¥nghJ rkÃiy v£l¥gL«bjhlUkhdh± v¥nghJ rkÃiy v£l¥gL«bjhlUkhdh± v¥nghJ rkÃiy v£l¥gL«bjhlUkhdh± v¥nghJ rkÃiy v£l¥gL«bjhlUkhdh± v¥nghJ rkÃiy v£l¥gL«?
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Ô®î :

khWj± Ãf³jfî mÂ  T =  








0.80.2

0.30.7

B

A

B   A      

xU thu¤½¦F¥ ¾wF g§ÑLf´

( )4.06.0

BA    
   










0.80.2

0.30.7

B

A

B   A      

  = ( )5.05.0

B A   

A = 50%, B = 50%

,U thu§fS¡F¥ ¾wF g§ÑLf´

( )5.05.0

B A   

    









0.80.2

0.30.7

B

A

B   A      

  = ( )55.045.0

B     A   

A = 45%, B = 55%

rk Ãiy

rkÃiyÆ±    (A  B) T  = (A  B)  ,½± A + B =1

⇒  (A  B) 








0.80.2

0.30.7

= (A  B)

⇒  0.7 A + 0.2 B = A

⇒  0.7 A + 0.2 (1-A) = A    ⇒  A = 0.4

∴ A ,¬ g§ÑL 40% Mfî« B ,¬ g§ÑL 60% Mfî«
,U¡F«nghJ rkÃiy v£l¥gL«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 49

xU efÇ± xU ò½a ngh¡Ftu¤J tr½ j¦nghJxU efÇ± xU ò½a ngh¡Ftu¤J tr½ j¦nghJxU efÇ± xU ò½a ngh¡Ftu¤J tr½ j¦nghJxU efÇ± xU ò½a ngh¡Ftu¤J tr½ j¦nghJxU efÇ± xU ò½a ngh¡Ftu¤J tr½ j¦nghJ
bra±gh£o¦F tªJ´sJ.  mjid ,ªj M©Lbra±gh£o¦F tªJ´sJ.  mjid ,ªj M©Lbra±gh£o¦F tªJ´sJ.  mjid ,ªj M©Lbra±gh£o¦F tªJ´sJ.  mjid ,ªj M©Lbra±gh£o¦F tªJ´sJ.  mjid ,ªj M©L
ga¬gL¤Jgt®fË±ga¬gL¤Jgt®fË±ga¬gL¤Jgt®fË±ga¬gL¤Jgt®fË±ga¬gL¤Jgt®fË±  10% ng® mL¤j M©Lng® mL¤j M©Lng® mL¤j M©Lng® mL¤j M©Lng® mL¤j M©L
ga¬gL¤jhk± j§fË¬ brhªj thfd§fS¡Fga¬gL¤jhk± j§fË¬ brhªj thfd§fS¡Fga¬gL¤jhk± j§fË¬ brhªj thfd§fS¡Fga¬gL¤jhk± j§fË¬ brhªj thfd§fS¡Fga¬gL¤jhk± j§fË¬ brhªj thfd§fS¡F
kh¿ÉLt® .  Û½kh¿ÉLt® .  Û½kh¿ÉLt® .  Û½kh¿ÉLt® .  Û½kh¿ÉLt® .  Û½  90% ng® bjhl®ªJ m¥ò½ang® bjhl®ªJ m¥ò½ang® bjhl®ªJ m¥ò½ang® bjhl®ªJ m¥ò½ang® bjhl®ªJ m¥ò½a
ngh¡Ftu¤J tr½ia¥ ga¬gL¤Jt®.  ,ªjngh¡Ftu¤J tr½ia¥ ga¬gL¤Jt®.  ,ªjngh¡Ftu¤J tr½ia¥ ga¬gL¤Jt®.  ,ªjngh¡Ftu¤J tr½ia¥ ga¬gL¤Jt®.  ,ªjngh¡Ftu¤J tr½ia¥ ga¬gL¤Jt®.  ,ªj
M©L j§fË¬ brhªj thfd§fis¥ ga¬gL¤JM©L j§fË¬ brhªj thfd§fis¥ ga¬gL¤JM©L j§fË¬ brhªj thfd§fis¥ ga¬gL¤JM©L j§fË¬ brhªj thfd§fis¥ ga¬gL¤JM©L j§fË¬ brhªj thfd§fis¥ ga¬gL¤J
gt®fË± gt®fË± gt®fË± gt®fË± gt®fË± 80% ng® mL¤j M©L« bjhl®ªJng® mL¤j M©L« bjhl®ªJng® mL¤j M©L« bjhl®ªJng® mL¤j M©L« bjhl®ªJng® mL¤j M©L« bjhl®ªJ
mt¦iwna ga¬gL¤Jt®.  Û½mt¦iwna ga¬gL¤Jt®.  Û½mt¦iwna ga¬gL¤Jt®.  Û½mt¦iwna ga¬gL¤Jt®.  Û½mt¦iwna ga¬gL¤Jt®.  Û½  20% ng® ò½ang® ò½ang® ò½ang® ò½ang® ò½a
ngh¡Ftu¤J tr½¡F kh¿ÉLt® .  efu¤½¬ngh¡Ftu¤J tr½¡F kh¿ÉLt® .  efu¤½¬ngh¡Ftu¤J tr½¡F kh¿ÉLt® .  efu¤½¬ngh¡Ftu¤J tr½¡F kh¿ÉLt® .  efu¤½¬ngh¡Ftu¤J tr½¡F kh¿ÉLt® .  efu¤½¬
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#d¤bjhif khwhkÈU¡»wJ v¬W« gaÂfË±#d¤bjhif khwhkÈU¡»wJ v¬W« gaÂfË±#d¤bjhif khwhkÈU¡»wJ v¬W« gaÂfË±#d¤bjhif khwhkÈU¡»wJ v¬W« gaÂfË±#d¤bjhif khwhkÈU¡»wJ v¬W« gaÂfË±
,ªj M©L,ªj M©L,ªj M©L,ªj M©L,ªj M©L 50% ng® ò½a ngh¡Ftu¤J tr½iaí«ng® ò½a ngh¡Ftu¤J tr½iaí«ng® ò½a ngh¡Ftu¤J tr½iaí«ng® ò½a ngh¡Ftu¤J tr½iaí«ng® ò½a ngh¡Ftu¤J tr½iaí«
50% ng® j§fË¬ brhªj thfd§fisí«ng® j§fË¬ brhªj thfd§fisí«ng® j§fË¬ brhªj thfd§fisí«ng® j§fË¬ brhªj thfd§fisí«ng® j§fË¬ brhªj thfd§fisí«
ga¬gL¤J»¬wd® v¬W« bfh©lh±ga¬gL¤J»¬wd® v¬W« bfh©lh±ga¬gL¤J»¬wd® v¬W« bfh©lh±ga¬gL¤J»¬wd® v¬W« bfh©lh±ga¬gL¤J»¬wd® v¬W« bfh©lh±
(i) Xuh©o¦F ¾wF v¤jid rjåj« gaÂf´Xuh©o¦F ¾wF v¤jid rjåj« gaÂf´Xuh©o¦F ¾wF v¤jid rjåj« gaÂf´Xuh©o¦F ¾wF v¤jid rjåj« gaÂf´Xuh©o¦F ¾wF v¤jid rjåj« gaÂf´

ò½a ngh¡Ftu¤J tr½ia¥ ga¬gL¤Jt®ò½a ngh¡Ftu¤J tr½ia¥ ga¬gL¤Jt®ò½a ngh¡Ftu¤J tr½ia¥ ga¬gL¤Jt®ò½a ngh¡Ftu¤J tr½ia¥ ga¬gL¤Jt®ò½a ngh¡Ftu¤J tr½ia¥ ga¬gL¤Jt®?

(ii) fhy¥ngh¡»± v¤jid rjåj« ng® ò½afhy¥ngh¡»± v¤jid rjåj« ng® ò½afhy¥ngh¡»± v¤jid rjåj« ng® ò½afhy¥ngh¡»± v¤jid rjåj« ng® ò½afhy¥ngh¡»± v¤jid rjåj« ng® ò½a
ngh¡Ftu¤J tr½ia¥ ga¬gL¤Jt®ngh¡Ftu¤J tr½ia¥ ga¬gL¤Jt®ngh¡Ftu¤J tr½ia¥ ga¬gL¤Jt®ngh¡Ftu¤J tr½ia¥ ga¬gL¤Jt®ngh¡Ftu¤J tr½ia¥ ga¬gL¤Jt®?

Ô®î :

khWj± Ãf³jfî mÂ

T = 









0.80.2

0.10.9

C

S

C  S       

Xuh©o¦F ¾wF

( )5.05.0

C  S   

  








0.80.2

0.10.9

C

S

C  S       

 = ( )45.055.0

B    A   

S = 55% , C = 45%

fhy¥ngh¡»± rkÃiy v£l¥gL«

(S  C) T = (S  C) ,½± S + C = 1

⇒ (S  C) 








8.02.0

1.09.0
 = (S  C)

⇒ 0.9S + 0.2C = S

⇒ 0.9S + 0.2(1-S) = S ⇒ S = 0.67

∴ fhy¥ngh¡»± 67% gaÂf´ ò½a ngh¡Ftu¤J
tr½ia¥ ga¬gL¤Jt®.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 1.6

1) j¦nghJ P k¦W« Q v¬w ,U É¦gid¥ bghU´fË¬ rªij

É¦gid Kiwna 70% k¦W« 30% Mf c´sJ.  x²bthU

thuK« ¼y Ef®nthÇ¬ ÉU¥g§f´ khW»¬wd.  br¬w thu«
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P-th§»at®fË± 80% ng® Û©L« mij th§F»¬wd®/

20% ng®  Q-¡F kh¿ÉL»¬wd®.  br¬w thu«  Q-

th§»at®fË± 40% ng® Û©L« mij th§F»¬wd®/  60%

ng® P-¡F kh¿ÉL»¬wd®.  ,u©L thu§fS¡F¥ ¾wF

mt®fË¬ rªij¥ g§ÑLfis¡ fh©f.  ,ªj ngh¡F

bjhlUkhdh± v¥nghJ rkÃiy v£l¥gL«?

2) xU thu¥ g¤½Ç¡if¡F¢ rªjh f£LkhW nf£L¡

bfh´s¥gL« foj« mªj g¤½Ç¡if mYtyf¤½ÈUªJ

Vuhskhdt®fS¡F mD¥g¥gL»wJ. foj« bg¦wt®fË±/

rªjhjhu®fshf ,UªJ Û©L« rªjh f£Lgt® 60% MF«.

rªjhjhu®fshf ,±yhkÈUªJ ò½ajhf rªjh f£Lgt®f´

25% MF«. ,njngh± K¬d® foj« mD¥g¥g£l nghJ foj«

bg¦wt®fË± 40% ng® rªjhjhu®fshf¢ nr®ªjd® vd¤

bjÇ»wJ.  j¦nghija foj¤ij¥ bgWgt®fË± v¤jid

rjåj« ng® rªjhjhu®fsht® vd v½®gh®¡fyh«?

3) xU efÇ± A, B v¬w ,U br­½¤jh´f´ btËtU»¬wd.

mitfË¬ j¦nghija rªij¥ g§ÑL A, 15% k¦W« B, 85%

MF«.  br¬w M©L A th§»at®fË± 65% ng® Û©L«

mij ,ªjh©L« th§F»wh®f´/  35% ng®  B¡F

kh¿ÉL»¬wd®.  br¬w M©L B th§»at®fË± 55% ng®

,ªjh©L« Û©L« mij th§F»wh®f´/ 45% ng®  A-¡F

kh¿ÉL»wh®f´.  ,u©L M©LfS¡F¥ ¾wF mt¦¿¬

rªij¥ g§ÑLfis¡ fh©f.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  1.7

V¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­f
1) |a

i j
| v¬w mÂ¡nfhitÆ± a

23
 ,¬ ¼¦wÂ a

23
 ,¬ ,iz¡

fhuÂ¡F¢ rk« vÅ± ¼¦wÂ a
23

 ,¬ k½¥ò

(a) 1 (b) 2 (c) 0 (d) 3

2) 








02

20
 ,¬ nr®¥ò mÂ

(a) 








20

02
 (b) 









−

−

0   2

20  
 (c) 









10

01
 (d) 









02

20



70

3)
















100

010

001

 ,¬ nr®¥ò mÂ

(a) 
















−

−

−

100

010

001

 (b) 
















3

1

3

1

3

1

00

00

00

(c) 
















100

010

001

(d) 
















200

020

002

4) AB = BA = |A| I  vÅ± mÂ B  v¬gJ

(a) A- ,¬ ne®khW (b) A ,¬ ÃiuÃu± kh¦W

(c) A ,¬ nr®¥ò (d) 2A

5) A v¬gJ 3 tÇir c´s rJu mÂ vÅ± |AdjA| ,¬ k½¥ò

(a) |A|2 (b) |A| (c) |A|3 (d) |A|4

6) |A| = 0 vÅ± |AdjA| ,¬ k½¥ò

(a) 0 (b) 1 (c) −1 (d) +1

7) 








02

20
 ,¬ ne®khW

(a) 








02

0
2

1

 (b) 








0

0

2

1

2

1

 (c) 






 −

1

0

2

1

2

1

 (d) 








20

02

8) A = 








− 8.06.0

6.08.0
 vÅ± A−1 =

(a) 








−

−

8.06.0

6.08.0
  (b) 







 −

8.06.0

6.08.0
  (c) 









8.06.0

6.08.0
  (d) 









− 2.04.0

4.02.0

9) k ,¬ v«k½¥¾¦F A = 








53

2 k
v¬w mÂ¡F ne®khW

,U¡fhJ?

(a) 
10

3
(b) 

3

10
(c) 3 (d) 10

10) A = 
















273

143

132

 vÅ± A−1A =

(a) 0 (b) A (c) I (d) A2.
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11) x²bthU cW¥ò« 1 Mf c´s xU n x n  mÂÆ¬ ju«
(a) 1 (b) 2 (c) n (d) n2

12) x²bthU cW¥ò« 2 Mf c´s xU n x n  mÂÆ¬ ju«
(a) 1 (b) 2 (c) n (d) n2

13) ó¢¼a mÂÆ¬ ju«

(a) 0 (b) 1 (c) −1 (d) ∞

14) xU  n x n  tÇirí´s ó¢¼a¡ nfhit mÂahf ,±yhj
mÂÆ¬ ju«

(a) n (b) n2 (c) 0 (d) 1

15) neÇa± rkgo¤jhd rk¬ghLfS¡F Fiwªj g£r« ,U¥gJ
(a) xU Ô®î (b) ,U Ô®îf´

(c) _¬W Ô®îf´ (d) eh¬F Ô®îf´

16) AX = B v¬w rk¬ghLfis »uhkÇ¬ KiwÆ± Ô®¡f Ãiwî
br­a¥gl nt©oa Ãgªjid

(a) |A| = 0 (b) |A| ≠ 0 (c) A = B (d) A ≠ B

17) 








01

10

 

 

b

a

y x    

 v¬w cwÉ¬ ne®khW cwî

(a) 








01

10

y

x

ba    

 (b) 








−

−

01

10

b

a

 yx     

  (c) 








11

00

y

x

ba    

 (d) 








00

00

b

a

yx   

18) R = 








01

10

b

a

ba    

 v¬w cwî

(a) rkÅ cwî (b) rk¢Ó® cwî (c) bjhl® cwî (d) rkhd cwî

19) c´çL-btËÞL gF¥gh­É¬ bra±gL« th­¥¾¦fhd
Ah¡»¬µ-irk¬ ÃgªjidfË¬ v©Â¡if

(a) 1 (b) 3 (c) 4 (d) 2

20) T = 








0.8x

0.30.7

B

A

BA         

 v¬gJ khWj± Ãf³jfî mÂ vÅ± x =

(a) 0.3 (b) 0.2 (c) 0.3 (d) 0.7
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2.1  T«ò bt£of´T«ò bt£of´T«ò bt£of´T«ò bt£of´T«ò bt£of´ (CONICS)

T«T«T«T«T«ig js¤jh± bt£Ltjh± »il¡F« tisig js¤jh± bt£Ltjh± »il¡F« tisig js¤jh± bt£Ltjh± »il¡F« tisig js¤jh± bt£Ltjh± »il¡F« tisig js¤jh± bt£Ltjh± »il¡F« tis
tiuf´tiuf´tiuf´tiuf´tiuf´

gutisa«/ Ú´t£l« k¦W« m½gutisa« v¬gd T«ò
bt£of´ v¬W miH¡f¥gL« tistiu¤ bjhF½fË¬
cW¥òfshF« xU T«¾id xU js¤jh± bt£Ltjh±
nk¦T¿a tistiufis¥ bgwyh«.  vdntjh¬ mit
T«òbt£of´ v¬wiH¡f¥gL»¬wd.

xU js¤½Y´s efU« ò´Ë x¬¿¦F« mnj js¤½Y´s
Ãiy¥ò´Ë¡F« c´s bjhiyî k¦W« mªj efU« ò´Ë¡F«
mnj js¤½Y´s xU Ãiy¡nfh£o¦F« c´s bjhiyîfË¬
É»j« kh¿È vÅ±/ mªj efU« ò´ËÆ¬ Ãak¥ghij T«ò
bt£oahF«.

FÉa«/ ,a¡Ftiu/ ika¤bjhiy¤ jfî É»j«FÉa«/ ,a¡Ftiu/ ika¤bjhiy¤ jfî É»j«FÉa«/ ,a¡Ftiu/ ika¤bjhiy¤ jfî É»j«FÉa«/ ,a¡Ftiu/ ika¤bjhiy¤ jfî É»j«FÉa«/ ,a¡Ftiu/ ika¤bjhiy¤ jfî É»j«
nk¦f©l tiuaiuÆ±/ Ãiyahd ò´Ëia¡ FÉa« /

gFKiw tot fÂj«
2

m½gutisa«

Ú´t£l«

   gutisa«

t£l«

gl« 2.1
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Ãiyahd nfh£il ,a¡Ftiu /  kh¿Èahd É»j¤ij
ika¤bjhiy¤ jfî v¬»nwh«.

ika¤bjhiy¤ jfî  tH¡fkhf ‘e’ v¬w vG¤jh±
F¿¡f¥gL«.

gl« 2.2 ,±/ S v¬gJ FÉa«/ LM v¬gJ ,a¡Ftiu/

k¦W«    
PM

SP
= e

xU T«ò bt£oÆ±
  e = 1 vÅ± mJ gutisakhF«
  e < 1 vÅ± mJ Ú´t£lkhF«

k¦W«  e > 1 vÅ±
mJ m½gutisakhF«.

2.1.1 T«ò bt£oÆ¬ bghJ¢ rk¬ghLT«ò bt£oÆ¬ bghJ¢ rk¬ghLT«ò bt£oÆ¬ bghJ¢ rk¬ghLT«ò bt£oÆ¬ bghJ¢ rk¬ghLT«ò bt£oÆ¬ bghJ¢ rk¬ghL

T«ò bt£o¡F FÉa« S(x
1
, y

1
)/ ,a¡FtiuÆ¬ rk¬ghL

Ax + By +C = 0, ika¤ bjhiy¤ jfî ‘e’ v¬f.

P(x, y), T«ò bt£oÆ¬ ÛJ VnjD« xU ò´Ë v¬f.

SP = ( ) ( )2

1

2

1
yyxx −+−

Ax + By + C = 0  ,ÈUªJ P(x, y) ,¬ F¤J¤ bjhiyî

       PM  =    + 
22

BA

CBA

+

++ yx

       
PM

SP
  =  e ⇒  

22

2

1

2

1
)()(

BA

CByAx

yyxx

+

++
±

−+−
=  e

m±yJ   (x − x
1
)2 + (y − y

1
)2 = e2 









+

++

)(

)(

22

2

BA

CByAx

,ij RU¡»dh± ax2 + 2hxy + by2 + 2gx + 2fy + c = 0

v¬w toÉ±/ x,y ,± c´s ,Ugo¢ rk¬ghL »il¡F«.  ,Jnt
T«ò bt£oÆ¬ bghJ¢ rk¬ghL MF«.

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò
ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 v¬w rk¬ghL

M

L

(FÉa«)

P

S

,a¡Ftiu

gl« 2.2
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(i) abc  + 2 fgh  −  af2 −  bg2 −  ch 2 = 0 vÅ±/ ,u£il
ne®¡nfhLfis¡ F¿¡F«.

(ii) a = b, h = 0 vÅ±/ xU t£l¤ij¡ F¿¡F«. nk¦T¿a
,u©L ÃgªjidfS« Ãiwî br­a¥glhÉo±/
ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 MdJ

(iii) h2 − ab = 0 vÅ±/ xU gutisa¤ij¡ F¿¡F«.

(iv) h2 − ab < 0 vÅ±/ xU Ú´t£l¤ij¡ F¿¡F«.

(v) h2 − ab > 0 vÅ±/ xU m½gutisa¤ij¡ F¿¡F«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 1

4x2 + 4xy + y2 + 4x + 32y + 16 = 0  v¬w rk¬ghLv¬w rk¬ghLv¬w rk¬ghLv¬w rk¬ghLv¬w rk¬ghL
xU T«ò bt£oia¡ F¿¡»wJ.  mj¬ tifia¡xU T«ò bt£oia¡ F¿¡»wJ.  mj¬ tifia¡xU T«ò bt£oia¡ F¿¡»wJ.  mj¬ tifia¡xU T«ò bt£oia¡ F¿¡»wJ.  mj¬ tifia¡xU T«ò bt£oia¡ F¿¡»wJ.  mj¬ tifia¡
F¿¥¾Lf.F¿¥¾Lf.F¿¥¾Lf.F¿¥¾Lf.F¿¥¾Lf.
Ô®î :

4x2 + 4xy + y2 + 4x + 32y + 16 = 0 v¬w rk¬gh£il/

ax2 + 2hxy + by2 + 2gx + 2fy + c = 0 v¬w rk¬gh£Ll¬
x¥¾L« bghGJ/ eh« bgWtJ/  a = 4, 2h = 4, b =1

∴ h2 − ab = (2)2 − 4(1) =  4 − 4 =0

vdnt bfhL¡f¥g£L´s T«ò bt£o xU gutisakhF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 2

16x2 + 25y2 −−−−− 118x −−−−− 150y −−−−− 534 = 0 v¬w rk¬ghLv¬w rk¬ghLv¬w rk¬ghLv¬w rk¬ghLv¬w rk¬ghL
F¿¡F« T«ò bt£oÆ¬ tifia¡ F¿¥¾Lf.F¿¡F« T«ò bt£oÆ¬ tifia¡ F¿¥¾Lf.F¿¡F« T«ò bt£oÆ¬ tifia¡ F¿¥¾Lf.F¿¡F« T«ò bt£oÆ¬ tifia¡ F¿¥¾Lf.F¿¡F« T«ò bt£oÆ¬ tifia¡ F¿¥¾Lf.
Ô®î :

,§F,   a = 16, 2h = 0, b =25

∴ h2 − ab = 0  − 16 x 25 = -400 < 0

vdnt bfhL¡f¥g£L´s T«òbt£o xU Ú´t£lkhF«

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  2.1

¾¬ tU« rk¬ghLf´ F¿¡F« T«òbt£ofË¬ tifia¡
fh©f.

1) x2 − 6xy + 9y2 + 26x − 38y + 49 = 0
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2) 7x2 + 12xy − 2y2 + 22x + 16y −7 =0

3) 7x2 + 2xy + 7y2 − 60x − 4y + 44 = 0

2.2  gutisa«gutisa«gutisa«gutisa«gutisa«

2.2.1  gutisa¤½¬ ½£ltot«gutisa¤½¬ ½£ltot«gutisa¤½¬ ½£ltot«gutisa¤½¬ ½£ltot«gutisa¤½¬ ½£ltot«

S I FÉa«/ DD′ I ,a¡Ftiu v¬f.  S ,± ,UªJ
DD′ ¡F tiua¥gL« F¤J¡nfhL/DD′ I A ,± rª½¡f£L«.
SA = 2a  v¬f.  AS I/  x m¢rhfî«/  AS ,¬ ika¥ò´Ë O
tÊahf AS ¡F tiua¥gL« F¤J¡nfhL OY I y m¢rhfî«
bjÇî br­f.

vdnt S (a,0) vdî«/ ,a¡Ftiu DD′ ,¬ rk¬ghL
x+ a = 0 vdî« bgW»nwh«.

P(x,y) gutisa¤½¬ ÛJ VnjD« xU ò´Ë. PM I
DD′ ¡F« PN I  Ox ¡F«  br§F¤jhf tiuf.

PM = NA = NO + OA = x  + a.

SP2 = (x − a)2 + y2

PM

SP
= e [P gutisa¤½¬ ÛJ xU ò´Ë]

(m-J)/            SP2 = e2 (PM)2

(m-J), (x - a)2 + y2  = (x + a)2 (e = 1)

D

D’

A

M

y

P(x,y)

NO S(a,0)

gl« 2.5

> x
{ a{ a

x+
a
 =

 0
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(m-J),             y2 = 4ax

,Jnt gutisa¤½¬ ½£l totkhF«.

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

(i) gutisa¤½¬ FÉa« tÊahf k¦W« ,a¡Ftiu¡F
br§F¤jhf mikªJ´s nfhL/ gutisa¤½¬ m¢R
vd¥gL«.  gutisaK«/ mj¬ m¢R« rª½¡F« ò´Ë
gutisa¤½¬ Kid vd¥gL«.

(ii) gutisa¤½¬ m¢R¡F br§F¤jhf/ FÉa¤½¬ tÊahf
br±Y« eh© gutisa¤½¬ br²tfy« vd¥gL«.

2.2.2  y2 = 4ax v¬w gutisa¤ij tiuj±.v¬w gutisa¤ij tiuj±.v¬w gutisa¤ij tiuj±.v¬w gutisa¤ij tiuj±.v¬w gutisa¤ij tiuj±.
1) (a) y  = 0 vÅ±/ x  bgW« k½¥ò ó¢¼a« k£Lnk.

∴ gutisa«  x m¢ir (0,0) ,± k£Lnk bt£L»wJ.
(b) x < 0 vÅ±, y  f¦gidahdJ.  vdnt tistiu x

,¬ Fiw k½¥òfS¡F mikahJ.

(c) y ¡F −y I ¾u½Æl gutisa¤½¬ rk¬ghL khwhJ.
vdnt gutisa« x m¢R¡F rk¢ÓuhdJ.

(d) x m½fÇ¡f/ | y | « m½fÇ¡»wJ.  x → ∞ vÅ±
y → + ∞.  vdnt tistiu ÉÇªJ k¦W« gl« 2.4
,± c´s tot¤ij¥ bgW»wJ.

D

D ′

A

M

y

P

N

L′

L

O

S

P ′

gl« 2.4

>
x
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2) ,a¡Ftiu,a¡Ftiu,a¡Ftiu,a¡Ftiu,a¡Ftiu : ,a¡Ftiu y m¢R¡F ,izahd xU
nfhL.  ,a¡FtiuÆ¬ rk¬ghL x + a  = 0 MF«.

3) m¢Rm¢Rm¢Rm¢Rm¢R  :  x  m¢R gutisa¤½¬ m¢rhfî«/ y  m¢R
gutisa¤½¬ KidÆ± tiua¥gL« bjhL nfhlhfî«
c´sd.

4) br²tfy« br²tfy« br²tfy« br²tfy« br²tfy« :  S ,¬ tÊahf ,  LSL ′  I AS ¡F
br§F¤jhf tiuf.
x = a vÅ±, y2 = 4a2  m±yJ  y = + 2a   ∴ SL = SL′ = 2a.

vdnt LL′ = 4a.  LL’ gutisa¤½¬ br²tfy« MF«.
SL (m±yJ SL′) miu br²tfy« MF«. OS = 

4

1
(LL′) = a

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

y2  = −4ax v¬w gutisa«/ x m¢¼¬ Fiw¥ gF½Æ±
mik»wJ.  y m¢¼id rk¢Óuhf¡ bfh©l gutisa« x2 = 4ay

MdJ y m¢¼¬ Äif¥ gF½Æ± mik»wJ. x2 = -4ay vD«
gutisa« y m¢¼¬ Fiw¥ gF½Æ± mik»wJ.

      y2 = -4ax       x2 = 4ay       x2 = -4ay

 rk¬ghL rk¬ghL rk¬ghL rk¬ghL rk¬ghL y2 = 4ax y2 = −−−−−4ax x2 = 4ay x2 = −−−−−4ay

FÉa« (a,0)           (-a, 0) (0,a) (0,-a)

Kid (0,0) (0,0) (0,0) (0,0)

,a¡Ftiu x = −a x = a y = −a y = a

br²tfy« 4a 4a 4a 4a

m¢R y = 0 y = 0 x = 0 x = 0

y

> x
0

y

> x
0

y

> x
0

gl« 2.5
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 3

(2, 1) v¬w FÉaK« /  v¬w FÉaK« /  v¬w FÉaK« /  v¬w FÉaK« /  v¬w FÉaK« /  2x  + y  + 1 = 0 v¬wv¬wv¬wv¬wv¬w
,a¡Ftiuí« bfh©l gutisa¤½¬ rk¬ghL,a¡Ftiuí« bfh©l gutisa¤½¬ rk¬ghL,a¡Ftiuí« bfh©l gutisa¤½¬ rk¬ghL,a¡Ftiuí« bfh©l gutisa¤½¬ rk¬ghL,a¡Ftiuí« bfh©l gutisa¤½¬ rk¬ghL
fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

P (x, y) v¬gJ gutisa¤½¬ ÛJ VnjD« xU ò´Ë..

PM I ,a¡Ftiu¡F br§F¤jhf tiuf/

PM

SP
= 1 (,§F S FÉakhF«)     ∴    SP2  = PM2

                    (x − 2)2 + (y −1)2 = 

2

22
12

12












+

++ yx

        x2 − 4x + 4 + y2 − 2y + 1 = 
5

)12(
2++ yx

     5x2 + 5y2 − 20x − 10y + 25 = 4x2 +y2 +1 +4xy +2y +4x

x2 − 4xy + 4y2 −24x −12y + 24 = 0.

,Jnt njitahd rk¬ghL MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 4

y2 −−−−− 8x −−−−− 2y + 17 = 0 v¬w gutisa¤½¬ FÉa«/v¬w gutisa¤½¬ FÉa«/v¬w gutisa¤½¬ FÉa«/v¬w gutisa¤½¬ FÉa«/v¬w gutisa¤½¬ FÉa«/
br²tfy«/ Kid/ ,a¡Ftiu M»adt¦iw¡br²tfy«/ Kid/ ,a¡Ftiu M»adt¦iw¡br²tfy«/ Kid/ ,a¡Ftiu M»adt¦iw¡br²tfy«/ Kid/ ,a¡Ftiu M»adt¦iw¡br²tfy«/ Kid/ ,a¡Ftiu M»adt¦iw¡
fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

y2 − 8x − 2y + 17 = 0      ⇒ y2 − 2y    =  8x − 17

⇒ y2 − 2y + 1  =  8x − 16    ⇒ (y − 1)2   =  8 (x − 2)

M½ia (2,1) ¡F kh¦¿/ x - 2 = X,  y −1 = Y vÅ±
gutisa¤½¬ rk¬ghL Y2 = 8X MF«.

      ∴ ò½a M½ (2/ 1) v¬gJ Kid MF«. br²tyf« = 8

X, Y m¢Rfis¥ bghW¤J/ (2, 0) FÉa«/ ,a¡FtiuÆ¬
rk¬ghL  X + 2 = 0  MF«.

vdnt x, y m¢Rfis¥ bghW¤J/ (4, 1) FÉa« MF«.
x − 2 + 2 = 0     m±yJ   x = 0 ,a¡Ftiu MF«.
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vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 5

4y2 + 12x −−−−− 20y + 67 = 0 v¬w gutisa¤½¬ Kid/v¬w gutisa¤½¬ Kid/v¬w gutisa¤½¬ Kid/v¬w gutisa¤½¬ Kid/v¬w gutisa¤½¬ Kid/
FÉa«/ m¢R/ ,a¡Ftiu / miu¢ br²tfy«FÉa«/ m¢R/ ,a¡Ftiu / miu¢ br²tfy«FÉa«/ m¢R/ ,a¡Ftiu / miu¢ br²tfy«FÉa«/ m¢R/ ,a¡Ftiu / miu¢ br²tfy«FÉa«/ m¢R/ ,a¡Ftiu / miu¢ br²tfy«
M»at¦iw¡ fh©f.M»at¦iw¡ fh©f.M»at¦iw¡ fh©f.M»at¦iw¡ fh©f.M»at¦iw¡ fh©f.

Ô®î :

4y2 + 12x − 20y + 67 = 0

    m±yJ 4y2 − 20y = − 12x − 67

4(y2 − 5y)  = −12x − 67

4 { }
4

25

4

25
5

2 −+− yy = −12x − 67

4 







−





 −

4

25

2

5
2

y = −12x − 67

              4(y−
2

5
)2 =  25 − 12x − 67 = −12 (x +

2

7
)

⇒            

2

2

5








−y = 3(−x −

2

7
)

,jid Y 
2 = 4aX  v¬w ½£ltot¤½¦F bfhzu/

X = −x−
2

7
 k¦W« Y =  y−

2

5
 v¬f.

Y2 = 3X.     ,§F  4a = 3 ∴  a = 
4

3

,¥nghJ Éilfis g£oaÈlyh«.

      (X, Y) I¥ bghW¤jJI¥ bghW¤jJI¥ bghW¤jJI¥ bghW¤jJI¥ bghW¤jJ
    (x, y) I¥ bghW¤jJI¥ bghW¤jJI¥ bghW¤jJI¥ bghW¤jJI¥ bghW¤jJ

x = −−−−−X −−−−−
2
7

,  y = Y +
2
5

Kid (0,0) 




 +−

2

5
0,

2

7
0 = 





−

2

5
,

2

7

m¢R Y = 0 (X -axis) y -
2

5
 = 0 or  y = 

2

5

FÉa« (a, 0) = (
4

3
, 0) 





 +−−

2

5
0,

2

7

4

3
= 





−

2

5
,

4

17

,a¡Ftiu X= −a ⇒X =
4

3-
  −x−

2

7
 =

4

3-  m±yJ x= −
4

11

miu¢br²tfy« 2a = 2 x 
4

3
 = 

2

3
       

2

3
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F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

,nj fz¡if X = x +
2

7
,  Y = y −

2

5
v¬W kh¦w« br­J/

Y2 = −3X vd¥ bg¦W/ mij y2 = −4ax v¬w rk¬gh£Ll¬
x¥¾£L« Ô®î fhzyh«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 6

X® cnyhf¤ij jahÇ¡F« ÃWtd¤½¬ khjhª½uX® cnyhf¤ij jahÇ¡F« ÃWtd¤½¬ khjhª½uX® cnyhf¤ij jahÇ¡F« ÃWtd¤½¬ khjhª½uX® cnyhf¤ij jahÇ¡F« ÃWtd¤½¬ khjhª½uX® cnyhf¤ij jahÇ¡F« ÃWtd¤½¬ khjhª½u
c¦g¤½ c¦g¤½ c¦g¤½ c¦g¤½ c¦g¤½ x »nyh»uh«fË¬ ruhrÇ Éiy »nyh»uh«fË¬ ruhrÇ Éiy »nyh»uh«fË¬ ruhrÇ Éiy »nyh»uh«fË¬ ruhrÇ Éiy »nyh»uh«fË¬ ruhrÇ Éiy y-IIIII

%.%.%.%.%.(
10
1

x2 −−−−− 3x + 50) v¬gJ bfhL¡»wJ.  ruhrÇ ÉiyÆ¬v¬gJ bfhL¡»wJ.  ruhrÇ ÉiyÆ¬v¬gJ bfhL¡»wJ.  ruhrÇ ÉiyÆ¬v¬gJ bfhL¡»wJ.  ruhrÇ ÉiyÆ¬v¬gJ bfhL¡»wJ.  ruhrÇ ÉiyÆ¬

tistiu xU gutisa« vd fh£Lf. tistiuÆ¬tistiu xU gutisa« vd fh£Lf. tistiuÆ¬tistiu xU gutisa« vd fh£Lf. tistiuÆ¬tistiu xU gutisa« vd fh£Lf. tistiuÆ¬tistiu xU gutisa« vd fh£Lf. tistiuÆ¬
KidÆ± ruhrÇ Éiy k¦W« c¦g¤½ia¡ fh©f.KidÆ± ruhrÇ Éiy k¦W« c¦g¤½ia¡ fh©f.KidÆ± ruhrÇ Éiy k¦W« c¦g¤½ia¡ fh©f.KidÆ± ruhrÇ Éiy k¦W« c¦g¤½ia¡ fh©f.KidÆ± ruhrÇ Éiy k¦W« c¦g¤½ia¡ fh©f.

Ô®î :

ruhrÇ ÉiyÆ¬ tistiu

       y= 
10

1
x2 − 3x + 50    ⇒    10y = x2 − 30x + 500

⇒  10y    = (x − 15)2 + 275      ⇒  (x−15)2 = 10y − 275

⇒ (x−15)2 = 10(y − 27.5)      ⇒      X2 = 10Y ,½±

X = x−15, Y = y − 27.5

4a =10     ⇒ a = 2.5

vdnt ruhrÇ ÉiyÆ¬ tistiu xU gutisahF«.

mj¬ Kid . (X = 0, Y = 0) (m-J) (x = 15, y = 27.5)

gutisa¤½¬ Kid¥ò´ËÆ±/ c¦g¤½ 15 ».»uh«f´/
ruhrÇ Éiy %.27.50 MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 7

xU É¦gid bghUË¬ Éiy¡F« mË¥ò¡F«xU É¦gid bghUË¬ Éiy¡F« mË¥ò¡F«xU É¦gid bghUË¬ Éiy¡F« mË¥ò¡F«xU É¦gid bghUË¬ Éiy¡F« mË¥ò¡F«xU É¦gid bghUË¬ Éiy¡F« mË¥ò¡F«

c´s bjhl®ò c´s bjhl®ò c´s bjhl®ò c´s bjhl®ò c´s bjhl®ò x  = 5 102p − MF«. mË¥¾¬MF« .  mË¥¾¬MF« .  mË¥¾¬MF« .  mË¥¾¬MF« .  mË¥¾¬

tistiu xU gutisa« vd fh£Lf. mj¬tistiu xU gutisa« vd fh£Lf. mj¬tistiu xU gutisa« vd fh£Lf. mj¬tistiu xU gutisa« vd fh£Lf. mj¬tistiu xU gutisa« vd fh£Lf. mj¬
Kidia¡ fh©f. vªj Éiy¡F¡ Ñ³ mË¥òKidia¡ fh©f. vªj Éiy¡F¡ Ñ³ mË¥òKidia¡ fh©f. vªj Éiy¡F¡ Ñ³ mË¥òKidia¡ fh©f. vªj Éiy¡F¡ Ñ³ mË¥òKidia¡ fh©f. vªj Éiy¡F¡ Ñ³ mË¥ò
ó¢¼a« MF«?ó¢¼a« MF«?ó¢¼a« MF«?ó¢¼a« MF«?ó¢¼a« MF«?
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Ô®î :

Éiy¡F« mË¥¾¦F« c´s bjhl®ò/

x2 = 25(2p − 10) ⇒ x2 = 50 (p − 5)

⇒ X2 = 4aP  ,½±  X = x

k¦W« P = p − 5

⇒ mË¥ò tistiu xU gutisa«
,j¬ Kid (X = 0, P = 0)

⇒ (x = 0, p = 5)  ⇒  (0, 5)

vdnt   p = 5 ¡F Ñ³/ mË¥ò ]ó¢¼akhF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 8

X® ,U¥ò¥ ghij mikªj ghy¤½¬ nk±X® ,U¥ò¥ ghij mikªj ghy¤½¬ nk±X® ,U¥ò¥ ghij mikªj ghy¤½¬ nk±X® ,U¥ò¥ ghij mikªj ghy¤½¬ nk±X® ,U¥ò¥ ghij mikªj ghy¤½¬ nk±
tisî tisî tisî tisî tisî (Girder) / gutisa¤½¬ toÉ± c´sJ./ gutisa¤½¬ toÉ± c´sJ./ gutisa¤½¬ toÉ± c´sJ./ gutisa¤½¬ toÉ± c´sJ./ gutisa¤½¬ toÉ± c´sJ.
ghy¤½ÈUªJ ghy¤½ÈUªJ ghy¤½ÈUªJ ghy¤½ÈUªJ ghy¤½ÈUªJ 15  Û£l® cau¤½Y´s nk± Û£l® cau¤½Y´s nk± Û£l® cau¤½Y´s nk± Û£l® cau¤½Y´s nk± Û£l® cau¤½Y´s nk±
tisÉ¬ c¢¼ahdJ gutisa¤½¬ KidahF«.tisÉ¬ c¢¼ahdJ gutisa¤½¬ KidahF«.tisÉ¬ c¢¼ahdJ gutisa¤½¬ KidahF«.tisÉ¬ c¢¼ahdJ gutisa¤½¬ KidahF«.tisÉ¬ c¢¼ahdJ gutisa¤½¬ KidahF«.
nk±tisÉ¬ bjhl¡f k¦W« Koî¥ ò´Ëfisnk±tisÉ¬ bjhl¡f k¦W« Koî¥ ò´Ëfisnk±tisÉ¬ bjhl¡f k¦W« Koî¥ ò´Ëfisnk±tisÉ¬ bjhl¡f k¦W« Koî¥ ò´Ëfisnk±tisÉ¬ bjhl¡f k¦W« Koî¥ ò´Ëfis
,iz¡F« ,iz¡F« ,iz¡F« ,iz¡F« ,iz¡F« 150Û. ÚsK´s ne®nfh£o¬ Û. ÚsK´s ne®nfh£o¬ Û. ÚsK´s ne®nfh£o¬ Û. ÚsK´s ne®nfh£o¬ Û. ÚsK´s ne®nfh£o¬ (span)

ika¥ò´ËÆÈUªJ ika¥ò´ËÆÈUªJ ika¥ò´ËÆÈUªJ ika¥ò´ËÆÈUªJ ika¥ò´ËÆÈUªJ 30 Û£l® bjhiyÉ± Û£l® bjhiyÉ± Û£l® bjhiyÉ± Û£l® bjhiyÉ± Û£l® bjhiyÉ±
nk±tisÉ¬ cau¤ij¡ fh©f.nk±tisÉ¬ cau¤ij¡ fh©f.nk±tisÉ¬ cau¤ij¡ fh©f.nk±tisÉ¬ cau¤ij¡ fh©f.nk±tisÉ¬ cau¤ij¡ fh©f.

Ô®î :

gutisa¤½¬ rk¬ghL y2 = 4ax v¬f.

gutisa¤½¬ Kidia M½ahf¡ fUJf.

gutisa«/ (15,75) tÊahf¢ br±»¬wJ

⇒ (75)2 = 4a(15)

 4a = 
15

(75)
2

= 375

vdnt gutisa¤½¬

rk¬ghL y2 = 375x

,¥bghGJ B (x, 30),

gutisa¤½¬ ÛJ mikªJ´sJ.

x

(0,5)

gl« 2.6

O

p

V (0,0)

(+15, -75) (15, 75)

AA′

B

30

1
5

75 75

h

y

x

gl« 2.7

>

→

<

→←←
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⇒     375x = 302

∴ x =

375

900

= 
5

12
  = 2.4 Û.

njitahd cau«  = 12.6 Û.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 9

‘x’ khj§fË± nrU« ,yhg« % .khj§fË± nrU« ,yhg« % .khj§fË± nrU« ,yhg« % .khj§fË± nrU« ,yhg« % .khj§fË± nrU« ,yhg« % . ‘y’  -IIIII
(,y£r§fË±) (,y£r§fË±) (,y£r§fË±) (,y£r§fË±) (,y£r§fË±) y  = −4x2 +28x-40 v¬w rk¬ghLv¬w rk¬ghLv¬w rk¬ghLv¬w rk¬ghLv¬w rk¬ghL
bfhL¡»wJ.  v¥bghGJ mªj Éahghu Ka¦¼iabfhL¡»wJ.  v¥bghGJ mªj Éahghu Ka¦¼iabfhL¡»wJ.  v¥bghGJ mªj Éahghu Ka¦¼iabfhL¡»wJ.  v¥bghGJ mªj Éahghu Ka¦¼iabfhL¡»wJ.  v¥bghGJ mªj Éahghu Ka¦¼ia
ÃW¤½ ÉLtJ cfªjJ vd¡ f©L¾o.ÃW¤½ ÉLtJ cfªjJ vd¡ f©L¾o.ÃW¤½ ÉLtJ cfªjJ vd¡ f©L¾o.ÃW¤½ ÉLtJ cfªjJ vd¡ f©L¾o.ÃW¤½ ÉLtJ cfªjJ vd¡ f©L¾o.

Ô®î :

      4x2 − 28x = −40 − y     ⇒    4(x2 − 7x) = −40 − y

4(x2 − 7x +
4

49
)= −40 − y + 49

          (x −
2

7
)2 = 

4

1
(9−y)     ⇒     (x −

2

7
)2 = −

4

1
(y− 9)

     njitahd fhy« = 
2

7
  = 3

2

1
 khj§f´ (v¥go?)

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  2.2

1. ¾¬ tU« FÉa§fisí«/ ,a¡Ftiufisí« bfh©L

mikí« gutisa§fË¬ rk¬ghLfis¡ fh©f.

(a)  (1, 2) ; x + y − 2 = 0 (b) (1, −1) ; x − y = 0

(c)  (0, 0) ; x − 2y + 2 = 0 (d) (3,4) ; x − y + 5 = 0

2) ¾¬ tU« rk¬ghLfis¡ bfh©l gutisa§fË¬ Kid/

m¢R/ FÉa«/ ,a¡Ftiu M»adt¦iw¡ fh©f.

(a) x2 = 100y (b) y2 = 20x

(c) y2 = −28x (d) x2 = −60y

3) ¾¬ tU« gutisa§fË¬/ FÉa«/ br²tfy«/ Kid/

,a¡Ftiu M»adt¦iw¡ fh©f.

(a) y2 + 4x − 2y + 3 = 0 (b) y2 − 4x + 2y − 3 = 0

(c) y2 − 8x − 9 =0 (d) x2 − 3y + 3 = 0
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4) X® cnyhf¤ij jahÇ¡F« ÃWtd¤j¬ khjhª½u c¦g¤½ x

l¬fË¬ ruhrÇ Éiy y I %.
10

1
 x2 − 3x + 62.5  v¬gJ

bfhL¡»wJ.  ruhrÇ ÉiyÆ¬ tistiu/ xU gutisa« vd

fh£Lf.  tistiuÆ¬ KidÆ± c¦g¤½ k¦W« ruhrÇ

Éiyia¡ fh©f.

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò
y

1

2 −  4ax
1
 v¬gJ ó¢¼a¤½¦F m½fkhf/ rkkhf/

Fiwthf ,U¡F«nghJ (x
1
, y

1
) v¬w ò´Ë/ gutisa¤½¦F

Kiwna btËna/ nk±/ c´ns mikí«.

2.3  Ú´t£l«Ú´t£l«Ú´t£l«Ú´t£l«Ú´t£l«

2.3.1  Ú´t£l¤½¬ ½£l tot«Ú´t£l¤½¬ ½£l tot«Ú´t£l¤½¬ ½£l tot«Ú´t£l¤½¬ ½£l tot«Ú´t£l¤½¬ ½£l tot«

S I FÉa« k¦W« DD’ I ,a¡Ftiu v¬f.

SZ I DD′ ¡F br§F¤jhf tiuf. A, A′ Kiwna SZ I
c£òwkhfî«/ btË¥òwkhfî« e:1 v¬w É»j¤½± ¾Ç¡f£L«.
A, A′ Ú´t£l¤½¬ ÛJ mikªj ò´ËfshF«. ,§F e MdJ
ika¤ bjhiy¤ jfî.

C I AA′ ,¬ ika¥ò´Ë k¦W«  AA′ = 2a v¬f. CA I x
m¢rhfî«/ CA ¡F br§F¤J¡ nfhL  Cy I y m¢rhfî«
bfh´f. C M½ahF«.

D
1
′

Z′

M′

D
1

A ′ S′ C

B

y

S N

L′

A Z

x

D

M

D′B′

L

P(x,y)

gl« 2.8

>
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∴  
AZ

SA
= e , 

ZA

AS

′
′

 = e

∴ SA = e (AZ) -------- (1)

A′S = e (A′Z) ---------(2)

(1) + (2) ⇒ SA + A′S = e (AZ + A′Z)

AA′ = e (CZ − CA + A′C + CZ)

2a = e(2CZ) (Œ CA = CA′)

⇒ CZ =

e
a

(2) − (1) ⇒A’S − SA = e (A′Z − AZ)

A′C + CS − (CA − CS)= e (AA′)

m±yJ 2CS = e . 2a  ⇒ CS   = ae

vdnt  S(ae, 0) MF«.

P(x, y) Ú´t£l¤½¬ ÛJ VnjD« xU ò´Ë v¬f.

PM ⊥ DD′ k¦W« PN ⊥ CZ vd tiuf.

⇒ PM = NZ = CZ − CN  = 
e
a

− x

PM

SP
= e (Œ  P Ú´t£l¤½¬ ÛJ xU ò´Ë)

SP2 = e2 PM2

  (x − ae)2 + y2  =  e2  (
e
a

− x)2 = (a − ex)2

x2 − 2aex + a2e2 + y2 = a2 − 2aex + e2x2

x2 (1 − e2) + y2  = a2 (1− e2)

2

2

a

x
+

)1(
22

2

ea

y

−
= 1

         b2  = a2(1 − e2)  v¬f.

vdnt/ 2

2

a

x
 + 2

2

b

y
 = 1               (a > b)

,J Ú´t£l¤½¬ ½£l totkhF«
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2.3.2  2

2

a

x
 + 2

2

b

y
 = 1 v¬w Ú´t£l¤ij tiuj±v¬w Ú´t£l¤ij tiuj±v¬w Ú´t£l¤ij tiuj±v¬w Ú´t£l¤ij tiuj±v¬w Ú´t£l¤ij tiuj±

(i) tistiu M½¥ò´Ë tÊahf br±yhJ.  y = 0 vÅ±,

x = + a.  ∴ Ú´t£l« x m¢ir (+a, 0) v¬w ò´ËfË±
rª½¡»¬wJ.   y  m¢ir (0,  +  b )  v¬w ò´ËfË±
rª½¡»¬wJ.

(ii) rk¬ghL x ,  y  fË± ,u£il¥goíilaJ.  vdnt
tistiuahdJ x,  y  m¢Rfis¥ bghW¤J rk¢Ó®
cilaJ. Ú´t£l¤½± (x, y) xU ò´Ë vÅ±/ (−x, y), (x, −y)

k¦W« (-x, −y) v¬gdî« mj¬ ò´ËfshF«.

(iii) Ú´t£l¤½¬ rk¬gh£il/  y  = +
a

b
 

22 xa −  v¬w

toÉ± vGjyh«.   | x | > a vÅ±/ mjhtJ x > a m±yJ

x < −a  vÅ±/ a2 − x2 < 0.  ∴ 22 xa −  f¦gid. vdnt/

x = a v¬w nfh£o¬ ty¥òw¤½Y« x = −a v¬w nfh£o¬
,l¥òw¤½Y« tistiu mikahJ.

| x | < a vÅ±/ a2 - x2 > 0. vdnt x²bthU x-¡F« ,U rk
Mdh± khWg£l F¿fisíila y k½¥òf´ »il¡F«.

tistiu/ x  =  a   k¦W« x  =  −a  v¬w ,u©L
nfhLfS¡F´ ml§F«. x = a v¬gJ  A(a, 0) ,±
bjhLnfhL v¬gijí« k¦W« x = −a v¬gJ A′(−a, 0)

,± bjhLnfhL v¬gijí« ftÅ¡fî«.

(iv) tistiuÆ¬ rk¬gh£il/   x = + 
b
a 22

yb −  v¬w

tot¤½± vGjyh«.  tistiu y = b v¬w nfh£o¦F
nk¦òwK«/ y = −b v¬w nfh£o¦F Ñ³òwK« mikahJ.
tistiu y = b k¦W« y = −b  v¬w nfhLfS¡F
,ilÆ± KGtJkhf mikªJ´sJ.  ,ªj ,u©L¡
nfhLfS« Kiwna/ B k¦W«  B ′  ,± tiua¥gL«
bjhLnfhLfshF«.

(v) x MdJ 0 Kj± a tiu TL«bghGJ/ y MdJ b Kj± 0
tiu Fiw»wJ.
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(vi) br²tfy«br²tfy«br²tfy«br²tfy«br²tfy« (Latus rectum) : S ,¬ tÊahf/  LSL′I
AS-¡F¢ br§F¤jhf tiuf.

x = ae vÅ±/  2

22

a

ea
+ 2

2

b

y
= 1  ⇒  y2 = b2 (1−e2) = b2 

2

4

2

2

a

b

a

b
=









(m-J)  y = + 
a
b2

 ⇒ SL = SL′ = 
a
b2

.

vdnt,  LL′ = 
a
b2

2
 Ú´t£l¤½¬ br²tfy«.

tistiuÆ¬ tot« g¦¿a nk¦fhQ« fU¤Jfis¡
bfh©L/ tistiuia gl« 2.9 ,± c´sJ ngh±
tiuaKoí«.  gutisa« ngh± m±yhk±/ Ú´t£l« X®
_oa tistiuahF«

Ú´t£l¤½¬ K¡»a g©òÚ´t£l¤½¬ K¡»a g©òÚ´t£l¤½¬ K¡»a g©òÚ´t£l¤½¬ K¡»a g©òÚ´t£l¤½¬ K¡»a g©ò

S k¦W« S′ I FÉa§fshf bfh©l Ú´t£l¤½¬ ÛJ  P
VnjD« X® ò´Ë vÅ±/ SP + S′P = 2a ,§F 2a be£l¢¼¬
Ús« MF«.

2.3.3  2

2

a

x
 + 2

2

b

y
 = 1 v´w Ú´t£l¤½¬ ika«/v´w Ú´t£l¤½¬ ika«/v´w Ú´t£l¤½¬ ika«/v´w Ú´t£l¤½¬ ika«/v´w Ú´t£l¤½¬ ika«/

Kidf´/ FÉa§f´/  m¢Rf´ k¦W«Kidf´/ FÉa§f´/  m¢Rf´ k¦W«Kidf´/ FÉa§f´/  m¢Rf´ k¦W«Kidf´/ FÉa§f´/  m¢Rf´ k¦W«Kidf´/ FÉa§f´/  m¢Rf´ k¦W«
,a¡Ftiuf´.,a¡Ftiuf´.,a¡Ftiuf´.,a¡Ftiuf´.,a¡Ftiuf´.

(i) ika«ika«ika«ika«ika«  (Centre)

(x, y) tistiuÆ¬ ÛJ xU ò´Ë vÅ± (−x, −y) v¬gJ«
tistiuÆ¬ ÛJ xU ò´Ë MF«.  nkY« (x, −y) tistiuÆ¬

M
1
′

Z′ A′ S′
(-ae ,0)

B

C S
(ae,0)

A

M′

Z
x

y

B′

gl« 2.9

P

MM
1

>
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ÛJ xU ò´Ë vÅ±/ (−x, y) v¬gJ« tistiuÆ¬ ÛJ xU
ò´ËahF«.  ,J/ C tÊahf br±Y« x²bthU nfhL« C

,ÈUªJ rköu¤½±/ tistiuia ,u©L ò´ËfË±
rª½¡»wJ v¬gij¤ bjËth¡F»wJ.  vdnt C v¬w ò´Ë/
Ú´t£l¤½¬ ika¥ò´Ë vd miH¡f¥L»wJ.  C(0,0) MdJ
AA′¬ ika¥ò´Ë MF«.

(ii) Kidf´Kidf´Kidf´Kidf´Kidf´  (Vertices)

S k¦W« S ′ v¬w ò´Ëfis ,iz¡F« nfhL
tistiuia bt£L« ò´Ëfshd A k¦W«  A ′  v¬gd
Ú´t£l¤½¬ Kidf´ vd miH¡f¥gL»¬wd.  A (a, 0) k¦W«
A′ (−a, 0) MF«.

(iii) FÉa§f´FÉa§f´FÉa§f´FÉa§f´FÉa§f´ (Foci)

S(ae, 0) k¦W« S’ (−ae , 0) v¬w ò´Ëf´ Ú´t£l¤½¬
FÉa§fshF«.

(iv) m¢Rf´m¢Rf´m¢Rf´m¢Rf´m¢Rf´  (Axis)

tistiu AA′ k¦W« BB′ v¬w nfhLfis¥ bghW¤J¢
rk¢ÓUilaJ. AA′ k¦W« BB′ v¬gd Ú´t£l¤½¬ be£l¢R
(major axis) k¦W« F¦w¢R (minor axis) vd¥gL«.

 e < 1  ⇒  1 − e2 < 1

∴  b2 = a2 (1 − e2) < a2 ⇒ b < a.

∴ BB′ < AA′.

vdnt AA′ I be£l¢R vdî«/ BB′  F¦w¢R vdî«
miH¡f¥gL»¬wd.  miu be£l¢R CA = a k¦W« miu F¦w¢R
CB = b MF«.

(v) ,a¡Ftiuf´,a¡Ftiuf´,a¡Ftiuf´,a¡Ftiuf´,a¡Ftiuf´ (Directrices)

gl« 2.9 ,±/ ,a¡Ftiu MZ ,¬ rk¬ghL/  x = 
e
a

,a¡Ftiu M
1
′ Z′-¬ rk¬ghL x = −

e
a

(vi) b2 = a2 (1−e2)  ∴  ∴  ∴  ∴  ∴ e = 2

2

1
a

b−
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L  10

(−−−−−1, 1) I xU FÉakhfî« /  mijbah¤jI xU FÉakhfî« /  mijbah¤jI xU FÉakhfî« /  mijbah¤jI xU FÉakhfî« /  mijbah¤jI xU FÉakhfî« /  mijbah¤j
,a¡Ftiu,a¡Ftiu,a¡Ftiu,a¡Ftiu,a¡Ftiu     x −−−−− y + 3 = 0  vdî«/ ika¤bjhiyîvdî«/ ika¤bjhiyîvdî«/ ika¤bjhiyîvdî«/ ika¤bjhiyîvdî«/ ika¤bjhiyî

jfî jfî jfî jfî jfî 
2
1

 vdî« bfh©l Ú´t£¤½¬ rk¬gh£ilvdî« bfh©l Ú´t£¤½¬ rk¬gh£ilvdî« bfh©l Ú´t£¤½¬ rk¬gh£ilvdî« bfh©l Ú´t£¤½¬ rk¬gh£ilvdî« bfh©l Ú´t£¤½¬ rk¬gh£il

fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

FÉa« S(−1,1) ,a¡Ftiu x − y + 3 = 0,  e = 
2

1
 vd

bfhL¡f¥g£L´sd.

P(x
1
, y

1
), Ú´t£l¤½¬ ÛJ VnjD« xU ò´Ë v¬f.

vdnt  SP2 = e2 PM2 ,§F PM v¬gJ PÆÈUªJ x − y + 3 = 0

nfh£o¦F c´s br§F¤J¤ bjhiyî MF«.

(x
1
 + 1)2 + (y

1
 − 1)2 =  

4

1

2

11

11

3









+

+− yx

               8(x
1
 + 1)2 + 8 (y

1
 − 1)2 =  (x

1
 − y

1
 + 3)2

7x
1

2 + 2x
1 
y

1
 + 7y

1

2 + 10x
1
 − 10y

1
 + 7 = 0

(x
1
, y

1
) ,¬ Ãak¥ghij/ mjhtJ Ú´t£l¤½¬ rk¬ghL

7x2 + 2xy + 7y2 + 10x − 10y + 7 = 0 MF«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 11

(2,0) k¦W«k¦W«k¦W«k¦W«k¦W«  (-2, 0) v¬w ò´Ëfis¡ v¬w ò´Ëfis¡ v¬w ò´Ëfis¡ v¬w ò´Ëfis¡ v¬w ò´Ëfis¡ FÉa§FÉa§FÉa§FÉa§FÉa§

fshfî« ika¤bjhiy¤ jfî fshfî« ika¤bjhiy¤ jfî fshfî« ika¤bjhiy¤ jfî fshfî« ika¤bjhiy¤ jfî fshfî« ika¤bjhiy¤ jfî 
2
1  vdî« bfh©lvdî« bfh©lvdî« bfh©lvdî« bfh©lvdî« bfh©l

Ú´t£l¤½¬ rk¬ghL fh©f.Ú´t£l¤½¬ rk¬ghL fh©f.Ú´t£l¤½¬ rk¬ghL fh©f.Ú´t£l¤½¬ rk¬ghL fh©f.Ú´t£l¤½¬ rk¬ghL fh©f.

Ô®î :

S (ae , 0) k¦W«  S’ (−ae,0)  v¬w ò´Ëf´/ Ú´t£l«

2

2

a

x
+ 2

2

b

y
= 1 ,¬ FÉa§f´ (2,0), (-2, 0) k¦W« e = 

2

1

bfhL¡f¥g£L´sJ.

⇒ ae = 2   k¦W«   e =  
2

1
  ⇒  a = 4   m±yJ a2 = 16

ika¥ò´Ë C,  SS′ ,¬ eL¥ò´ËahF«.
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vdnt C(0,0) MF«.  S k¦W« S′, x m¢¼¬ ÛJ c´sd.

Ú´t£l¤½¬ rk¬ghL :   2

2

a

x
+ 2

2

b

y
= 1

,§F  b2 = a2 (1 − e2)  = 16 (1−
4

1
) = 12

vdnt Ú´t£l¤½¬ rk¬ghL    
16

2
x

+
12

2
y

= 1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L  12

9x2 + 16y2 = 144 v¬w Ú´t£l¤½¬/ ika¤v¬w Ú´t£l¤½¬/ ika¤v¬w Ú´t£l¤½¬/ ika¤v¬w Ú´t£l¤½¬/ ika¤v¬w Ú´t£l¤½¬/ ika¤
bjhiy¤ jfî/ FÉa§f´/ br²tfy« KjÈadbjhiy¤ jfî/ FÉa§f´/ br²tfy« KjÈadbjhiy¤ jfî/ FÉa§f´/ br²tfy« KjÈadbjhiy¤ jfî/ FÉa§f´/ br²tfy« KjÈadbjhiy¤ jfî/ FÉa§f´/ br²tfy« KjÈad
fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

Ú´t£l¤½¬ rk¬ghL/

9x2 +  16y2  = 144       ∴
16

2
x

+
9

2
y

 = 1

bfhL¡f¥g£L´s rk¬gh£o¬ tot« 2

2

a

x
+ 2

2

b

y
= 1.

,§F a = 4 k¦W« b = 3

 ∴    e = 2

2

1
a

b−  = 
16

9
1 −  = 

4

7

S (ae, 0) k¦W« S′ (−ae , 0) FÉa§f´

   (m-J)   S( 0,7 ) k¦W« S′(- 0,7 )

br²tfy«  = 
a
b

2
2

 =
4

)3(2
2

 = 
2

9

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L  13

3x2 + 4y2 −−−−− 6x + 8y - 5 = 0 v¬w Ú´t£l¤½¬v¬w Ú´t£l¤½¬v¬w Ú´t£l¤½¬v¬w Ú´t£l¤½¬v¬w Ú´t£l¤½¬
ika« /  ika¤bjhiy¤ jfî /  FÉa§f´/ika« /  ika¤bjhiy¤ jfî /  FÉa§f´/ika« /  ika¤bjhiy¤ jfî /  FÉa§f´/ika« /  ika¤bjhiy¤ jfî /  FÉa§f´/ika« /  ika¤bjhiy¤ jfî /  FÉa§f´/
,a¡Ftiuf´ KjÈadt¦iw¡ fh©f.,a¡Ftiuf´ KjÈadt¦iw¡ fh©f.,a¡Ftiuf´ KjÈadt¦iw¡ fh©f.,a¡Ftiuf´ KjÈadt¦iw¡ fh©f.,a¡Ftiuf´ KjÈadt¦iw¡ fh©f.

Ô®î :

bfhL¡f¥g£L´s rk¬ghL

(3x2 − 6x) + (4y2 + 8y) = 5
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⇒ 3(x−1)2 + 4(y + 1)2 = 5 + 3 + 4 = 12

⇒
4

)1(
2−x

+ 
3

)1(
2+y

= 1

,½± X = x − 1 k¦W« Y = y + 1 vÅ±/ 
4

X
2

+
3

Y
2

= 1

,ij 2

2

a

x
+ 2

2

b

y
= 1  v¬w rk¬gh£Ll¬ x¥¾l/

b2 = a2 (1 − e2) ⇒ 3 = 4(1− e2) ⇒  e = 
2

1

,¥nghJ Éilfis g£oaÈlyh« :

  
(X, Y)I bghW¤JI bghW¤JI bghW¤JI bghW¤JI bghW¤J

       (x, y) I bghW¤JI bghW¤JI bghW¤JI bghW¤JI bghW¤J
      x = X+1, y = Y−−−−−1

ika« (0,0) (0+1, 0 −1 ) = (1, −1)

FÉa§f´ (+ae,0)

= (1,0) k¦W« (−1, 0) (2, −1) k¦W« (0, −1)

,a¡F X =  + 
e
a

x − 1 = + 4

tiuf´ (m) X =  + 4  (m)  x = 5 k¦W« x = −3

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  2.3

1) ¾¬tU« Égu§fS¡F Ú´t£l¤½¬ rk¬gh£il¡ fh©f

(i) FÉa«  (1, 2) ,a¡Ftiu 2x − 3y + 6 = 0

k¦W« ika¤ bjhiy¤ jfî 
3

2

(ii) FÉa« (0, 0) ,a¡Ftiu 3x + 4y - 1 = 0

k¦W« ika¤ bjhiy¤ jfî 
6

5

(iii) FÉa« (1, −2) ,a¡Ftiu 3x−2y+1 = 0 k¦W«  e = 
2

1

2) ¾¬tU« Égu§fS¡F Ú´t£l¤½¬ rk¬gh£il fh©f.

(i) FÉa§f´ (4, 0),  (−4, 0) k¦W« e = 
3

1

(ii) FÉa§f´ (3, 0),  (−3, 0) k¦W« e =    
8

3
 

(iii) Kidf´ (0, + 5) k¦W« FÉa§f´ (0, + 4).
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3) ¾¬tU« Ú´t£l¤½¬ ika«/ Kidf´/ ika¤bjhiy¤

jfî/ FÉa§f´/ br²tfy« k¦W« ,a¡Ftiufis¡

fh©f.
(i) 9x2 + 4y2 = 36

(ii) 7x2 + 4y2 - 14x + 40y + 79 = 0

(iii) 9x2 + 16y2 + 36x − 32y − 92 = 0

2.4  m½gutisa«m½gutisa«m½gutisa«m½gutisa«m½gutisa«

2.4.1 m½gutisa¤½¬ ½£l tot«m½gutisa¤½¬ ½£l tot«m½gutisa¤½¬ ½£l tot«m½gutisa¤½¬ ½£l tot«m½gutisa¤½¬ ½£l tot«

S I FÉa« k¦W« DD′ I ,a¡Ftiu v¬f. SZ ⊥ DD′
vd tiuf.  A, A′ v¬w ò´Ëf´ Kiwna SZ I c£òwkhfî«
btË¥òwkhfî« e:1 v¬w É»j¤½± ¾Ç¡f£L«.  ,§F ‘e’

ika¤ bjhiy¤ jfî MF«.   ∴ A, A′ m½gutisa¤½¬
ÛJ c´sd. AA′ ¬ ika¥ò´Ë C I M½ahfî«/  CZ I  x
m¢rhfî« CZ-¡F br§F¤J¡ nfhL Cy I  y  m¢rhfî«
vL¤J¡ bfh´f.

AA′ = 2a  v¬f.    
AZ

SA
= e,  

ZA

AS

′
′

= e.

∴ SA = e (AZ) -----------(1)

k¦W« SA′ = e (A′Z) -----------(2)

  (1) + (2)   ⇒ SA + SA′ = e (AZ + A′Z)

CS - CA + CS + CA′ = e . AA′

S′ A′ CZ ′ Z

M

D

B′
D′

N

P( x ,y )

>
SA

B

x

y

gl« 2.10

x′
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2CS = e. 2a  ⇒   CS = ae

   (2) − (1)  ⇒ SA′ − SA = e (A′Z − AZ)

AA′ = e (CZ + CA′ − CA + CZ)

2a = e. 2CZ   ∴ CZ  = 
e
a

P(x, y) MdJ m½gutisa¤½± VnjD« xU ò´Ë v¬f.

PM ⊥ DD’ k¦W«  PN ⊥ CA vd tiuf.

∴
PM

SP
 = e  m±yJ  SP2 = e2 PM2

⇒ (x − ae)2 + (y − 0)2 = e2 [CN − CZ]2

= e2 (x−
e
a

)2 = (xe − a)2

⇒ x2 (e2 − 1) − y2 = a2e2 − a2

x2 (e2 − 1) − y2 = a2 (e2 − 1)

2

2

a

x
−

)1(
22

2

−ea

y
= 1

b2= a2 (e2 − 1)  v¬f.

     ∴       
2

2

a

x
  −

2

2

b

y
= 1

,Jnt m½gutisa¤½¬ ½£l totkhF«.  nfhL AA′ I
FW¡f¢R  ( transverse  ax is )  v¬W«/  k¦W« AA ′   ¡F
br§F¤jhf C ,¬ tÊahf¢ br±Y« nfhL Jiza¢R
(conjugate axis) v¬W« miH¡f¥gL»wJ.

2.4.2  2

2

a

x
−−−−− 2

2

b

y
 = 1  v¬w m½gutisa¤ij tiuj±v¬w m½gutisa¤ij tiuj±v¬w m½gutisa¤ij tiuj±v¬w m½gutisa¤ij tiuj±v¬w m½gutisa¤ij tiuj±

(i) tistiu M½ò´Ë tÊahf br±yÉ±iy. y = 0 vÅ±
x = + a.  ∴ tistiu/ x m¢ir (+ a, 0) v¬w ò´ËfË±
rª½¡»¬wJ.  ika¤½ÈUªJ rk bjhiyîfË±  x

m¢¼id/ A k¦W« A′ ò´ËfË± tistiu bt£L»¬wJ.
vdnt CA = CA′ = a k¦W« AA′ = 2a.

x = 0 vÅ±/   y f¦gidah»wJ. vdnt tistiu y m¢ir
rª½¡fhJ. y m¢¼¬ ÛJ B k¦W« B′ v¬w ò´Ëfis CB

= CB′ = b vd vL¤J¡ bfh´f. vdnt BB′ = 2b.
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(ii) rk¬gh£o± x, y f´ ,u£ilgofË± c´sikah±/ x k¦W«
y m¢Rfis¥ bghW¤J tistiuahdJ rk¢ÓUilaJ.

(iii) m½gutisa¤½¬ rk¬gh£il   y =  + 
a
b 22

ax −  v¬w

toÉ± vGjyh« .   | x | > a  vÅ±/ x2 − a2 > 0. vdnt
x²bthU x ¡F« ,U rk Mdh± v½Çilahd y
k½¥òf´ »il¡F«. ,½± x →∞ vÅ±/ | y | → ∞.

| x | < a vÅ±/  x2 − a2 < 0. vdnt y f¦gidah»wJ.
mjdh± tistiu x  = −a  k¦W«  x  =  a v¬W
nfhLfS¡F ,ilÆ± mikaÉ±iy.   tistiu x = −a

v¬w nfh£o¦F ,l¥òwK«/ k¦W« x = a v¬w nfh£o¦F
tyòwK« mikªJ´sJ.

(iv) tistiuÆ¬ rk¬gh£il/ x =    +  
b
a 22

by +  v¬w

toÉ± vGjyh«.  ,½ÈUªJ vªjÉj¡ f£L¥ghLÄ¬¿
v±yh bk­ k½¥òfisí« y V¦f Koí« v¬W« x²bthU
y-¬ k½¥ò¦F« rkkhd k¦W« v½Çilahd ,U k½¥òf´
x-¡F »il¡»¬wd v¬W« eh« m¿»nwh«.  ,ªj¡
fU¤Jf´ tistiuÆ¬ tot¤ij m¿tj¦F
nghJkhditahF«.  vdnt tistiuia gl« 2.11 ,±
fh£oago tiua Ko»wJ.

(v) br²tfy«br²tfy«br²tfy«br²tfy«br²tfy« :

S ,¬ tÊahf/ LSL′ ⊥ AS vd tiuf.

x

y

C ZZ′

A′ A

S’(-ae, 0) S(ae, 0)

gl« 2.11

>

L

L′
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x = ae,vÅ±   2

22

a

ea
− 2

2

b

y
= 1

m±yJ   y2 = b2 (e2−1) = b2 

2

4

2

2

a

b

a

b =








m±yJ  y = + 
a
b2

 ⇒ SL = SL′ = 
a
b2

.

vdnt  LL′ = 
a
b2

2
 m½gutisa¤½¬ br²tfykhF«.

K¡»a g©ò: S k¦W« S′ fis¡ FÉa§fshf¡ bfh©l
m½gutis¤½±  P VnjD« xU ò´Ë vÅ±/ SP ~ S′P = 2a.

,§F 2a MdJ FW¡f¢¼¬ Ús«.

2.4.3 tistiuÆ¬ bjhiy¤ bjhLnfhLtistiuÆ¬ bjhiy¤ bjhLnfhLtistiuÆ¬ bjhiy¤ bjhLnfhLtistiuÆ¬ bjhiy¤ bjhLnfhLtistiuÆ¬ bjhiy¤ bjhLnfhL

xU tistiuÆ¬ bjhiy¤ njhLnfhL v¬gJ/
KGtJ« fªjÊÆ± ,±yhk±/ tistiuia¡ fªjÊÆ±
rª½¡F« bjhLnfhL MF«.

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò
ax2 + bx + c = 0 v¬w rk¬gh£o¬ ,U _y§fS«

ó¢¼a« vÅ±/ b = c = 0 MF«. ,U _y§fS« fªjÊbaÅ±/
a = b = 0 MF«.

2

2

a

x
 −−−−− 2

2

b

y
 =1 v¬w m½gu tisa¤½¬ bjhiy¤v¬w m½gu tisa¤½¬ bjhiy¤v¬w m½gu tisa¤½¬ bjhiy¤v¬w m½gu tisa¤½¬ bjhiy¤v¬w m½gu tisa¤½¬ bjhiy¤

bjhLnfhLf´bjhLnfhLf´bjhLnfhLf´bjhLnfhLf´bjhLnfhLf´

      y = mx + c v¬w nfhL« k¦W« m½gutisa« bt£L«

ò´Ë/ 
2

2

a

x
 −−−−− 

2

2
)(

b

cmx +
= 1 M± bfhL¡f¥gL»wJ.

(m-J) x2 







−

2

2

2

1

b

m

a
 − 2

2

b

mc
x − 

2

2

b

c −1 =   0

x2 (b2 − a2m2) − 2ma2cx − a2c2 − a2b2 =  0

y = mx + c MdJ bjhiy¤ bjhLnfhL vÅ±/ ,ªj
rk¬gh£o¬ ,U Ô®îfSnk fªjÊahF«.
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∴ x-¬ bfG = 0 k¦W« x2 -¬ bfG = 0.

⇒ − 2ma2c = 0 k¦W« b2 − a2 m2 = 0.    ∴ c = 0, m = +
a
b

vdnt/ ,U bjhiy¤ bjhLnfhLf´ c´sd.

mitf´/  y  = 
a
b x k¦W«   y = −

a
b x

(m-J) 
a
x

 − 
b

y
 = 0 k¦W«   

a
x

 + 
b

y
= 0

bjhiy¤ bjhLnfhLfË¬ nr®¥ò¢ rk¬ghL

(
a
x

 − 
b

y
) (

a
x

 + 
b

y
) = 0   m±yJ   

2

2

a

x
 −−−−− 

2

2

b

y
 = 0

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

(i) m½gutisa¤½¬ bjhiy bjhLnfhLf´/ ika«
C(0,0)  tÊahf br±»¬wd  (gl«  2 .12)  v¬gJ
btË¥gil.

(ii) bjhiy¤ bjhLnfhLfË¬ rh­îf´ 
a
b

, −
a
b

. Mfnt/

bjhiy¤ bjhLnfhLf´ m½gutisa¤½¬
FW¡f¢Rl¬ rkkhd nfhz§fis c©lh¡F»¬wd.
mjhtJ FW¡f¢R«/  Jiza¢R«/  bjhiy¤
bjhLnfhLfS¡F ,il¥g£l¡ nfhz§fis ,Urk¡
T¿L»¬wd (gl« 2.12).

B

y

A′
O

SAS′

α

B′

gl« 2.12.

→x
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(iii) 2 α v¬gJ bjhiy¤bjhLnfhLfS¡F ,il¥g£l

nfhz« vÅ± tan α = 
a
b

∴   bjhiy¤bjhL nfhLfS¡F ,il¥g£l nfhz«

= 2 tan−1 (
a
b

)

(iv) bjhiy¤ bjhLnfhLfË¬ nr®¥ò rk¬ghlhdJ
m½gutisa¤½¬ rk¬gh£oÈUªJ kh¿È cW¥gh±
k£Lnk ntWgL»wJ.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 14

ika¤ bjhiy¤ jfîika¤ bjhiy¤ jfîika¤ bjhiy¤ jfîika¤ bjhiy¤ jfîika¤ bjhiy¤ jfî  2  k¦W« ,Uk¦W« ,Uk¦W« ,Uk¦W« ,Uk¦W« ,U
FÉa§fS¡F ,ilna c´s bjhiyî FÉa§fS¡F ,ilna c´s bjhiyî FÉa§fS¡F ,ilna c´s bjhiyî FÉa§fS¡F ,ilna c´s bjhiyî FÉa§fS¡F ,ilna c´s bjhiyî 16 vd¡vd¡vd¡vd¡vd¡
bfh©L´s m½gutisa¤½¬ rk¬gh£il¡bfh©L´s m½gutisa¤½¬ rk¬gh£il¡bfh©L´s m½gutisa¤½¬ rk¬gh£il¡bfh©L´s m½gutisa¤½¬ rk¬gh£il¡bfh©L´s m½gutisa¤½¬ rk¬gh£il¡
fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

bfhL¡f¥g£L´sJ  e = 2

S k¦W« S′ FÉa§f´ v¬f.  vdnt S′S = 16.

Mdh± S′S = 2ae   ∴ 2ae = 16  ⇒  a = 4 2

nkY«         b2    = a2 (e2 − 1)

   = (4 2 )2(2 − 1) = 32

m½gutisa¤½¬ rk¬ghL/  
2

2

a

x
 −−−−− 

2

2

b

y
 = 1

⇒  
32

2x
 −−−−− 

32

2
y

 = 1   ⇒   x2   −  y2   = 32

2.4.4  br²tf m½gutisa« br²tf m½gutisa« br²tf m½gutisa« br²tf m½gutisa« br²tf m½gutisa« (Rectangular Hyperbola)

X® m½gutisa¤½± bjhiy¤ bjhLnfhLf´ x¬iw
bah¬W br§nfhz¤½± bt£o¡ bfh©lh±/ mjid br²tf
m½gutisa« v¬ngh«.

bjhiy¤ bjhLnfhLfS¡F ,il¥g£l nfhz« 2α vÅ±

tan α =
a
b

.  vdnt  α = 450   ⇒  a = b.
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∴ br²tf m½gutisa¤½¬ rk¬ghL  x2 −  y2   = a2.

⇒ xU gutisa¤½± FW¡f¢¼¬ ÚsK«/ Jiza¢¼¬
ÚsK« rk« vÅ± mJ br²tf m½gutisa« vd¥gL«.

∴ b2 = a2(e2−1) ⇒  a2 =  a2 (e2 − 1)   ∴   e  =  2

2.4.5 br²tf m½gutisa¤½¬ ½£l rk¬ghLbr²tf m½gutisa¤½¬ ½£l rk¬ghLbr²tf m½gutisa¤½¬ ½£l rk¬ghLbr²tf m½gutisa¤½¬ ½£l rk¬ghLbr²tf m½gutisa¤½¬ ½£l rk¬ghL

br²tf m½gutisa¤½¬ bjhiy¤ bjhLnfhLfis
x, y m¢Rfshf vL¤J¡bfh´f.  bjhiy¤bjhL nfhLfË¬
rk¬ghLf´  x = 0  k¦W«  y = 0.

mt¦¿¬ nr®¥ò¢ rk¬ghL xy = 0.

m½gutisa¤½¬ rk¬ghL/ bjhiy¤ bjhLnfhLfË¬
rk¬gh£oÈUªJ kh¿È cW¥gh± k£Lnk ntWgLtjh±/
m½gutisa¤½¬ rk¬ghL

xy = k        (k  xU kh¿È) ------------- (1)

FW¡f¢R  AA′ = 2a v¬f. x m¢R¡F br§F¤jhf  AM tiuf.

∠ACM = 45o    ,§F C ika«.

vdnt CM = CA cos 45o  = 
2

a

MA = CA sin 45o   = 
2

a

vdnt  A MdJ 








2
,

2

aa

,J br²tf m½gutisa¤½¬
xU ò´Ë.

   k  = 
2

a
 

2

a
 =  

2

2a

br²tf m½gutisa¤½¬ rk¬ghL  xy = 
2

2
a

,½ÈUªJ  xy = c2, ,§F c2  = 
2

2
a

.

,Jnt br²tf m½gutisa¤½¬ ½£l¢ rk¬ghL.

A ′

C

y

gl« 2.13

M x

A(
2

a
, 

2

a
)
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vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 15

ika¤bjhiy¤ jfîika¤bjhiy¤ jfîika¤bjhiy¤ jfîika¤bjhiy¤ jfîika¤bjhiy¤ jfî 3  FÉa«FÉa«FÉa«FÉa«FÉa« (1, 2), ,a¡Ftiu,a¡Ftiu,a¡Ftiu,a¡Ftiu,a¡Ftiu
2x + y = 1 v¬W« bfh©l m½gutisa¤½¬v¬W« bfh©l m½gutisa¤½¬v¬W« bfh©l m½gutisa¤½¬v¬W« bfh©l m½gutisa¤½¬v¬W« bfh©l m½gutisa¤½¬
rk¬gh£il¡ fh©frk¬gh£il¡ fh©frk¬gh£il¡ fh©frk¬gh£il¡ fh©frk¬gh£il¡ fh©f.

Ô®î :

FÉa« (1, 2),  ,a¡Ftiu  2x + y = 1,   e = 3

P(x
1
, y

1
) v¬gJ m½gutisa¤½¬ ÛJ xU ò´Ë vÅ±

SP2 = e2 PM2, ,§F PM v¬gJ 2x+ y = 1¡F F¤J¡nfhL.

⇒  (x
1
 − 1)2 + (y

1
 − 2)2  =  3 

5

)12(
2

11
−+ yx

⇒  5(x
1

2 − 2x
1
 + 1 + y

1

2 − 4y
1
 + 4) = 3 (2x

1
 + y

1
 − 1)2

⇒  7x
1

2 + 12x
1
y

1
 − 2y

1

2 − 2x
1
 + 14y

1
 − 22 = 0

∴ (x
1
, y

1
) ,¬ Ãak¥ghij

7x2 + 12xy − 2y2 − 2x + 14y − 22 =  0

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 16

2x2 + 5xy + 2y2 −−−−− 11x −−−−− 7y −−−−− 4 = 0 v¬w gutisa¤½¬v¬w gutisa¤½¬v¬w gutisa¤½¬v¬w gutisa¤½¬v¬w gutisa¤½¬
bjhiy¤ bjhLnfhLfË¬ rk¬ghLfis¡ fh©f.bjhiy¤ bjhLnfhLfË¬ rk¬ghLfis¡ fh©f.bjhiy¤ bjhLnfhLfË¬ rk¬ghLfis¡ fh©f.bjhiy¤ bjhLnfhLfË¬ rk¬ghLfis¡ fh©f.bjhiy¤ bjhLnfhLfË¬ rk¬ghLfis¡ fh©f.

Ô®î :
bjhiy¤ bjhLnfhLfË¬ nr®¥ò rk¬ghL/ m½gu

tisa¤½¬ rk¬gh£oÈUªJ kh¿È cW¥gh± k£Lnk
ntWgL»wJ.

vdnt bjhiy¤ bjhLnfhLfË¬ nr®¥ò rk¬ghL

2x2 + 5xy + 2y2 − 11x − 7y + k = 0  (,§F k xU kh¿È) --------(1)

bjhiy¤ bjhLnfhLf´ ,u£il ne®nfhLf´.  ,u£il
ne®nfhLfS¡fhd f£L¥ghL

abc + 2fgh − af2 − bg2 − ch2 =  0 -------------(2)

rk¬ghL (1) ,±/

a = 2, h =
2

5
 ,  b = 2 ,  f   = 

2

7−
, g = −

2

11

 , c = k

(2) ,± ¾u½Æl/  k = 5.
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bjhiy¤ bjhLnfhLfË¬ nr®¥ò rk¬ghL
2x2  + 5xy + 2y2 − 11x − 7y + 5 = 0

⇒ (2x2  + 5xy + 2y2) − 11x − 7y + 5 = 0

⇒ (2x + y ) ( x + 2y) − 11x − 7y + 5 = 0

⇒ (2x + y + l) (x + 2y + m) = 0

⇒ l + 2m = −11 (x-¬ bfG)

2l + m = −7 (y-¬ bfG)

⇒ l = −1, m = −5

∴  bjhiy bjhLnfhLfË¬ rk¬ghLf´
2x + y − 1 = 0 k¦W« x + 2y − 5 = 0.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 17

9x2 −−−−− 16y2 −−−−− 18x −−−−− 64y −−−−− 199 = 0 v¬w m½gutisv¬w m½gutisv¬w m½gutisv¬w m½gutisv¬w m½gutis
a¤½¬ ika«/ ika¤ bjhiyî jfî/ FÉa§f´a¤½¬ ika«/ ika¤ bjhiyî jfî/ FÉa§f´a¤½¬ ika«/ ika¤ bjhiyî jfî/ FÉa§f´a¤½¬ ika«/ ika¤ bjhiyî jfî/ FÉa§f´a¤½¬ ika«/ ika¤ bjhiyî jfî/ FÉa§f´
k¦W« br²tfy« fh©f.k¦W« br²tfy« fh©f.k¦W« br²tfy« fh©f.k¦W« br²tfy« fh©f.k¦W« br²tfy« fh©f.

Ô®î :

bfhL¡f¥g£L´s rk¬gh£il
9(x2 − 2x) − 16 (y2 + 4y) = 199 vd vGjyh«.

⇒ 9(x − 1)2 − 16(y + 2)2 = 199 + 9 − 64 = 144

⇒      
16

)1(
2−x−

9

)2(
2+y

= 1

X = x − 1 k¦W« Y = y + 2 vÅ±/  
16

X
2

− 
9

Y
2

 = 1

b2 = a2 (e2 − 1)  ⇒ e2 = 
16

9
  + 1 = 

16

25
   ⇒ e = 

4

5

,¥nghJ Éilfis¥ g£oaÈlyh«.

                     
(X, Y)I bghW¤JI bghW¤JI bghW¤JI bghW¤JI bghW¤J       (x, y)I bghW¤JI bghW¤JI bghW¤JI bghW¤JI bghW¤J

       x = X+1, y = Y-2

ika« (0,0) (0 + 1, 0 − 2) = (1, −2)

FÉa§f´ (+ae,0) (5+1, 0−2) k¦W« (−5+1,0−2)

= (5,0) k¦W« (-5,0) (6, −2) k¦W« (−4, −2)

br²tfy« = 
a
b

2
2

 = 
4

9  2 x
=

2

9
         

2

9
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vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 18

x + 4y − 5 = 0, 2x - 3y + 1 = 0 v¬w bjhiy¤v¬w bjhiy¤v¬w bjhiy¤v¬w bjhiy¤v¬w bjhiy¤
bjhLnfhLfis¡ bfh©lJ« k¦W«bjhLnfhLfis¡ bfh©lJ« k¦W«bjhLnfhLfis¡ bfh©lJ« k¦W«bjhLnfhLfis¡ bfh©lJ« k¦W«bjhLnfhLfis¡ bfh©lJ« k¦W«  (1, 2) v¬wv¬wv¬wv¬wv¬w
ò´Ë tÊ br±tJkhd m½gutisa¤½¬ò´Ë tÊ br±tJkhd m½gutisa¤½¬ò´Ë tÊ br±tJkhd m½gutisa¤½¬ò´Ë tÊ br±tJkhd m½gutisa¤½¬ò´Ë tÊ br±tJkhd m½gutisa¤½¬
rk¬gh£il fh©f.rk¬gh£il fh©f.rk¬gh£il fh©f.rk¬gh£il fh©f.rk¬gh£il fh©f.

Ô®î :

bjhiy¤ bjhLnfhLfË¬ nr®¥ò rk¬ghL

(x + 4y - 5) (2x - 3y +1) = 0

m½gutisa¤½¬ rk¬ghL/ bjhiy¤ bjhLnfhLfË¬
nr®¥ò rk¬gh£oÈUªJ kh¿È cW¥gh± k£Lnk ntWgL»wJ.
m½gutisa¤½¬ rk¬ghL

(x + 4y -5) (2x - 3y + 1) = k,    k xU kh¿È

∴  m½gutisa« (1, 2) v¬w ò´Ë tÊahf br±tjh±

[1 + 4(2) - 5] [2(1) - 3(2) + 1] = k   ⇒ k  = −12

m½gutisa¤½¬ rk¬ghL (x + 4y −5 ) (2x − 3y + 1) = −12

m±yJ    2x2 + 5xy − 12y2 − 9x + 19y  + 7 = 0.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 19

A k¦W«k¦W«k¦W«k¦W«k¦W« B v¬w ,U ,l§fS¡F ,il¥g£lv¬w ,U ,l§fS¡F ,il¥g£lv¬w ,U ,l§fS¡F ,il¥g£lv¬w ,U ,l§fS¡F ,il¥g£lv¬w ,U ,l§fS¡F ,il¥g£l
bjhiyîbjhiyîbjhiyîbjhiyîbjhiyî  100».Û .» .Û .» .Û .» .Û .» .Û .   A-,± xU bghUË¬ XuyF,± xU bghUË¬ XuyF,± xU bghUË¬ XuyF,± xU bghUË¬ XuyF,± xU bghUË¬ XuyF
c¦g¤½¢ bryî c¦g¤½¢ bryî c¦g¤½¢ bryî c¦g¤½¢ bryî c¦g¤½¢ bryî B-,± mnj bghUË¬ c¦g¤½¢,± mnj bghUË¬ c¦g¤½¢,± mnj bghUË¬ c¦g¤½¢,± mnj bghUË¬ c¦g¤½¢,± mnj bghUË¬ c¦g¤½¢
bryitÉl %.bryitÉl %.bryitÉl %.bryitÉl %.bryitÉl %.  12 Fiwthf c´sJ. c¦g¤½¢Fiwthf c´sJ. c¦g¤½¢Fiwthf c´sJ. c¦g¤½¢Fiwthf c´sJ. c¦g¤½¢Fiwthf c´sJ. c¦g¤½¢
br­a¥g£l bghU£f´ ne®¡nfh£L¥ ghijÆ±br­a¥g£l bghU£f´ ne®¡nfh£L¥ ghijÆ±br­a¥g£l bghU£f´ ne®¡nfh£L¥ ghijÆ±br­a¥g£l bghU£f´ ne®¡nfh£L¥ ghijÆ±br­a¥g£l bghU£f´ ne®¡nfh£L¥ ghijÆ±
mD¥g¥g£L mË¡f¥gL»¬wd v¬W«/ mD¥ò«mD¥g¥g£L mË¡f¥gL»¬wd v¬W«/ mD¥ò«mD¥g¥g£L mË¡f¥gL»¬wd v¬W«/ mD¥ò«mD¥g¥g£L mË¡f¥gL»¬wd v¬W«/ mD¥ò«mD¥g¥g£L mË¡f¥gL»¬wd v¬W«/ mD¥ò«
bryî xU myF¡F xU »nyh Û£lU¡Fbryî xU myF¡F xU »nyh Û£lU¡Fbryî xU myF¡F xU »nyh Û£lU¡Fbryî xU myF¡F xU »nyh Û£lU¡Fbryî xU myF¡F xU »nyh Û£lU¡F 20 igrhigrhigrhigrhigrh
v¬W« bfh´f. vªbjªj ,l§fS¡F v¬W« bfh´f. vªbjªj ,l§fS¡F v¬W« bfh´f. vªbjªj ,l§fS¡F v¬W« bfh´f. vªbjªj ,l§fS¡F v¬W« bfh´f. vªbjªj ,l§fS¡F A-,± ,UªJ,± ,UªJ,± ,UªJ,± ,UªJ,± ,UªJ
mD¥¾ it¤jhY« /mD¥¾ it¤jhY« /mD¥¾ it¤jhY« /mD¥¾ it¤jhY« /mD¥¾ it¤jhY« /  B-,± ,UªJ mD¥¾,± ,UªJ mD¥¾,± ,UªJ mD¥¾,± ,UªJ mD¥¾,± ,UªJ mD¥¾
it¤jhY« bkh¤j bryî rkkhf ,U¡Fnkhit¤jhY« bkh¤j bryî rkkhf ,U¡Fnkhit¤jhY« bkh¤j bryî rkkhf ,U¡Fnkhit¤jhY« bkh¤j bryî rkkhf ,U¡Fnkhit¤jhY« bkh¤j bryî rkkhf ,U¡Fnkh
m²Él§fis¡ F¿¡F« ò´Ëf´ mikí«m²Él§fis¡ F¿¡F« ò´Ëf´ mikí«m²Él§fis¡ F¿¡F« ò´Ëf´ mikí«m²Él§fis¡ F¿¡F« ò´Ëf´ mikí«m²Él§fis¡ F¿¡F« ò´Ëf´ mikí«
tistiuia¡ fh©ftistiuia¡ fh©ftistiuia¡ fh©ftistiuia¡ fh©ftistiuia¡ fh©f.

Ô®î:

AB-,¬ ika¥ò´Ëia M½¥ò´Ë O vd bjÇî br­f.
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njitahd tistiuÆ¬ ÛJ VnjD« xU ò´Ë P v¬f.
vdnt A-,± ,Uªnjh m±yJ B-,± ,Uªnjh bghUis P-¡F
mD¥¾ it¡F« bkh¤j bryî rkkhf ,U¡F«.

B-,±/ Xuy»¬ Éiy = C v¬f

∴ A-,±/ Xuy»¬ Éiy = C − 12

A-,± ,UªJ P-¡F/ XuyF¡F mD¥g¥gL« bryî = 
100

20
(AP)

B-,± ,UªJ P-¡F XuyF¡F mD¥g¥gL« bryî = 
100

20
 (BP)

A-,± ,UªJ mD¥¾ it¤jhY«/ B-,± ,UªJ mD¥¾
it¤jhY« bkh¤j¢ bryî rk«.

∴ (C−12) + 
100

20
(AP) = C + 

100

20
(BP)

∴
5

AP −
5

BP
 = 12         i.e. AP − BP = 60

22
)50( yx ++ − 

22
)50( yx +− =   60

2500100
22 +++ xyx  − 2500100

22 +−+ xyx  =  60

⇒ 6400x2 − 3600y2 = 5760000

∴ 16x2 − 9y2 = 14400

900

2
x

 −
1600

2
y

 = 1         ∴  2

2

)30(

x
 − 2

2

)40(

y
 =  1

,²thW eh« bgW« tistiu X® m½gutisa« MF«.

A

(-50,0)

B

(50,0)

P(x,y)

O

(0,0)

gl« 2.14

y

x
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vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 20

X® ,aª½u« %.X® ,aª½u« %.X® ,aª½u« %.X® ,aª½u« %.X® ,aª½u« %.p Éiy¡F É¦f¥gL»wJ. mj¬Éiy¡F É¦f¥gL»wJ. mj¬Éiy¡F É¦f¥gL»wJ. mj¬Éiy¡F É¦f¥gL»wJ. mj¬Éiy¡F É¦f¥gL»wJ. mj¬

Xuh©o¦fhd njitXuh©o¦fhd njitXuh©o¦fhd njitXuh©o¦fhd njitXuh©o¦fhd njit x (üWfË±üWfË±üWfË±üWfË±üWfË±), x = 
5

90
+p  −−−−− 6  MF«.MF«.MF«.MF«.MF«.

,ªj njit É½ia¡ F¿¡F« njit tistiu,ªj njit É½ia¡ F¿¡F« njit tistiu,ªj njit É½ia¡ F¿¡F« njit tistiu,ªj njit É½ia¡ F¿¡F« njit tistiu,ªj njit É½ia¡ F¿¡F« njit tistiu
ahJ? vªj Éiy msÉ± njitahdJ ó¢¼a¤ijahJ? vªj Éiy msÉ± njitahdJ ó¢¼a¤ijahJ? vªj Éiy msÉ± njitahdJ ó¢¼a¤ijahJ? vªj Éiy msÉ± njitahdJ ó¢¼a¤ijahJ? vªj Éiy msÉ± njitahdJ ó¢¼a¤ij
mQF«?mQF«?mQF«?mQF«?mQF«?

Ô®î :

njit tistiu

x + 6 = 
5

90

+p ⇒ (x + 6) (p + 5) = 90

⇒ XP = 90    ,§F  X = x+6,   P = p +5

∴ njit tistiu xU br²tf m½gutisa« MF«
x = 0  ⇒ 6(p+5) = 90   ⇒   p = %.10.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  2.4

1) m½gutisa¤½¬ rk¬ghL fh©f.

(a) FÉa« (2, 2), ika¤bjhiy¤ jfî 
2

3 k¦W« ,a¡Ftiu

              3x - 4y = 1.

(b) FÉa« (0, 0), ika¤bjhiy¤ jfî 
4

5 k¦W« ,a¡Ftiu

  x cos α + y sin α = p.

2) FÉa§f´ (6, 4), (−4, 4) k¦W« ika¤ bjhiy¤ jfî 2 vÅ±

m½gutisa¤½¬ rk¬ghL fh©f.

3) m½gutisa¤½¬ rk¬ghL fh©f.

(a) ika« (1, 0), xU FÉa« (6, 0) k¦W« FW¡f¢¼¬ Ús« 6.

(b) ika« (3, 2), xU FÉa« (5, 2) k¦W« xU Kid (4, 2).

(c) ika« (6, 2), xU FÉa« (4, 2) k¦W« e = 2.

4) bfhL¡f¥g£l m½gutisa¤½¬ ika«/ ika¤bjhiy¤ jfî/

FÉa§f´ k¦W« ,a¡Ftiufis¡ fh©f.

(a) 9x2 − 16y2 = 144 (b) 
9

)2(
2+x

−
7

)4(
2+y

 = 1

(c) 12x2 − 4y2 − 24x + 32y − 127 = 0
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5) bfhL¡f¥g£l m½gutisa¤½¬ bjhiy¤ bjhLnfhLfË¬

rk¬ghLfis¡ fh©f

(a) 3x2 − 5xy − 2y2 + 17x + y + 14 = 0

(b) 8x2 + 10xy − 3y2 − 2x + 4y − 2 = 0

6) 4x + 3y − 7 = 0,  x − 2y = 1 v¬w nfhLfis bjhiy¤

bjhLnfhLfshf¡ bfh©L k¦W« (2, 3) v¬w ò´Ë tÊ¢

br±Y« m½gutisa¤½¬ rk¬ghL fh©f.

7) 3x − 4y  + 7  = 0, 4x + 3y + 1 = 0 v¬w nfhLfis bjhiy¤

bjhLnfhLfshf¡ bfh©L/ k¦W« M½¥ò´Ë tÊ¢ br±Y«

m½gutisa¤½¬ rk¬ghL fh©f.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  2.5

V¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­f
1) gutisa¤½¬ ika¤ bjhiy¤ jfî

(a) 1 (b) 0 (c)2 (d) −1

2) xU T«ò bt£oÆ¬ ika¤ bjhiy¤jfî 
2

1
 vÅ±

m²tistiu

(a) xU gutisa« (b) xU Ú´t£l«

(c) xU t£l« (d) xU m½gutisa«

3) y2 = 4ax ,¬ br²tfy«

(a) 2a (b) 3a (c) 4a (d) a

4) y2 = −4ax ,¬ FÉa«

(a) (a, 0) (b) (0, a) (c) (0, −a) (d) (−a, 0)

5) x2 = 4ay ,¬ ,a¡Ftiu

(a) x + a = 0 (b) x − a = 0 (c) y+a = 0 (d) y − a = 0

6)
2

2

a

x
+

2

2

b

y
= 1 v¬gJ xU Ú´t£l¤ij¡ F¿¡F« (a > b) vÅ±

(a) b2 = a2 (1 − e2) (b) b2 = −a2(1−e2)

(c) b2  = 2

2

1 e

a

−
(d) b2 = 2

2
1

a

e−
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7)
2

2

a

x
+

2

2

b

y
= 1  (a > b) v¬w Ú´t£l¤½¬ br²tfy«

(a) 
b
a

2
2

 (b) 
b

a
2

2

(c) 
a
b

2
2

(d)   
a

b
2

2

8) y2 = 16x ,¬ FÉa«

(a) (2, 0) (b) (4, 0) (c) (8, 0) (d) ( 2, 4)

9) y2 = −8x ,¬ ,a¡Ftiu

(a) x + 2 = 0 (b) x−2 = 0 (c) y+2= 0 (d) y−2 = 0

10) 3x2 + 8y = 0 ,¬ br²tfy¤½¬ Ús«

(a) 
3

8
(b) 

3

2
(c) 8 (d) 

8

3

11) x2 + 16y = 0 v¬w gutisa« mikí« gF½

(a) x-m¢R¡F nk± (b) x-m¢R¡F Ñ³

(c) y-m¢R¡F ,l¥òw« (d) y-m¢R¡F ty¥òw«

12)
16

2
x

+
25

2y
  = 1-,¬ miube£l¢R k¦W« miu F¦w¢R Ús§f´

Kiwna

(a) (4, 5) (b) (8, 10) (c) (5, 4) (d) (10, 8)

13) 4x2 + 9y2 = 36 ,¬ br²tfy Ús«

(a) 
3

4
(b) 

3

8
(c) 

9

4
(d)    

9

8

14) xU Ú´t£l¤½¬ e =
5

3
 vdî«/ miu¡F¦w¢¼¬ Ús« 2

vdî« mik»wJ. mj¬ be£l¢¼¬ Ús«

(a) 4 (b) 5 (c) 8 (d) 10

15)
4

2
x −

5

2y
  =  1 v¬w m½gutisa¤½¬ ika¤ bjhiy¤ jfî

(a) 
2

3
(b) 

4

9
   (c) 

4

5
(d) 4

16) Ú´ t£l¤½¬ ÛJ VnjD« xU ò´ËÆ¬ FÉ¤bjhiyîfË¬

TLj± vªj Ús¤½¦F¢ rk«

(a) F¦w¢R (b) miu¡F¦w¢R

(c) be£l¢R (d) miu be£l¢R
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17 m½gutisa¤½¬ ÛJ VnjD« xU ò´ËÆ¬ FÉ¤

bjhiyîfË¬ É¤½ahr« vj¦F¢ rk«?

(a) FW¡f¢R (b) miu¡FW¡f¢R

(c) Jiza¢R (d) miu¤ Jiza¢R

18) m½gutisa¤½¬ bjhiy¤ bjhLnfhLf´ br±Y« ò´Ë/

(a) FÉa§fË± x¬W        (b) KidfË± x¬W

(c) m½gutisa¤½¬ ika« (d) br²tfy¤½¬ xU Kid

19) br²tf m½gutisa¤½¬ ika¤ bjhiy¤ jfî

(a) 2 (b) 
2

1
(c) 2 (d) 

2

1

20) xy = c2 v¬w br²tf m½gutisa¤½¬ miuFW¡f¢R Ús«

a  vÅ± c2 ,¬ k½¥ò

(a) a2 (b) 2a2 (c) 
2

2
a

(d) 
4

2
a
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bghUËa± k¦W« tÂfÉa± ghl§fË± tifÞ£o¬
ga¬ghL ,¬¿aikahjJ MF«.  ,ªj JiwfË± tifÞ£o¬
ga¬ghLfis¥ g¦¿ m¿tj¦F K¬ eh« ,§F bghUËaÈ±
c´s K¡»a brh¦bwhl®fis mj¬ tH¡fkhd F¿Þ£o¬
_y« m¿KfgL¤Jnth«.

3.1  bghUËa± k¦W« tÂfÉa±fË±bghUËa± k¦W« tÂfÉa±fË±bghUËa± k¦W« tÂfÉa±fË±bghUËa± k¦W« tÂfÉa±fË±bghUËa± k¦W« tÂfÉa±fË±
c´s rh®òf´c´s rh®òf´c´s rh®òf´c´s rh®òf´c´s rh®òf´

3.1.1 njit¢ rh®ònjit¢ rh®ònjit¢ rh®ònjit¢ rh®ònjit¢ rh®ò (Demand function)

xU bghUË¬ njit (m±yJ msî) q  v¬f.  mj¬
Éiyia  p   v¬f.  njit¢ rh®ghdJ   q = f(p)  vd
tiuaW¡f¥gL»wJ.  bghJthf p-í« q-î« Äif v©f´.
k¦W« ,itf´ x¬W¡bfh¬W v½®É»j¤½± ,U¡F«.

njit¢ rh®ò  q = f(p)-¬ tiugl¤ij¡ ftÅ¡f.

tiugl¤½ÈUªJ eh« bgWtd (gl« 3.1) :

(i) p -í«  q-î« Äif v©fshf ,U¥gjh± tiugl¤½±
njit¢ rh®ò/ Kj± fh± gF½Æ± k£L« ,l« bg¦W´sJ.

(ii) njit¢ rh®¾¬ rh­î xU Fiw v© MF«.

tifp£o‹ ga‹ghLfŸ´- I
3

x1 x

y

y
O

njit tistiu

q = f(p)

Éiy
           gl« 3.1

n
j

i
t
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3.1.2 mË¥ò¢ rh®òmË¥ò¢ rh®òmË¥ò¢ rh®òmË¥ò¢ rh®òmË¥ò¢ rh®ò (Supply function)

rªijÆ± xU F¿¥¾£l bghUË¬ Éiy p v¬f.
É¦f¥gL« bghUË¬ msî x vÅ±/ m¥bghUË¬ mË¥ò¢ rh®ò
x = f(p)  MF«. ,§F  p xU kh¿

bghJthf x, p ne® É»j¤½± ,U¡F«.

mË¥ò¢ rh®ò   x = f (p)-¬ tiugl¤ij¡ ftÅ¡f.

tiugl¤½ÈUªJ eh« bgWtd (gl« 3.2) :

(i) q,  p v¬gd Äif v©f´ Mjyh± tiugl¤½± mË¥ò
rh®ghdJ Kj± fh± gF½Æ± k£L« ,l« bg¦W´sJ.

(ii) mË¥ò rh®¾¬ rh­î xU Äif v©.

3.1.3 bryî¢ rh®òbryî¢ rh®òbryî¢ rh®òbryî¢ rh®òbryî¢ rh®ò (Cost function)

bghJthf bkh¤j bryî ,u©L ¾ÇîfshF«.

(i) khW« bryî  (ii) khwh¢ bryî.  khW« bryî
c¦g¤½Æ¬ xU k½¥ò¢ rh®ghf ,U¡F«.  Mdh± khwh¢ bryî
c¦g¤½ia¢ rhuhk± ,U¡F«.

f(x) v¬gij khW« bryî/ k  v¬gij khwh¢ bryî v¬f.
x  v¬gJ c¦g¤½Æ¬ myF vÅ± bkh¤j bryî¢ rh®ghdJ
C(x) = f(x) + k vd tiuaW¡f¥gL»wJ.  ,§F x v¬gJ Äif
v©zhF«.

f(x) vD« rh®¾¦F kh¿È cW¥ò »ilahJ v¬gJ
F¿¥¾l¤j¡fJ.

x1 x

y

y
O

mË¥ò tistiu

x = f(p)

mË¥ò
         gl« 3.2

É
i

y
 (

m
y

F
¡

F
)
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eh« ruhrÇ bryî (Average Cost), ruhrÇ khW« bryî
(Average Variable Cost), ruhrÇ khwh¢bryî (Average Fixed

Cost), ,W½ Ãiy¢ bryî (Marginal Cost) k¦W« ,W½Ãiy¢
ruhrÇ bryî (Marginal Average Cost) ,itfis tiuaW¥ngh«.

(i) ruhrÇ bryî (AC)  = 
x

 k xf +)(
= 

g¤½¦c

 bryîj¢bkh¤

(ii) ruhrÇ khW« bryî (AVC)  = x

xf )(

= 
g¤½¦c

 bryîkhW«

(iii) ruhrÇ khwh¢ bryî (AFC)  = 
x
k

= 
g¤½¦c

 bryîkhwh¢

(iv) ,W½ Ãiy¢ bryî (MC)  =
dx
d

C(x) = C′(x)

(v) ,W½ Ãiy¢ ruhrÇ bryî (MAC) = 
dx
d

(AC)

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

C(x) v¬gJ xU bghUis  x  myFf´ c¦g¤½ br­a
MF« bkh¤j¢ bryî vÅ±/ C′(x)  v¬gJ ,W½ Ãiy¢ bryî
MF«.  mjhtJ c¦g¤½Æ¬ msî x myFf´ ,U¡F«bghGJ
nkY« X® myF c¦g¤½ br­a MF« njhuhakhd brynt ,W½
Ãiy¢ brythF«.  ,J gl« 3.3-± És¡f¥g£L´sJ.

      A = C(x + 1) − C(x)

      B = C′(x)

= ,W½ Ãiy¢ rh®ò

xl x

y

y
l

O

C(x+1)

C(x)
A B

c¦g¤½ Ãiy

   gl« 3.3

c(x)

T

x       x+1

b
r

y
î
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3.1.4 tUth­¢ rh®òtUth­¢ rh®òtUth­¢ rh®òtUth­¢ rh®òtUth­¢ rh®ò (Revenue function)

x  myFf´ %. p åj« É¦f¥gL»¬wd v¬f.  bkh¤j
tUth­ rh®ghdJ R(x) = px vd tiuaW¡f¥gL»wJ. ,§F p,

x  v¬gd Äif v©f´.

ruhrÇ tUth­ (AR)  = 
 msîgid¦É

 tUth­jbkh¤
= 

x

px
 = p.

(mjhtJ ruhrÇ tUthí«/ Éiyí« rkkhf c´sd.)

,W½ Ãiy tUth­ (MR)  = 
dx
d

(R)  = R′(x)

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

c¦g¤½ br­a¥g£L/ É¦f¥g£l  x  myFfËÈUªJ
»il¡F« bkh¤j tUth­ R(x) v¬f. É¦F« msî x myFf´
,U¡F«bghGJ nkY« X® myF c¦g¤½ br­a¥g£L
É¦f¥g£ljh± »il¡F« njhuhakhd tUthahdJ/ ,W½
Ãiy tUth­ R′(x) MF«.  ,J gl« 3.4-±  És¡f¥g£L´sJ.

A = R(x+1) − R(x)

B = R′ (x) = ,W½ Ãiy tUth­

3.1.5 ,yhg¢ rh®ò,yhg¢ rh®ò,yhg¢ rh®ò,yhg¢ rh®ò,yhg¢ rh®ò (Profit function)

bkh¤j tUth­/ bkh¤j bryî ,itfË¬ É¤½ahr«
,yhg¢ rh®ghF«.  mjhtJ/ ,yhg¢ rh®ò  P(x) = R(x) − C(x)

MF«.

x′ x

y

y′

O

R(x+1)

R(x)
A B

É¦gid Ãiy

 gl« 3.4

t
U

t
h­

R(x)
T

x       x+1
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3.1.6  be»³¢¼be»³¢¼be»³¢¼be»³¢¼be»³¢¼ (Elasticity)

x-I bghW¤J/  y = f(x)  v¬w rh®¾¬ be»³¢¼

    η = 
x

y

E

E
 = 

0

Lt
→∆x

x
x

y

y

∆

∆

 = 
y

x

xd

dy
 vd tiuaW¡f¥gL»wJ.

x I bghW¤J  y-¬ be»³¢¼ahdJ/ ∆x→0 vD«bghGJ
y-¬ x¥g khW« åj« x-,¬ x¥g khW« åj¤½¦F c´s
É»j¤½¬ v±iyna MF«.  (η xU Äif v©).

3.1.7 njit be»³¢¼njit be»³¢¼njit be»³¢¼njit be»³¢¼njit be»³¢¼ (Elasticity of demand)

q = f(p)  v¬gJ njit¢ rh®ò v¬f. q  v¬gJ njit/ p
v¬gJ Éiy vÅ±/ njit be»³¢¼

η
d
 = 

q

p

dp

dq
MF« (gl« 3.5).

njit be»³¢¼ = 
0p

Lt
→∆

p

p∆

∆

q

q

 = 
q

p

dp

dq

njit tistiuÆ¬ rh­î Fiw v© k¦W« be»³î xU
Äif Mifah± njitÆ¬ be»³¢¼ahdJ

η
d
 = -

q

p

dp

dq
 MF«.

x1 x

y

y
O

njit tistiu

q = f(p)

Éiy

           gl« 3.5

n
j

i
t

p       p+∆p

∆q

∆p
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3.1.8. mË¥ò be»³¢¼mË¥ò be»³¢¼mË¥ò be»³¢¼mË¥ò be»³¢¼mË¥ò be»³¢¼ (Elasticity of supply)

x = f(p) v¬gJ mË¥ò¢ rh®ò v¬f.  ,§F x v¬gJ njit/
p  v¬gJ ÉiyahF«.  mË¥ò be»³¢¼ahdJ

η
s
 = 

x

p

dp

d x vd tiuaW¡f¥gL»wJ.

3.1.9 rk¬ Ãiy Éiyrk¬ Ãiy Éiyrk¬ Ãiy Éiyrk¬ Ãiy Éiyrk¬ Ãiy Éiy (Equilibrium price)

njitÆ¬ msî«/ mË¥¾¬ msî« rkkhf ,U¡F«
ÃiyÆ± c´s Éiyia¢ rk¬ Ãiy v¬W TW»nwh«.

3.1.10 rk¬ Ãiy msîrk¬ Ãiy msîrk¬ Ãiy msîrk¬ Ãiy msîrk¬ Ãiy msî (Equilibrium quantity)

rk¬ Ãiy Éiyia/ njit rh®ò m±yJ mË¥ò rh®¾±
¾u½Æl »il¥gJ rk¬ Ãiy msthF«.

3.1.11 ,W½ Ãiy tUth ­ ¡F« njitÆ¬,W½ Ãiy tUth ­ ¡F« njitÆ¬,W½ Ãiy tUth ­ ¡F« njitÆ¬,W½ Ãiy tUth ­ ¡F« njitÆ¬,W½ Ãiy tUth ­ ¡F« njitÆ¬
be»³¢¼¡F« c´s bjhl®òbe»³¢¼¡F« c´s bjhl®òbe»³¢¼¡F« c´s bjhl®òbe»³¢¼¡F« c´s bjhl®òbe»³¢¼¡F« c´s bjhl®ò

Éiy p  Mf ,U¡F«bghGJ  q  myFf´ njit¥
gL»¬wd v¬f.  ∴ p = f(q)  (f- MdJ tifÆl¤j¡fjhf
,U¡f nt©L«)

tUthahdJ R(q) = qp   = q f(q)    [ p = f(q)]

q I bghW¤J R(q)-it tifÆl »il¥gJ ,W½ Ãiy
tUthahF«.

∴   R′(q) = q f ′(q) + f(q) = q
dq

dp
+ p     [

dq

dp
= f ′(q)]

 R′(q) = p(1 +
p

q

dq

dp
) = p 













+

dp
dq

q
p
1

1

= p 































−

−+

dp
dq

q
p
1

1

,W½ Ãiy tUth­ = R′(q) = p 







η

−
d

1
1        [ η

d
 = −

q

p

dp

dq
 ]
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 1

xU ÃWtd« xU ÃWtd« xU ÃWtd« xU ÃWtd« xU ÃWtd« x  l¬f´ c¦g¤½ br­í«bghGJl¬f´ c¦g¤½ br­í«bghGJl¬f´ c¦g¤½ br­í«bghGJl¬f´ c¦g¤½ br­í«bghGJl¬f´ c¦g¤½ br­í«bghGJ

mj¬ bkh¤j¢ bryî rh®òmj¬ bkh¤j¢ bryî rh®òmj¬ bkh¤j¢ bryî rh®òmj¬ bkh¤j¢ bryî rh®òmj¬ bkh¤j¢ bryî rh®ò C(x) = 
10

1 x3 - 4x2 + 20x + 5

vÅ±vÅ±vÅ±vÅ±vÅ± (i) ruhrÇ bryîruhrÇ bryîruhrÇ bryîruhrÇ bryîruhrÇ bryî (ii) ruhrÇ khW« bryîruhrÇ khW« bryîruhrÇ khW« bryîruhrÇ khW« bryîruhrÇ khW« bryî
  (iii) ruhrÇ khwh¢ bryîruhrÇ khwh¢ bryîruhrÇ khwh¢ bryîruhrÇ khwh¢ bryîruhrÇ khwh¢ bryî  (iv) ,W½ Ãiy¢ bryî,W½ Ãiy¢ bryî,W½ Ãiy¢ bryî,W½ Ãiy¢ bryî,W½ Ãiy¢ bryî
 (v) ,W½Ãiy¢ ruhrÇ bryî,W½Ãiy¢ ruhrÇ bryî,W½Ãiy¢ ruhrÇ bryî,W½Ãiy¢ ruhrÇ bryî,W½Ãiy¢ ruhrÇ bryî

v¬gdwt¦iw¡ fh©f.v¬gdwt¦iw¡ fh©f.v¬gdwt¦iw¡ fh©f.v¬gdwt¦iw¡ fh©f.v¬gdwt¦iw¡ fh©f.

Ô®î :

C(x) = 
10

1 x3 - 4x2 + 20x + 5

(i) ruhrÇ bryî =  
g¤½¦c

 bryîj¢bkh¤

= (
10

1 x2 − 4x + 20 +
x
5

)

(ii) ruhrÇ khW« bryî = 
g¤½¦c

 bryîkhW«

= 
10

1 x2 − 4x + 20

(iii) ruhrÇ khwh¢ bryî = 
g¤½¦c

 bryîkhwh¢
 = 

x
5

(iv) ,W½ Ãiy¢ bryî = 
dx
d

C(x)

= 
dx
d

(
10

1 x3 − 4x2 + 20x +5)

= (
10

3 x2 − 8x + 20)

(v) ,W½ Ãiy ruhrÇ¢ bryî = 
dx
d

(AC)

= 
dx
d

(
10

1 x2 − 4x + 20 +
x
5

)

= (
5

1 x − 4 −
2

5

x
)
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 2

x  myFf´ c¦g¤½¡f hd bk h¤j  bryîmyFf´ c¦g¤½¡f hd bk h¤j  bryîmyFf´ c¦g¤½¡f hd bk h¤j  bryîmyFf´ c¦g¤½¡f hd bk h¤j  bryîmyFf´ c¦g¤½¡f hd bk h¤j  bryî
C = 0.00005x3 −−−−− 0.06x2 + 10x + 20000 vÅ±/vÅ±/vÅ±/vÅ±/vÅ±/ 1000 myFf´myFf´myFf´myFf´myFf´
c¦g¤½¡fhd ,W½Ãiy¢ bryit¡ fh©f.c¦g¤½¡fhd ,W½Ãiy¢ bryit¡ fh©f.c¦g¤½¡fhd ,W½Ãiy¢ bryit¡ fh©f.c¦g¤½¡fhd ,W½Ãiy¢ bryit¡ fh©f.c¦g¤½¡fhd ,W½Ãiy¢ bryit¡ fh©f.

Ô®î :

C = 0.00005x3 − 0.06x2 + 10x + 20000

,W½ Ãiy¢ bryî  

dx
dC

 =  (0.00005) (3x2) − (0.06) 2x + 10

= 0.00015 x2 − 0.12x + 10

     x = 1000  myFf´ vÅ±/

  
dx

dC
= (0.00015)(1000)2 − (0.12)(1000) + 10

= 150 − 120 + 10 = 40

= 1000 myFf´ c¦g¤½¡F ,W½ Ãiy¢ bryî %. 40.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 3

x = 100 −−−−− p −−−−− p2  v¬w rh®¾¬v¬w rh®¾¬v¬w rh®¾¬v¬w rh®¾¬v¬w rh®¾¬ p = 5-± njit± njit± njit± njit± njit
be»³¢¼ia¡ fh©f.be»³¢¼ia¡ fh©f.be»³¢¼ia¡ fh©f.be»³¢¼ia¡ fh©f.be»³¢¼ia¡ fh©f.

Ô®î :

x = 100 − p − p2

dp
dx

= −1−2p.

njit be»³¢¼   η
d

= 
dp
dx

x

p
 −

= − 2
100

)21(

pp

pp

−−

−−
 =

2

2

100

2

pp

pp

−−

+

        p = 5 vÅ±/   η
d

=  
255100

505

−−
+

 =

70

55

 = 
14

11

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 4

x = 2p2+8p+10 v¬w mË¥ò¢ rh®¾¬ mË¥òv¬w mË¥ò¢ rh®¾¬ mË¥òv¬w mË¥ò¢ rh®¾¬ mË¥òv¬w mË¥ò¢ rh®¾¬ mË¥òv¬w mË¥ò¢ rh®¾¬ mË¥ò
be»³¢¼ia¡ fh©f.be»³¢¼ia¡ fh©f.be»³¢¼ia¡ fh©f.be»³¢¼ia¡ fh©f.be»³¢¼ia¡ fh©f.
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Ô®î :

  x = 2p2+8p+10   ⇒  
dp
dx

= 4p+8

mË¥ò be»³¢¼  η
s

= 
x

p

dp
dx

  =  
1082

84

2

2

++

+

pp

pp
 = 

54

42

2

2

++

+

pp

pp

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 5

y = 4x-8 v¬w rh®¾¬ be»³¢¼ia¡ fh©f.v¬w rh®¾¬ be»³¢¼ia¡ fh©f.v¬w rh®¾¬ be»³¢¼ia¡ fh©f.v¬w rh®¾¬ be»³¢¼ia¡ fh©f.v¬w rh®¾¬ be»³¢¼ia¡ fh©f.
nkY« nkY« nkY« nkY« nkY« x = 6 Mf ,U¡F«bghGJ mj¬ k½¥ig¡Mf ,U¡F«bghGJ mj¬ k½¥ig¡Mf ,U¡F«bghGJ mj¬ k½¥ig¡Mf ,U¡F«bghGJ mj¬ k½¥ig¡Mf ,U¡F«bghGJ mj¬ k½¥ig¡
fh©ffh©ffh©ffh©ffh©f.

Ô®î :

         y = 4x−8  ⇒  
xd

dy
 = 4

 be»³¢¼   η = 
y
x

 
dx

dy
 ⇒   η = 

84 −x
x

(4) = 
2−x

x

x = 6 vÅ± η = 
26

6

−
 = 

2

3

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 6

y = x
x

32
21 

+
−

 vÅ±/vÅ±/vÅ±/vÅ±/vÅ±/ 

x

y

E

E -¡ fh©f.-¡ fh©f.-¡ fh©f.-¡ fh©f.-¡ fh©f. η −η −η −η −η −¬ k½¥ig¬ k½¥ig¬ k½¥ig¬ k½¥ig¬ k½¥ig

x = 0 nkY«nkY«nkY«nkY«nkY« x = 2 vD« bghGJ fh©f.vD« bghGJ fh©f.vD« bghGJ fh©f.vD« bghGJ fh©f.vD« bghGJ fh©f.

Ô®î :

     y = x
x

32

21
 

+
−

x I bghW¤J tifÆl

dx

dy
 

 = 2
)32(

)3)(21()2)(32(
 

x

xx

+

−−−+
  =

2
)32(

6364
 

x

xx

+

+−−−

= 

2
)32(

7
 

x+

−

 η  = 

x

y

E

E
 

= 
y
x

 
dx

dy
  = 

)21(

)32(
 

x

xx

−

+
x

2
)32(

7
 

x+

−

   η = 

)32)(21(

7
 

xx
x

+−
−

x = 0  vÅ±/   η = 0   ;    x = 2  vÅ±/   η =

12

7
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vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 7

xpn = k ,  v¬w njit¢ rh ®¾±v¬w njit¢ rh ®¾±v¬w njit¢ rh ®¾±v¬w njit¢ rh ®¾±v¬w njit¢ rh ®¾±  n  k¦W«k¦W«k¦W«k¦W«k¦W«   k

kh¿Èf´ vÅ±/ ÉiyÆ¬ njit be»³¢¼ia¡kh¿Èf´ vÅ±/ ÉiyÆ¬ njit be»³¢¼ia¡kh¿Èf´ vÅ±/ ÉiyÆ¬ njit be»³¢¼ia¡kh¿Èf´ vÅ±/ ÉiyÆ¬ njit be»³¢¼ia¡kh¿Èf´ vÅ±/ ÉiyÆ¬ njit be»³¢¼ia¡
fh©ffh©ffh©ffh©ffh©f.

Ô®î :

xpn = k  (bfhL¡f¥g£L´sJ)    ⇒ x  = k p−n

dp
dx

= − nk p−n−1

njit be»³¢¼   η
d

= −
x

p

dp
dx

  = −
n

kp

p
−  (−nk p−n−1)

= n,   X® kh¿È

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 8

xy2 = c (c, kh¿Èkh¿Èkh¿Èkh¿Èkh¿È) vD« tistiuÆ± njitvD« tistiuÆ± njitvD« tistiuÆ± njitvD« tistiuÆ± njitvD« tistiuÆ± njit
be»³¢¼ v±yh ò´ËfËY« 2 v¬w v©zhfbe»³¢¼ v±yh ò´ËfËY« 2 v¬w v©zhfbe»³¢¼ v±yh ò´ËfËY« 2 v¬w v©zhfbe»³¢¼ v±yh ò´ËfËY« 2 v¬w v©zhfbe»³¢¼ v±yh ò´ËfËY« 2 v¬w v©zhf
,U¡F« vd ÃWîf.  ,§F ,U¡F« vd ÃWîf.  ,§F ,U¡F« vd ÃWîf.  ,§F ,U¡F« vd ÃWîf.  ,§F ,U¡F« vd ÃWîf.  ,§F y v¬gJ Éiyia¡v¬gJ Éiyia¡v¬gJ Éiyia¡v¬gJ Éiyia¡v¬gJ Éiyia¡
F¿¡»wJF¿¡»wJF¿¡»wJF¿¡»wJF¿¡»wJ.

Ô®î :

xy2  = c vd bfhL¡f¥g£L´sJ.

x  = 2
y

c
   ⇒

dy
dx

 = − 3

2

y

c

njit be»³¢¼ η
d
 = −

x

y

dy
dx

 = 

2

y

y

c

−







 −
3

2

y

c
 = 2

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 9

xU K¦WÇikahsÇ¬ njit¢ rh®òxU K¦WÇikahsÇ¬ njit¢ rh®òxU K¦WÇikahsÇ¬ njit¢ rh®òxU K¦WÇikahsÇ¬ njit¢ rh®òxU K¦WÇikahsÇ¬ njit¢ rh®ò  x = 100−−−−−4p

vÅ±/vÅ±/vÅ±/vÅ±/vÅ±/

(i) bkh¤j tUth ­ /  r u h rÇ  tUth ­  k¦W«bkh¤j tUth ­ /  r u h rÇ  tUth ­  k¦W«bkh¤j tUth ­ /  r u h rÇ  tUth ­  k¦W«bkh¤j tUth ­ /  r u h rÇ  tUth ­  k¦W«bkh¤j tUth ­ /  r u h rÇ  tUth ­  k¦W«
,W½Ãiy tUth­ M»adt¦iw¡ fh©f,W½Ãiy tUth­ M»adt¦iw¡ fh©f,W½Ãiy tUth­ M»adt¦iw¡ fh©f,W½Ãiy tUth­ M»adt¦iw¡ fh©f,W½Ãiy tUth­ M»adt¦iw¡ fh©f.

(ii) x-¬ v«k½¥¾¦F ,W½Ãiy tUth ­¬ v«k½¥¾¦F ,W½Ãiy tUth ­¬ v«k½¥¾¦F ,W½Ãiy tUth ­¬ v«k½¥¾¦F ,W½Ãiy tUth ­¬ v«k½¥¾¦F ,W½Ãiy tUth ­
ó¢¼a¤½¦F rkkhF«ó¢¼a¤½¦F rkkhF«ó¢¼a¤½¦F rkkhF«ó¢¼a¤½¦F rkkhF«ó¢¼a¤½¦F rkkhF«?
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Ô®î :

      x  = 100−4p    ⇒    p  = 
4

100 x−

bkh¤j tUth­    R = px

= 




 −

4

100 x
x = 

4

100
2xx −

ruhrÇ tUth­  =  p = 
4

100 x−

,W½ Ãiy tUth­ = 
dx
d

(R) = 
dx
d








 −
4

100
2

xx

= 
4

1
 [100−2x] = 

2

50 x−

(ii) ,W½Ãiy tUth­ ó¢¼a« vÅ±/

   

2

50 x−

  = 0  ⇒  x = 50 myFf´.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 10

vªj xU c¦g¤½ ÃiyÆY«vªj xU c¦g¤½ ÃiyÆY«vªj xU c¦g¤½ ÃiyÆY«vªj xU c¦g¤½ ÃiyÆY«vªj xU c¦g¤½ ÃiyÆY«  AR k¦W«k¦W«k¦W«k¦W«k¦W«  MR

v¬gd ruhrÇ tUth­ k¦W« ,W½Ãiy tUthia¡v¬gd ruhrÇ tUth­ k¦W« ,W½Ãiy tUthia¡v¬gd ruhrÇ tUth­ k¦W« ,W½Ãiy tUthia¡v¬gd ruhrÇ tUth­ k¦W« ,W½Ãiy tUthia¡v¬gd ruhrÇ tUth­ k¦W« ,W½Ãiy tUthia¡

F¿¤jh±/ njit be»³¢¼ahdJF¿¤jh±/ njit be»³¢¼ahdJF¿¤jh±/ njit be»³¢¼ahdJF¿¤jh±/ njit be»³¢¼ahdJF¿¤jh±/ njit be»³¢¼ahdJ  
MR–AR

AR  -¡F¢¡F¢¡F¢¡F¢¡F¢
rk« vd ÃWîf. ,ij rk« vd ÃWîf. ,ij rk« vd ÃWîf. ,ij rk« vd ÃWîf. ,ij rk« vd ÃWîf. ,ij p = a + bx v¬w njit nfhLv¬w njit nfhLv¬w njit nfhLv¬w njit nfhLv¬w njit nfhL
É½¡F rÇgh®¡f.É½¡F rÇgh®¡f.É½¡F rÇgh®¡f.É½¡F rÇgh®¡f.É½¡F rÇgh®¡f.

Ô®î :

bkh¤j tUth­  R = px  ;   ruhrÇ tUth­  AR = p

,W½ Ãiy tUth­  MR = 
dx
d

(R) = 
dx
d

(px) = p + x
dx

dp

,¥bghGJ 
MR)(AR

AR

−
 = 

)(
dx

dp
xpp

p

+−
   = −−−−−

x

p

dp
dx

   = njit be»³¢¼ η
d

∴  
MR)(AR

AR

−
= η

d
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p = a + bx  (bfhL¡f¥g£L´sJ)  ∴   
dx

dp
 = b

  R = px = ax + bx2

  AR = a+bx  (AR = Éiy)

  MR = 
dx
d

(ax + bx2)  = a + 2bx.

  ∴
MR)(AR

AR

−
 = 

bxa bx a 
 bxa 

2−−+
+

 = −
bx

bxa )( +
 -----(1)

   η
d

= −
x

p

dp
dx

  =  
x

bxa )( +
−

b
1

  =  
bx

bxa )( +
− ---------(2)

   (1) k¦W« (2) ÈUªJ  
MR)(AR

AR

−
 = η

d
 vd m¿a Ko»wJ.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 11

Ñ³tU« njit k¦W« mË¥ò¢ rh®òfË¬Ñ³tU« njit k¦W« mË¥ò¢ rh®òfË¬Ñ³tU« njit k¦W« mË¥ò¢ rh®òfË¬Ñ³tU« njit k¦W« mË¥ò¢ rh®òfË¬Ñ³tU« njit k¦W« mË¥ò¢ rh®òfË¬
rk¬Ãiy Éiyiaí« rk¬Ãiy njitiaí«rk¬Ãiy Éiyiaí« rk¬Ãiy njitiaí«rk¬Ãiy Éiyiaí« rk¬Ãiy njitiaí«rk¬Ãiy Éiyiaí« rk¬Ãiy njitiaí«rk¬Ãiy Éiyiaí« rk¬Ãiy njitiaí«
fh©f.fh©f.fh©f.fh©f.fh©f. Q

d
  =  4 −−−−− 0.06p  nkY«  nkY«  nkY«  nkY«  nkY«  Q

s
 = 0.6 + 0.11p

Ô®î :

rk¬ Ãiy ÉiyÆ±/
Q

d
 = Q

s
 ⇒ 4-0.06p  = 0.6 + 0.11p  ⇒  0.17p = 3.4

⇒    p = 
0.17

3.4
 ⇒  p = 20

     p = 20 vÅ±/  Q
d

=  4 − (0.06)(20)  = 4−1.2 = 2.8

∴ rk¬Ãiy Éiy = 20 k¦W«
rk¬Ãiy njit = 2.8 myFf´.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 12

xU bghUË¬ njit¢ rh®òxU bghUË¬ njit¢ rh®òxU bghUË¬ njit¢ rh®òxU bghUË¬ njit¢ rh®òxU bghUË¬ njit¢ rh®ò q = 
5−p

p
 (p>5),  p

v¬gJ X® myF bghUË¬ Éiy v¬f.v¬gJ X® myF bghUË¬ Éiy v¬f.v¬gJ X® myF bghUË¬ Éiy v¬f.v¬gJ X® myF bghUË¬ Éiy v¬f.v¬gJ X® myF bghUË¬ Éiy v¬f.  p = 7  vÅ±/vÅ±/vÅ±/vÅ±/vÅ±/
njit be»³¢¼ia¡ fh©f. Éil¡F És¡f« TWfnjit be»³¢¼ia¡ fh©f. Éil¡F És¡f« TWfnjit be»³¢¼ia¡ fh©f. Éil¡F És¡f« TWfnjit be»³¢¼ia¡ fh©f. Éil¡F És¡f« TWfnjit be»³¢¼ia¡ fh©f. Éil¡F És¡f« TWf.

Ô®î :

njit¢ rh®ò    q = 
5−p

p
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p-I bghW¤J tifÆl/

dp

dq
 = 2

5

115

)(p-

) p() ) ((p −−
 = 2

5

5

)(p−

−

njit be»³¢¼ η
d
  = 

dp

dq

q

p
 −  = 

p

)p(p 5−− { }
2

)5(p

5

−
−   = 

5

5

−p

 p =7   vÅ± η
d
 = 

57

5

−
 = 2.5

mjhtJ p = 7 vÅ± ÉiyahdJ 1% m½fÇ¤jh±/
njitÆ¬ msî njhuhakhf 2.5% Fiw»wJ.  m²thnw  p = 7

vÅ± ÉiyahdJ 1% Fiwªjh±/ njitÆ¬ msî njhuhakhf
2.5% m½fÇ¡»wJ.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 13

xU bghUË¬ njitxU bghUË¬ njitxU bghUË¬ njitxU bghUË¬ njitxU bghUË¬ njit q = −−−−− 60p + 480, (0 < p < 7)

vd bfhL¡f¥g£L´sJ. ,§Fvd bfhL¡f¥g£L´sJ. ,§Fvd bfhL¡f¥g£L´sJ. ,§Fvd bfhL¡f¥g£L´sJ. ,§Fvd bfhL¡f¥g£L´sJ. ,§F  p  v¬gJ Éiyia¡v¬gJ Éiyia¡v¬gJ Éiyia¡v¬gJ Éiyia¡v¬gJ Éiyia¡
F¿¡»wJ.F¿¡»wJ.F¿¡»wJ.F¿¡»wJ.F¿¡»wJ.   p  = 6 -Mf ,U¡F«bghGJ njitMf ,U¡F«bghGJ njitMf ,U¡F«bghGJ njitMf ,U¡F«bghGJ njitMf ,U¡F«bghGJ njit
be»³¢¼ k¦W« ,W½ Ãiy tUth­ M»adt¦iw¡be»³¢¼ k¦W« ,W½ Ãiy tUth­ M»adt¦iw¡be»³¢¼ k¦W« ,W½ Ãiy tUth­ M»adt¦iw¡be»³¢¼ k¦W« ,W½ Ãiy tUth­ M»adt¦iw¡be»³¢¼ k¦W« ,W½ Ãiy tUth­ M»adt¦iw¡
fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

njit¢ rh®ò  q = −60p + 480

p-I bghW¤J tifÆl,   
dp

dq
 = −60

njit be»³¢¼ η
d
 = −−−−−

q

p

dp

dq
= 

48060 +−

−

p

p
(−60) =−

8−p

p

 p = 6 vÅ±, η
d
 = 

86

6

−
−

= 3

,W½ Ãiy tUth­ = p (1-
dη

1
)  = 6(1−

3

1
) = 4

∴ ,W½ Ãiy tUth­ = %. 4

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  3.1

1) x-l¬f´ c¦g¤½ br­a xU ÃWtd¤½¬ bkh¤j c¦g¤½

bryî  C(x) = %. (
2

1 x3-4x2+25x+8) vÅ± (i) ruhrÇ bryî/
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(ii)  ruhrÇ khW« bryî  (ii i)  ruhrÇ khwh¢ bryî
M»aitfis¡ fh©f.  nkY« c¦g¤½ Ãiy  10 l¬fshf
,U¡F«bghGJ ,t¦¿¬ k½¥òfis¡ fh©f.

2) x -myFf´ c¦g¤½¡fhd bkh¤j bryî

C(x) = 25 + 3x2 + x  vÅ± 100 myFfË¬ c¦g¤½¡fhd

,W½ Ãiy¢ bryÉid¡ fh©f.

3) x -myFf´ c¦g¤½¡fhd bkh¤j bryî C(x) = 50+5x +2 x

vÅ±/ 100 myFf´ c¦g¤½¡fhd ,W½ Ãiy¢ bryî ahJ?

4) x myFf´ c¦g¤½¡hd bryî C = 
2

1 x + 26 4+x  vÅ±/

96 myFfË¬ c¦g¤½¡fhd ,W½ Ãiy¢ bryÉid¡
fh©f.

5) x  l¬f´ c¦g¤½ br­í«bghGJ c¦g¤½¡fhd bryî

C = 10 + 30 x  vÅ± 100 l¬f´ c¦g¤½¡fhd ,W½Ãiy¢

bryit¡ fh©f.  nkY« xU l¬D¡F %. 0.40 vd ,W½
Ãiy bryî ,U¡F«bghGJ mj¬ c¦g¤½ia¡ fh©f.

6) x -myFf´ c¦g¤½¡fhd bryî¢ rh®ò

C = 
10

1 x3 − 4x2 + 8x + 4 vÅ± (i) ruhrÇ bryî (ii) ,W½

Ãiy¢ bryî (iii) ,W½ Ãiy¢ ruhrÇ bryî M»adt¦iw¡
fh©f.

7) x -myFf´ c¦g¤½¡fhd bkh¤j bryî  C =50 + 10x + 5x2

vÅ±  x = 1.3 v¬w ò´ËÆ± ruhrÇ k¦W« ,W½Ãiy¢ bryî
M»adt¦iw¡ fh©f.

8) x  myFf´ bfh©l bghUË¬ c¦g¤½¡fhd bkh¤j¢ bryî
C = 0.00004x3 - 0.002x2 + 3x + 10,000 vÅ± 1000 myFf´
c¦g¤½¡fhd ,W½Ãiy¢ bryit¡ fh©f.

9) xy = c2  vD« tistiuÆ± njit be»³¢¼ mid¤J
ò´ËfËY« 1 v¬w v©zhf ,U¡F« vd ÃWîf. y v¬gJ
Éiyia¡ F¿¡»wJ (c, kh¿È).

10) njit É½ q = 
1

20

+p
 /   p = 3 vÅ± njit be»³¢¼ia¡

fh©f. Éil¡F És¡f« jUf.
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11) njit¢ rh®ò q = 165 − 3p − 2p2 vd ,U¥¾¬ Éiy  p = 5

vÅ± njit be»³¢¼ia¡ fh©f. Éil¡F És¡f« jUf.

12) q-¬ v«k½¥¾¦F«/ njit¢ rh®ò p = 
q

100
 ,¬ be»³¢¼ahdJ

x¬W v¬w v©zhf ,U¡F« vd ÃWîf.

13) Ñ³tU« njit¢ rh®òfË¬ njit be»³¢¼ia mj¬
Éiyia¥ bghW¤J fh©f.

(i) p = bxa − , a  k¦W«  b  v¬gd kh¿Èf´ (ii) x = 23

8

/
p

14) njit tistiu xpm = b .   m , b  Kiwna kh¿Èf´ vÅ±/
ÉiyÆ¬ njit be»³¢¼ia¡ fh©f.

15) mË¥ò¢ rh®ò x = 2p2 +5 vÅ± mË¥ò be»³¢¼ia¡ fh©f.

16) xU F¿¥¾£l cU¥gofË¬ mË¥ò¢ rh®ghdJ x  = a bp − ,

p v¬gJ Éiy.  a,  b  v¬gd Äif kh¿Èf´ (p>b) vÅ±/
mË¥ò be»³¢¼ η

s 
-ia¡ fh©f. ÉiyahdJ 2b Mf ,U¡F«

bghGJ mË¥ò be»³¢¼ x¬W v¬w v©zhF« vd ÃWîf.
17) njit¢ rh®ò p = 550 − 3x − 6x2 ,§F x  MdJ njitÆ¬

msití«/  p -MdJ X® my»¬ Éiyiaí« F¿¡»wJ.
ruhrÇ tUth­ k¦W« ,W½ Ãiy tUth­ ,itfis¡ fh©f.

18) S v¬gJ xU bghUË¬ É¦gidiaí«;  x  mj¬ Éiyiaí«
F¿¡»wJ.     S = 20000 e−0.6x vÅ±/

(i) bkh¤j É¦gid tUth­ (R = xS)

(ii) ,W½Ãiy tUth­/  ,itfis¡ fh©f.

19) xU bghUË¬ njit x k¦W« mj¬ Éiy p ,itfis
,iz¡F« rk¬ghL x = 30 − 4p − p2.  njit be»³¢¼ k¦W«
,W½ Ãiy tUth­ ,itfis¡ fh©f.

20) Ñ³tU« njit k¦W« mË¥ò¢ rh®òfË¬ rk¬Ãiy
Éiyiaí«/ rk¬Ãiy njitiaí« fh©f.
q

d
 = 4 − 0.05p ,   q

s
 = 0.8 + 0.11p

21) tUth­¢ rh®ò  R(x) = 100x +
2

2x  -¡F x = 10-,± ,W½

Ãiy tUthia¡ fh©f.

22) xU bghUË¬ njit  q  k¦W« Éiy ,itfis ,iz¡F«
rk¬ghL q = 32 − 4p − p2  vÅ±/  p = 3 -,± njit be»³¢¼
k¦W« ,W½ Ãiy tUth­ ,itfis¡ fh©f.
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3.2  tifÞL-khWåj«tifÞL-khWåj«tifÞL-khWåj«tifÞL-khWåj«tifÞL-khWåj«
y = f(x) v¬w rh®ò/ x k¦W« y v¬w ,u©L  kh¿f´

thÆyhf c´sJ v¬f.  x-,± ¼W kh¦w«  ∆x  vD«bghGJ/ y-±
¼W kh¦w« ∆y v¬f.

x-I¥ bghW¤J y-,¬ ruhrÇ khWåjkhdJ 
x

y

∆

∆
 vd

tiuaW¡f¥gL»wJ.  ,§F ∆y = f(x + ∆x) − f(x) nkY«

0

Lt
→∆x

 
x

y

∆

∆
 = 

dx

dy

.

 
dx

dy
 MdJ/ x I bghW¤J y -± v¦gl¡ Toa cldo

khWåj« vd tiuaW¡f¥gL»wJ.

3.2.1 xU msÉ¬ khW åj«xU msÉ¬ khW åj«xU msÉ¬ khW åj«xU msÉ¬ khW åj«xU msÉ¬ khW åj«
x k¦W« y v¬w ,u©L msîf´ y = f(x) v¬w cwî

Kiw¥go ,iz¡f¥g£L´sd v¬f.  f  ′(x
o
) v¬gJ x-I

bghW¤J x = x
0
-,± y-,¬ khW åjkhF« v¬gij¡ F¿¡»wJ.

3.2.2 bjhl®ò´s khWåj§f´bjhl®ò´s khWåj§f´bjhl®ò´s khWåj§f´bjhl®ò´s khWåj§f´bjhl®ò´s khWåj§f´
,©L m±yJ mj¦F nk± t-¬ kh¿fË± c´s c´sh®ªj

(implicit) rh®òfis¡ bfh©l rk¬ghLfË¬ _y«
fz¡FfË¬ Ô®îfis¡ fh©ngh«. tH¡fkhf ,ªj kh¿f´
neu¤½¬ cW¥òfshf btË¥gil¢ rh®òfshf tiuaW¡f¥
gLt½±iy.  Mfnt eh« c´sh®ªj rh®òfis neu« ‘t’-I
bghW¤J tifÆ£L neu«-khW åj« ,itfis¤
bjhl®ògL¤½ Ô®khÅ¡f nt©L«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 14

y =
x

300
-,±,±,±,±,± x-I bghW¤J/ I bghW¤J/ I bghW¤J/ I bghW¤J/ I bghW¤J/ x-MdJ MdJ MdJ MdJ MdJ 10-ÈUªJÈUªJÈUªJÈUªJÈUªJ

10.5-¡F TL«bghGJ¡F TL«bghGJ¡F TL«bghGJ¡F TL«bghGJ¡F TL«bghGJ  y-¬ ruhrÇ khWåj« fh©f.¬ ruhrÇ khWåj« fh©f.¬ ruhrÇ khWåj« fh©f.¬ ruhrÇ khWåj« fh©f.¬ ruhrÇ khWåj« fh©f.
nkY«nkY«nkY«nkY«nkY« x = 10-,±,±,±,±,±  y-¬ cldo khWåj« ahJ?¬ cldo khWåj« ahJ?¬ cldo khWåj« ahJ?¬ cldo khWåj« ahJ?¬ cldo khWåj« ahJ?

Ô®î :

(i) x-I bghW¤J y-¬ ruhrÇ khW åjkhdJ x = x
0
-,±

x

y

∆

∆
 = 

x

xfxxf

∆

−∆+ )()(
00



122

,§Ff (x) = 
x

300
,    x = 10 , ∆x = 0.5

x = 10-,±  y-,¬ ruhrÇ khW åj«

5.0

)10()5.10( ff −
= 

5.0

3057.28 −
=

5.0

43.1−

= − 2.86 myFf´ / x-¬ X® myF kh¦w«

,§F Fiw F¿ahdJ  x  TL«bghGJ y-x²bthU
myF¡F« Fiw»wJ v¬gij cz®¤J»wJ.

(ii) y-,¬ cldo kh¦wkhdJ 
dx

dy

y = 
x

300

∴  
dx

dy
 = 

2

300

x

−

x = 10 -,±/ 

dx

dy

 = 2
)10(

300−
 = -3

⇒ x  = 10-,± cldo kh¦wkhdJ  −3 myFf´.
FiwF¿ahdJ x-,¬ kh¦W åj¤ij¥ bghW¤J/ y

Fiw»wJ v¬gij cz®¤J»wJ.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 15

xy = 35 vD« tistiuÆ± xU ò´ËahdJvD« tistiuÆ± xU ò´ËahdJvD« tistiuÆ± xU ò´ËahdJvD« tistiuÆ± xU ò´ËahdJvD« tistiuÆ± xU ò´ËahdJ
efU»wJ. ò´ËefU»wJ. ò´ËefU»wJ. ò´ËefU»wJ. ò´ËefU»wJ. ò´Ë (5, 7)-,± ,± ,± ,± ,± x-Ma¤ bjhiythdJMa¤ bjhiythdJMa¤ bjhiythdJMa¤ bjhiythdJMa¤ bjhiythdJ 3

myFf´myFf´myFf´myFf´myFf´ /Édho v¬w åj¤½± TL»wJ vÅ±Édho v¬w åj¤½± TL»wJ vÅ±Édho v¬w åj¤½± TL»wJ vÅ±Édho v¬w åj¤½± TL»wJ vÅ±Édho v¬w åj¤½± TL»wJ vÅ±
mªÃiyÆ±mªÃiyÆ±mªÃiyÆ±mªÃiyÆ±mªÃiyÆ±  y-Ma¤ bjhiyî khW« åj¤ij¡Ma¤ bjhiyî khW« åj¤ij¡Ma¤ bjhiyî khW« åj¤ij¡Ma¤ bjhiyî khW« åj¤ij¡Ma¤ bjhiyî khW« åj¤ij¡
fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

x y = 35  (bfhL¡f¥g£L´sJ)

,§F x, y-f´ t-± c´s rh®òfshF«.
‘t’ -I bghW¤J tifÆl

dt
d

(xy) = 
dt
d

(35) ⇒  x
dt

dy
 + y

dt
dx

= 0

⇒ 
dt

dy
  = −

x

y

dt
dx
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x = 5, y = 7  k¦W«  
dt
dx

 = 3 vD«bghGJ/

dt

dy
= −

5

7
x 3 = −4.2 myFf´}Édho.

mjhtJ  y -Ma¤ bjhiythdJ 4.2 myFf´}Édho åj«
Fiw»wJ.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 16

xU bghUË¬ X® myF Éiyiaí«/ myFfË¬xU bghUË¬ X® myF Éiyiaí«/ myFfË¬xU bghUË¬ X® myF Éiyiaí«/ myFfË¬xU bghUË¬ X® myF Éiyiaí«/ myFfË¬xU bghUË¬ X® myF Éiyiaí«/ myFfË¬

É¦gid v©Â¡ifÉ¦gid v©Â¡ifÉ¦gid v©Â¡ifÉ¦gid v©Â¡ifÉ¦gid v©Â¡if  x iaí« bjhl®ògL¤J«iaí« bjhl®ògL¤J«iaí« bjhl®ògL¤J«iaí« bjhl®ògL¤J«iaí« bjhl®ògL¤J«

njit¢ rh®ònjit¢ rh®ònjit¢ rh®ònjit¢ rh®ònjit¢ rh®ò  p = 400 −−−−− 1000
x

.  ,ªj bghUË¬,ªj bghUË¬,ªj bghUË¬,ªj bghUË¬,ªj bghUË¬ x myFf´myFf´myFf´myFf´myFf´

c¦g¤½ br­a MF« bryîc¦g¤½ br­a MF« bryîc¦g¤½ br­a MF« bryîc¦g¤½ br­a MF« bryîc¦g¤½ br­a MF« bryî C(x) = 50x + 16000.  c¦g¤½c¦g¤½c¦g¤½c¦g¤½c¦g¤½
br ­a¥g£l myFf´ É¦f¥g£ld .br ­a¥g£l myFf´ É¦f¥g£ld .br ­a¥g£l myFf´ É¦f¥g£ld .br ­a¥g£l myFf´ É¦f¥g£ld .br ­a¥g£l myFf´ É¦f¥g£ld .   x-MdJMdJMdJMdJMdJ
thu¤½¦F thu¤½¦F thu¤½¦F thu¤½¦F thu¤½¦F 200 myFf´ åj« TL»¬wd.myFf´ åj« TL»¬wd.myFf´ åj« TL»¬wd.myFf´ åj« TL»¬wd.myFf´ åj« TL»¬wd.  10000

v©Â¡if¡ bfh©l myFf´ c¦g¤½ br­a¥g£Lv©Â¡if¡ bfh©l myFf´ c¦g¤½ br­a¥g£Lv©Â¡if¡ bfh©l myFf´ c¦g¤½ br­a¥g£Lv©Â¡if¡ bfh©l myFf´ c¦g¤½ br­a¥g£Lv©Â¡if¡ bfh©l myFf´ c¦g¤½ br­a¥g£L
É¦f¥gL«bghGJ fhy«É¦f¥gL«bghGJ fhy«É¦f¥gL«bghGJ fhy«É¦f¥gL«bghGJ fhy«É¦f¥gL«bghGJ fhy« t-IIIII  (thu§fË±thu§fË±thu§fË±thu§fË±thu§fË±) bghW¤JbghW¤JbghW¤JbghW¤JbghW¤J
(i) tUth ­tUth ­tUth ­tUth ­tUth ­ (ii) bryîbryîbryîbryîbryî (iii) ,yhg«/ ,t¦¿± V¦gL«,yhg«/ ,t¦¿± V¦gL«,yhg«/ ,t¦¿± V¦gL«,yhg«/ ,t¦¿± V¦gL«,yhg«/ ,t¦¿± V¦gL«
cldo kh¦w§fis¡ fh©f.cldo kh¦w§fis¡ fh©f.cldo kh¦w§fis¡ fh©f.cldo kh¦w§fis¡ fh©f.cldo kh¦w§fis¡ fh©f.

Ô®î :

(i) tUth­ R =  px = (400 −
1000

x
)x

= 400x −
1000

2x

dt
d

(R)= 
dt
d

(400x) −
dt
d

(
1000

2x
)

dt
dR

= (400 − 
500

x
)

dt
dx

x = 10000, 
dt
dx

= 200 vÅ±

dt
dR

= (400 −
500

10000
)(200)

= %. 76,000 / thu«

tUth­ thu¤½¦F %. 76000 åj« m½fÇ¡»wJ.
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(ii)  C(x) = 50x + 16000.

dt
d

(C) = 
dt
d

(50x) + 
dt
d

(16000)

= 50
dt
dx

 + 0 = 50
dt
dx

    
dt
dx

= 200 vÅ±, 
dt
dC

 = 50 x 200

= %.10,000 / thu«

bryî thu¤½¦F %. 10,000 åj« m½fÇ¡»wJ.

(iii) ,yhg« P = R − C

∴   
dt
dP

= 
dt
dR

 − 
dt
dC

 = 76,000 − 10,000

= %. 66,000 / thu«
(m-J) ,yhgkhdJ thu¤½¦F %. 66,000 åj« m½fÇ¡»wJ.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 17

xU t£l¤½¬ R¦wsthdJ khwh åj¤½±xU t£l¤½¬ R¦wsthdJ khwh åj¤½±xU t£l¤½¬ R¦wsthdJ khwh åj¤½±xU t£l¤½¬ R¦wsthdJ khwh åj¤½±xU t£l¤½¬ R¦wsthdJ khwh åj¤½±
TL»wJ. mj¬ gu¥gsî TL« åjkhdJ mj¬TL»wJ. mj¬ gu¥gsî TL« åjkhdJ mj¬TL»wJ. mj¬ gu¥gsî TL« åjkhdJ mj¬TL»wJ. mj¬ gu¥gsî TL« åjkhdJ mj¬TL»wJ. mj¬ gu¥gsî TL« åjkhdJ mj¬
Mu¤½¦F ne® É»j¤½± ,U¡F« vd ÃWîf.Mu¤½¦F ne® É»j¤½± ,U¡F« vd ÃWîf.Mu¤½¦F ne® É»j¤½± ,U¡F« vd ÃWîf.Mu¤½¦F ne® É»j¤½± ,U¡F« vd ÃWîf.Mu¤½¦F ne® É»j¤½± ,U¡F« vd ÃWîf.

Ô®î :

r myF MuK´s xU t£l¤½¬ R¦wsî   P k¦W« gu¥gsî
A v¬f.

P = 2πr  k¦W«  A = πr2

∴   
dt
dP

= 2π
dt
dr

----------(1)

∴  
dt
dA

= 2πr
dt
dr

----------(2)

(1) k¦W« (2)-I ga¬gL¤j/   
dt
dA

 =  r
dt
dP

R¦wsî P MdJ khwh åj¤½± TLtjh± 
dt
dP

 X® kh¿È.

∴
dt
dA ∝ r     (m-J) A ,¬ TL« åjkhdJ mj¬

Mu¤½¬ ne® É»j¤ij¥ bghW¤J´sJ.



125

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 18

X® cnyhf cUisia bt¥g¥gL¤J« bghGJ/X® cnyhf cUisia bt¥g¥gL¤J« bghGJ/X® cnyhf cUisia bt¥g¥gL¤J« bghGJ/X® cnyhf cUisia bt¥g¥gL¤J« bghGJ/X® cnyhf cUisia bt¥g¥gL¤J« bghGJ/
Mu« (mj¬ tot« khwhk±)Mu« (mj¬ tot« khwhk±)Mu« (mj¬ tot« khwhk±)Mu« (mj¬ tot« khwhk±)Mu« (mj¬ tot« khwhk±) 0.4 brÛbrÛbrÛbrÛbrÛ/ÃÄl« k¦W«ÃÄl« k¦W«ÃÄl« k¦W«ÃÄl« k¦W«ÃÄl« k¦W«
mj¬ cau«mj¬ cau«mj¬ cau«mj¬ cau«mj¬ cau«  0.3 brÛbrÛbrÛbrÛbrÛ /ÃÄl« vD« åj¤½±ÃÄl« vD« åj¤½±ÃÄl« vD« åj¤½±ÃÄl« vD« åj¤½±ÃÄl« vD« åj¤½±
TL»¬wd. vÅ±/ Mu« TL»¬wd. vÅ±/ Mu« TL»¬wd. vÅ±/ Mu« TL»¬wd. vÅ±/ Mu« TL»¬wd. vÅ±/ Mu« 20 brÛ/ cau«brÛ/ cau«brÛ/ cau«brÛ/ cau«brÛ/ cau« 40 brÛ vdbrÛ vdbrÛ vdbrÛ vdbrÛ vd
,U¡F« ,U¡F« ,U¡F« ,U¡F« ,U¡F« bghGJ mj¬ tisgu¥¾± V¦gL«bghGJ mj¬ tisgu¥¾± V¦gL«bghGJ mj¬ tisgu¥¾± V¦gL«bghGJ mj¬ tisgu¥¾± V¦gL«bghGJ mj¬ tisgu¥¾± V¦gL«
khWåj« ahJ?khWåj« ahJ?khWåj« ahJ?khWåj« ahJ?khWåj« ahJ?

Ô®î :

cUisÆ¬ tisgu¥ò

A = 2πrh.

‘t’-I bghW¤J tifÆl/

dt
dA

= 2π 



 +

dt
drh

dt
dhr

     r = 20 ,   h = 40 ,  
dt
dr

= 0.4  ,   
dt
dh

 = 0.3 vÅ±

∴
dt
dA

= 2π [20 x 0.30 + 40 x 0.40]

= 2π[6 + 16]  =  44π brÛ2 / ÃÄl«

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 19

x-,¬ v«k½¥òfS¡F/,¬ v«k½¥òfS¡F/,¬ v«k½¥òfS¡F/,¬ v«k½¥òfS¡F/,¬ v«k½¥òfS¡F/ y = x3 + 21 vD« rh®¾±vD« rh®¾±vD« rh®¾±vD« rh®¾±vD« rh®¾±
x, m½fÇ¡F«bghGJm½fÇ¡F«bghGJm½fÇ¡F«bghGJm½fÇ¡F«bghGJm½fÇ¡F«bghGJ  y  MdJ mijngh±MdJ mijngh±MdJ mijngh±MdJ mijngh±MdJ mijngh± 75 kl§Fkl§Fkl§Fkl§Fkl§F
m½fÇ¡F«m½fÇ¡F«m½fÇ¡F«m½fÇ¡F«m½fÇ¡F«?

Ô®î :

y = x3 + 21

‘t’I bghW¤J tifÆl

  
dt

dy
= 3x2

dt
dx

 + 0  = 3x2

dt
dx

nkY«   
dt

dy
= 75

dt
dx

  (bfhL¡f¥g£L´sJ)

∴  3x2 

dt
dx

= 75
dt
dx ⇒   3x2  = 75

⇒  x2 = 25 ⇒    x = + 5.
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vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 20

xU bghUË¬ njitxU bghUË¬ njitxU bghUË¬ njitxU bghUË¬ njitxU bghUË¬ njit  y =
x

12
, (,§F,§F,§F,§F,§F x MdJMdJMdJMdJMdJ

ÉiyÉiyÉiyÉiyÉiy) Éiy %.Éiy %.Éiy %.Éiy %.Éiy %. 4 vd ,U¡F«bghGJ njit khWvd ,U¡F«bghGJ njit khWvd ,U¡F«bghGJ njit khWvd ,U¡F«bghGJ njit khWvd ,U¡F«bghGJ njit khW
åj« ahJ?åj« ahJ?åj« ahJ?åj« ahJ?åj« ahJ?

Ô®î :

Éiyia¥ bghW¤J/ njit y-¬ khW åj« = 
dx

dy
.

 y = 
x

12
   (bfhL¡f¥g£L´sJ)

∴    x-I bghW¤J/ njitÆ¬ khW åjkhdJ  
dx

dy
= −

2

12

x

Éiy %. 4  vÅ±/ njitÆ¬ khW åj« 

16

12−

=−

4

3

(m-J) Éiy %. 4-Mf ,U¡F«bghGJ/ ÉiyÆ± 1%-I
T£L«bghGJ njit 0.75% Mf Fiw»wJ.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  3.2

1) y = 
x

500
 -,± x -I bghW¤J x MdJ 20 ÈUªJ 20.5 -¡F

TL«bghGJ/ y-¬ ruhrÇ khW åj« fh©f. nkY«  x = 20-±
y-¬ cldo khW åj« ahJ?

2) xy = 8 v¬w tistiuÆ± xU ò´Ë efU«bghGJ/ 2 myF /

Édho vD« åj¤½± y  -  Ma¤ bjhiyî TL»wJ.
mªÃiyÆ± x -Ma¤ bjhiyî khW« åj¤ij ò´Ë (2, 4)-±
fh©f.

3) 4x2 + 2y2 = 18 vD« tistiuÆ± xU ò´ËahdJ
efU«bghGJ 3 myFf´ /Édho vD« åj¤½± x-Ma¤
bjhiyî Fiw»wJ.  mªÃiyÆ± y-Ma¤ bjhiyî khW«
åj¤ij ò´Ë (2,1)-,± fh©f.

4) y2 = 12x  vD« tistiuÆ± xU ò´Ë efU»¬wJ. m¥ò´Ë

x-Ma¤ bjhiythdJ 25  myFf´ / Édho vD« åj¤½±

khW»wJ vÅ± (3, 6)-,± y-Ma¤ bjhiyÉ¬ khWåj«/
x- Ma¤ bjhiyÉ¬ khWåj¤½¦F rk« vd¡ fh£Lf.

5) tUth­/  bryî k¦W« ,yhg¢ rk¬ghLf´ Kiwna

R =  800x −
10

2
x

, C = 40x + 5,000,  P = R −C, ,§F x²bthU
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khj¤½Y« c¦g¤½ br­a¥g£l x myFf´ É¦f¥gL»¬wd.
c¦g¤½/ khj¤½¦F 100 myFf´ åj« TL»wJ. 2000

myFf´ c¦g¤½¡F/  (i) tUth­ (ii) bryî (iii) ,yhg«
M»adt¦¿¬ khjhª½u khW åj§fis¡ fh©f.

6) xU bghUË¬ X® myF Éiy p-iaí«/ myFfË¬ É¦gid
v©Â¡if  x-iaí« bjhl®ògL¤J« njit¢ rh®ò

p = 200 −
1000

x
.  ,ªj¥ bghUis x myFf´ c¦g¤½ br­a

MF« bryî  C = 40x + 12000.  c¦g¤½ br­a¥g£l myFf´
É¦f¥g£ld.  x-MdJ thu¤½¦F  300 myFf´ åj«
TL»¬wJ. 20000  v©Â¡if bfh©l myFf´ c¦g¤½
br­a¥g£L É¦f¥gL«bghGJ fhy« ‘t’ I (thu§fË±)
bghW¤J cldo kh¦w¤ij (i) tUth­ (ii) bryî (iii) ,yhg«
M»adt¦iw¡ fh©f.

7) tifÆLjiy khWåj msthf¥ ga¬gL¤½ Ñ³tU« T¦iw
ÃWîf. ``xU t£l¤½¬ gu¥gsî Óuhf TL«bghGJ mj¬
R¦wsÉ± TL« kh¦wkhdJ t£l¤½¬ Mu¤½¦F
v½®É»j¤½± ,U¡F«pp.

8) xU t£l tot¤ j£o¬ MukhdJ 0.2 brÛ/Éeho v¬w
åj¤½± TL»wJ.  mj¬ MukhdJ 25 brÛ ,U¡F«bghGJ
gu¥gsÉ± V¦gl¡Toa khW åj« fh©f.

9) xU cnyhf cUisia bt¥g¥gL¤J«bghGJ (mj¬ tot«
khwhk±) mj¬ Mu« 0.2 brÛ /ÃÄl«/ cau« 0.15 brÛ/ÃÄl«
vD« åj¤½± TL»¬wd vÅ±/ Mu« 10 brÛ/ cau« 25 brÛ
Mf ,U¡F«bghGJ/ mj¬ fd msÉ± V¦gL« khW åj¤ij
fz¡»Lf.

10) x  ,¬ v«k½¥òfS¡F/ x3−5x2 +5x+8 ,¬ TL« åjkhdJ
x ,¬ TL« åj¤ij¥ ngh± ,Ukl§fhF«?

3.3  tifÆLjÈ¬ thÆyhftifÆLjÈ¬ thÆyhftifÆLjÈ¬ thÆyhftifÆLjÈ¬ thÆyhftifÆLjÈ¬ thÆyhf
rÇit (rh­it) msÉLj±rÇit (rh­it) msÉLj±rÇit (rh­it) msÉLj±rÇit (rh­it) msÉLj±rÇit (rh­it) msÉLj±

3.3.1 bjhLnfh£o¬ rh­îbjhLnfh£o¬ rh­îbjhLnfh£o¬ rh­îbjhLnfh£o¬ rh­îbjhLnfh£o¬ rh­î

dx

dy
 MdJ/ y  = f(x) v¬w tistiuÆ± (x , y)-,±

tiua¥g£l bjhLnfh£o¬ rh­î m±yJ rÇî v¬W tot fÂj
És¡f¤½¬ _y« m¿ayh«.  x -m¢¼¬ Äif ½irÆ±
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bjhLnfh£o¦F«/ x-m¢R¡F« ,il¥g£l nfhz« θ vÅ±/
bjhL nfh£o¬ rh­thdJ (gl« 3.6).

P(x, y)-,±/  m = tanθ = 
dx

dy
 MF«.

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

(i) tistiuÆ¬ bjhLnfhlhdJ  x-m¢R¡F ,izahf
,Uªjh±  θ = 0  MF«.  mjhtJ tan θ = 0  ∴ mªj ò´ËÆ±

dx

dy
 = 0 MF«.

(ii)tistiuÆ¬ bjhLnfhlhdJ y -m¢R¡F ,izahf
,Uªjh± θ = 900  MF«.  mjhtJ tan θ = ∞

∴ mªj¥ ò´ËÆ± 
dx

dy
= ∞ m±yJ 

dy
dx

= 0 MF«.

3.3.2 bjhLnfh£o¬ rk¬ghLbjhLnfh£o¬ rk¬ghLbjhLnfh£o¬ rk¬ghLbjhLnfh£o¬ rk¬ghLbjhLnfh£o¬ rk¬ghL
gFKiw tot fÂj¤½¬ go  y = f(x) v¬w tistiu¡F

P(x
1
, y

1
) -,± tiua¥g£l bjhLnfh£o¬ rk¬ghlhdJ

y − y
1
 =

dx

dy
(x -x

1
).   ,§F

dx

dy
  v¬gJ

P-± tiua¥g£l bjhLnfhL nfh£o¬ rh­thF«.

(m-J) y − y
1
 = m (x -x

1
)  ,§F m =

dx

dy

P-MdJ bjhL«ò´Ë vd¥gL«.

T

θ

y=f(x)N

P(x, y)

xl x

y

yl

gl« 3.6
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F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò
y = f(x)  v¬w tistiu¡F ,U bjhLnfhLf´

(i) ,izahf ,U¡Fkhdh± mj¬ rh­îf´ rkkhF«.
(ii) x¬W¡bfh¬W br§F¤jhf ,Uªjh± mt¦¿¬
rh­îfË¬ bgU¡f± gy¬ −1 Mf ,U¡F«.

3.3.3 br§nfh£o¬ rk¬ghLbr§nfh£o¬ rk¬ghLbr§nfh£o¬ rk¬ghLbr§nfh£o¬ rk¬ghLbr§nfh£o¬ rk¬ghL

bjhL«ò´Ë  P(x, y)-ÈUªJ bjhLnfh£o¦F br§F¤jhf
tiua¥g£l nfhL br§nfhlhF«.

∴ br§nfh£o¬ rk¬ghL (x
1
, y

1
)-,±

   y −y
1
 = −

dx
dy
1

(x − x
1
), ,§F 

dx

dy
≠ 0

(m-J)  y − y
1
 = −

m
1

(x − x
1
)  ,§F m MdJ/

ò´Ë (x
1
, y

1
)-± 

dx

dy
I¡ F¿¡F«

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 21

y  = 
4
12

2

−
−

x
x

 v¬w tistiu¡F v¬w tistiu¡F v¬w tistiu¡F v¬w tistiu¡F v¬w tistiu¡F (0, 3)-,±,±,±,±,±

rh ­it¡ f h©f .  nkY« vªj ò´ËÆ±rh ­it¡ f h©f .  nkY« vªj ò´ËÆ±rh ­it¡ f h©f .  nkY« vªj ò´ËÆ±rh ­it¡ f h©f .  nkY« vªj ò´ËÆ±rh ­it¡ f h©f .  nkY« vªj ò´ËÆ±
bjhLnfhlhdJ bjhLnfhlhdJ bjhLnfhlhdJ bjhLnfhlhdJ bjhLnfhlhdJ x-m¢R¡F ,izahf ,U¡F«m¢R¡F ,izahf ,U¡F«m¢R¡F ,izahf ,U¡F«m¢R¡F ,izahf ,U¡F«m¢R¡F ,izahf ,U¡F«
vd¡ fh©fvd¡ fh©fvd¡ fh©fvd¡ fh©fvd¡ fh©f.

Ô®î :

y = 
4

12
2

−
−

x
x

x-I bghW¤J tifÆl

dx

dy
= 

2

2

)4(

)1)(12()2)(4(

−

−−−

x

xxx
 = 

2

2

)4(

128

−
+−

x

xx

∴ (0, 3)-,± tistiuÆ¬ rh­î = 
dx

dy
 (0, 3)-,± 

4

3

bjhLnfhL x -m¢R¡F ,izahf c´sJ.

∴  
dx

dy
= 0   ⇒ x2 − 8x + 12 = 0
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⇒ (x − 2) (x − 6) = 0   ∴ x = 2, 6

 x = 2   vÅ± y = 4  nkY«   x = 6   vÅ± y = 12

∴ (2, 4),  (6, 12) vD« ò´ËfËÈUªJ tiua¥g£l
bjhLnfhLf´ x-m¢R¡F ,izahf ,U¡F«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 22

y = lx2 + 3x + m  v¬w tistiuahdJv¬w tistiuahdJv¬w tistiuahdJv¬w tistiuahdJv¬w tistiuahdJ (0, 1) v¬wv¬wv¬wv¬wv¬w
ò´Ë tÊahf br±»wJ nkY«ò´Ë tÊahf br±»wJ nkY«ò´Ë tÊahf br±»wJ nkY«ò´Ë tÊahf br±»wJ nkY«ò´Ë tÊahf br±»wJ nkY« x = 0.75-,± mj¬,± mj¬,± mj¬,± mj¬,± mj¬
bjhLnfhlhdJ bjhLnfhlhdJ bjhLnfhlhdJ bjhLnfhlhdJ bjhLnfhlhdJ x-m¢R¡F ,izahf c´sJ vÅ±m¢R¡F ,izahf c´sJ vÅ±m¢R¡F ,izahf c´sJ vÅ±m¢R¡F ,izahf c´sJ vÅ±m¢R¡F ,izahf c´sJ vÅ±
l, m ,¬ k½¥òfis¡ fh©f.,¬ k½¥òfis¡ fh©f.,¬ k½¥òfis¡ fh©f.,¬ k½¥òfis¡ fh©f.,¬ k½¥òfis¡ fh©f.

Ô®î :

y = l x2 + 3x + m  vd bfhL¡f¥g£L´sJ

x-I bghW¤J tifÆl

dx

dy
= 2lx + 3.

     x = 0.75-,± 
dx

dy
= 2l (0.75) + 3

= 1.5l + 3.

     x = 0.75 ,± bjhLnfhL x-m¢R¡F ,izahf c´sJ.

∴  x = 0.75 ,± 
dx

dy
  = 0

   ⇒  1.5l + 3 = 0   ⇒   l = −
1.5

3
 = −2.

tistiuahdJ (0, 1)-¬ tÊahf br±Ytjh±/ »il¥gJ

1 = l(0)2 + 3(0) + m  ⇒ m = 1.

∴ l = −2 ,   m = 1.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 23

bryî¢ rh®òbryî¢ rh®òbryî¢ rh®òbryî¢ rh®òbryî¢ rh®ò  y = 2x 






+
+

3
4

x
x

 + 3 ¡F ,W½ Ãiy¢¡F ,W½ Ãiy¢¡F ,W½ Ãiy¢¡F ,W½ Ãiy¢¡F ,W½ Ãiy¢

brythdJ/ c¦g¤½brythdJ/ c¦g¤½brythdJ/ c¦g¤½brythdJ/ c¦g¤½brythdJ/ c¦g¤½    x  m½fÇ¡F«bghGJ/m½fÇ¡F«bghGJ/m½fÇ¡F«bghGJ/m½fÇ¡F«bghGJ/m½fÇ¡F«bghGJ/
bjhl®¢¼ahf Fiw»wJ vd ÃWîfbjhl®¢¼ahf Fiw»wJ vd ÃWîfbjhl®¢¼ahf Fiw»wJ vd ÃWîfbjhl®¢¼ahf Fiw»wJ vd ÃWîfbjhl®¢¼ahf Fiw»wJ vd ÃWîf.
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Ô®î :

 y = 2x 






+
+

3

4

x
x

 + 3  vd bfhL¡f¥g£L´sJ

 y = 
3

82
2

+
+

x
xx

 + 3 ------- (1)

,W½Ãiy¢ bryî  = 
dx

dy

∴  x-I bghW¤J/ (1)-I  tifÆl

dx

dy
= 

2

2

)3(

)1( )82(  )84( )3(

+

+−++

x

xxxx
 + 0

= 
2

2

)3(

)126( 2

+

++

x

xx
= 

2

2

)3(

)396( 2

+

+++

x

xx

= 2 








+

++
2

2

)3(

3)3(

x

x
 = 2 









+
+

2
)3(

3
1

x

,½ÈUªJ c¦g¤½  x  m½fÇ¡F«bghGJ ,W½Ãiy¢ bryî

dx

dy
 MdJ Fiw»wJ vd m¿ayh«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 24

bryî¢ rh®òbryî¢ rh®òbryî¢ rh®òbryî¢ rh®òbryî¢ rh®ò C = 100 + x + 2x2 -¡F/ ,§F¡F/ ,§F¡F/ ,§F¡F/ ,§F¡F/ ,§F x v¬gJv¬gJv¬gJv¬gJv¬gJ
c¦g¤½ia¡ F¿¤jh±/c¦g¤½ia¡ F¿¤jh±/c¦g¤½ia¡ F¿¤jh±/c¦g¤½ia¡ F¿¤jh±/c¦g¤½ia¡ F¿¤jh±/ AC ¡fhd tistiuÆ¬ rh­î¡fhd tistiuÆ¬ rh­î¡fhd tistiuÆ¬ rh­î¡fhd tistiuÆ¬ rh­î¡fhd tistiuÆ¬ rh­î

= 
x
1 (MC-AC) vd ÃWîf. vd ÃWîf. vd ÃWîf. vd ÃWîf. vd ÃWîf. (MC ,W½Ãiy¢ rh®ò/,W½Ãiy¢ rh®ò/,W½Ãiy¢ rh®ò/,W½Ãiy¢ rh®ò/,W½Ãiy¢ rh®ò/ AC

ruhrÇ¢ bryîruhrÇ¢ bryîruhrÇ¢ bryîruhrÇ¢ bryîruhrÇ¢ bryî)

Ô®î :

bryî¢ rh®ò    C = 100 + x + 2x2

ruhrÇ bryî (AC) = 
x

xx 2
2100 ++

 = 
x

100
 +1 + 2x

   AC-¬ rh­î = 
dx
d

 (AC)

= 
dx
d

(
x

100
+1+2x) =

2

100

x
−  +2 -----(1)
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 ,W½Ãiy¢ bryî MC = 
dx
d

(C)

= 
dx
d

(100+x+2x2) = 1 + 4x

            MC − AC = (1+4x) − (
x

100
+1+2x) = 

x
100− + 2x

      
x
1

(MC − AC) = 
x
1

(
x

100− +2x) = 
2

100

x
− +2   ------(2)

(1) k¦W« (2) fËÈUªJ

     AC-¬ rh­î = 
x
1

(MC-AC)

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 25

2

2

a

x
+

2

2

b

y
= 1 v¬w Ú´t£l¤½¦F ò´Ë v¬w Ú´t£l¤½¦F ò´Ë v¬w Ú´t£l¤½¦F ò´Ë v¬w Ú´t£l¤½¦F ò´Ë v¬w Ú´t£l¤½¦F ò´Ë (acosθθθθθ,

bsinθθθθθ) ,± bjhLnfhL /  br§nfhL ,t¦¿¬,± bjhLnfhL /  br§nfhL ,t¦¿¬,± bjhLnfhL /  br§nfhL ,t¦¿¬,± bjhLnfhL /  br§nfhL ,t¦¿¬,± bjhLnfhL /  br§nfhL ,t¦¿¬
rk¬ghLfis¡ fh©f.rk¬ghLfis¡ fh©f.rk¬ghLfis¡ fh©f.rk¬ghLfis¡ fh©f.rk¬ghLfis¡ fh©f.

Ô®î :

2

2

a

x
+

2

2

b

y
 = 1 bfhL¡f¥g£L´sJ.

x-I bghW¤J tifÆl

2

1

a
(2x) + 

2

1

b
2y 

dx

dy

= 0   ⇒  
dx

dy
 = −

ya

xb
2

2

(a cosθ, b sinθ) ,±   
dx

dy
= −

θ
θ

sin

cos

a
b

 = m.

bjhLnfh£o¬ rk¬ghL/
y − y

1
 = m (x − x

1
)

⇒ y − b sinθ = −
θ
θ

sin

cos

a
b

(x − a cosθ)

⇒ ay sinθ − ab sin2θ = −bx cosθ + ab cos2θ

⇒ bx cosθ + ay sinθ = ab (sin2θ + cos2θ) = ab

,UòwK« ‘ab’ M± tF¡f »il¥gJ/

a
x

 cosθ + 
b

y
sinθ = 1
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   ∴ bjhLnfh£o¬ rk¬ghL  
a
x

cosθ + 
b

y
sinθ = 1

br§nfh£o¬ rk¬ghL

    y − y
1

= −
m
1

(x − x
1
)

⇒ y−b sinθ = 
θ
θ

cos

sin

b
a

(x − a cosθ)

⇒ by cosθ - b2 sinθ cosθ = ax sinθ − a2 sinθ cosθ

⇒ ax sinθ + by cosθ = sinθ cosθ (a2 − b2)

,UòwK«  sinθ cosθ  (sinθ cosθ ≠ 0) M± tF¡f »il¥gJ/

θcos

ax − 
θsin

by
 = a2 − b2

∴ br§nfh£o¬ rk¬ghL 
θcos

ax − 
θsin

by
 = a2 − b2

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 26

njit¢ rh®ò njit¢ rh®ò njit¢ rh®ò njit¢ rh®ò njit¢ rh®ò  y = 10-3x2 ¡F¡F¡F¡F¡F (1, 7) ,± bjhLnfhL/,± bjhLnfhL/,± bjhLnfhL/,± bjhLnfhL/,± bjhLnfhL/
br§nfh£o¬ rk¬ghLfis¡ fh©f.br§nfh£o¬ rk¬ghLfis¡ fh©f.br§nfh£o¬ rk¬ghLfis¡ fh©f.br§nfh£o¬ rk¬ghLfis¡ fh©f.br§nfh£o¬ rk¬ghLfis¡ fh©f.

Ô®î :

njit tistiu  y = 10 − 3x2

x-I bghW¤J tifÆl

       
dx

dy
= −6x  ò´Ë (1, 7) ,± 

dx

dy
 = −6 = m.

bjhLnfh£o¬ rk¬ghlhdJ

   y − y
1
  =  m (x − x

1
) ⇒   y − 7 = −6 (x − 1)

⇒   6x + y − 13 = 0.

br§nfh£o¬ rk¬ghlhdJ

y − y
1
 =  −

m
1

(x − x
1
) ⇒   y − 7 = −

6

1

−
 (x − 1)

 y − 7  = 
6

1
(x − 1) ⇒  6y − 42 = x − 1

⇒ x − 6y + 41 = 0.
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vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 27

y = (x−−−−−1) (x−−−−−2) v¬w tistiuÆ¬ v¥ò´ËÆ±v¬w tistiuÆ¬ v¥ò´ËÆ±v¬w tistiuÆ¬ v¥ò´ËÆ±v¬w tistiuÆ¬ v¥ò´ËÆ±v¬w tistiuÆ¬ v¥ò´ËÆ±
tiua¥gL« bjhLnfhLtiua¥gL« bjhLnfhLtiua¥gL« bjhLnfhLtiua¥gL« bjhLnfhLtiua¥gL« bjhLnfhL x-m¢Rl¬ m¢Rl¬ m¢Rl¬ m¢Rl¬ m¢Rl¬ 135o nfhz¤ijnfhz¤ijnfhz¤ijnfhz¤ijnfhz¤ij
V¦gL¤J«V¦gL¤J«V¦gL¤J«V¦gL¤J«V¦gL¤J«?

Ô®î :

   y = (x−1) (x−2) bfhL¡f¥g£L´sJ.

x-I bghW¤J tifÆl

dx

dy
= (x−1) (1) + (x−2) (1)

= 2x − 3 -------(1)

bjhLnfhlhdJ x-m¢Rl¬ 135o-ia V¦gL¤J»wJ.

   ∴ m = 
dx

dy
= tanθ         tan 135o = tan (180o - 45o)

= tan 135o  = −1 = − tan 45o = −1

 (1) k¦W« (2) I rk¥gL¤j »il¥gJ

2x − 3 = −1   m±yJ  2x = 2  ⇒  x = 1

x = 1 vÅ±,  y = (1−1) (1−2) = 0. ∴ ò´Ë (1, 0) MF«.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  3.3

1) y =
3

1
(x2 + 10x − 15) v¬w tistiuÆ¬ bjhLnfh£o¬

rh­it (0, 5) v¬w ò´ËÆ± fh©f. tistiuÆ± vªj
ò´ËÆ± bjhLnfhL tiuªjh±/ mªj bjhLnfh£o¬

rh­î
5

8 Mf ,U¡F«?

2) y = ax2 −6x +b  vD« tistiuahdJ (0, 2) v¬w ò´Ë
tÊahf br±»wJ. nkY«  x = 1.5 ,± mj¬ bjhLnfhlhdJ
x-m¢R¡F ,izahf c´sJ vÅ±/ a  k¦W«  b-¬
k½¥òfis¡ fh©f.

3) bryî¢ rh®ò y = 3x 






+
+

5

7

x
x

 + 5-¡F c¦g¤½ x m½fÇ¡F«

bghGJ mj¬ ,W½Ãiy¢ bryî bjhl®¢¼ahf å³¢¼
mil»wJ vd ÃWîf.
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4) Ñ³fhQ« tistiufS¡F bjhLnfhL k¦W« br§nfh£o¬
rk¬ghLfis¡ fh©f.

(i) y2 = 4x ¡F ò´Ë (1, 2) ,± (ii) y = sin 2x ¡F  x = 
6

π
 ,±

(iii) x2 + y2 = 13 ¡F ò´Ë (-3, -2) ,±

(iv) xy = 9 ¡F  x = 4 ,± (v) y = x2 logx  ¡F x = e ,±

(vi) x = a cosθ, y = b sinθ ¡F θ =

4

π

 ,±

5) y = x2 + x + 2 ¡F  x = 6 vD« ò´ËÆ± bjhLnfhL k¦W«
br§nfhL ,t¦¿¬ rk¬ghLfis¡ fh©f.

6) njit¢ rh®ò y = 36−x2 ¡F  y = 11 vD« ò´ËÆ± bjhLnfhL
k¦W« br§nfh£o¬ rk¬ghLfis¡ fh©f.

7) 3y = x3  vD« tistiuÆ¬ ÛJ vªj ò´ËfË± bjhLnfhL
tiuªjh± mJ x-m¢Rl¬  45o nfhz¤ij v¦gL¤J«?

8) y  = b

ax
e

/−

 v¬w tistiu  y-m¢ir bt£L«

ò´ËÆl¤J
a

x
+

b

y
 = 1 vD« nfh£il bjhL»wJ vd

ÃWîf.

9) y(x−2) (x−3) −x + 7 = 0 vD« tistiu¡F/ x-m¢ir bt£L«
ò´ËÆl¤J bjhLnfhL/ br§nfh£o¬ rk¬ghLfis¡
fh©f.

10) y = x2 −3x + 1 k¦W« x(y+3) = 4 vD« tistiuf´ (2, −1)

v¬w ò´ËÆ± br§F¤jhf bt£o¡ bfh´»¬wd v¬W
ÃWîf.

11)
2

2

a

x −
2

2

b

y
 = 1 v¬w m½ gutisa¤½¦F bjhLnfhL k¦W«

br§nfh£o¬ rk¬ghLfis (a secθ, b tanθ) v¬w ò´ËÆ±
fh©f.

12) x2 + y2 - 2x - 4y + 1 = 0 vD« t£l¤½¦F v¥ò´ËÆ±
bjhLnfhL mikªjh± mJ (i) x-m¢R¡F (ii) y-m¢R¡F
,izahf ,U¡F«?
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  3.4

V¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­f

1) C = 2x3 − 3x2 + 4x + 8 vD« rh®¾¬ ruhrÇ khwh¢ brythdJ

(a)
x
2

(b) 
x
4

(c) 
x
3−

(d) 

x
8

2) xU ÃWtd« xU bghUË¬ msÉ± 60 k¦W« 40 myFf´
jah® br­a MF« bryî Kiwna %.1400 k¦W« %.1200 vÅ±/
x²bthU myF¡F« khW« brythdJ
(a) %. 100 (b) %. 2600 (c) %. 10 (d) %. 5

3) xU bghUË¬ msÉ± 20 myFf´ c¦g¤½ br­a MF«
bryî %. 2500 k¦W« 50 myFf´ c¦g¤½ br­a MF« bryî
%. 3400 vÅ± mj¬ bryî¢ rh®ghdJ

(a) y = 30x +1900 (b) y = 20x + 5900

(c) y = 50x + 3400 (d) y = 10x + 900

4) khW« bryî X® myF¡F %. 40, khwh¢ bryî %. 900 k¦W«
X® myF É¦gid Éiy %. 70 vÅ± ,yhg¢ rh®ghdJ

(a) P = 30x − 900 (b) P = 15x - 70

(c) P = 40x − 900 (d) P = 70x + 3600

5) bryî¢ rh®ò c = 
10

1 e2x ,¬ ,W½ Ãiy¢ brythdJ

(a) 
10

1
(b) 

5

1 e2x   (c) 
10

1 e2x  (d) 
10

1 ex

6) njit¢ rh®ò p = −x + 10 ;  0 < x < 10 ,§F p  v¬gJ X®
myF É¦gid Éiy. mªj bghUË¬ njit¥gL« myFfË¬
v©Â¡if x v¬f. x = 3 myFf´ vÅ±/ mj¬ ,W½ Ãiy
tUthahdJ

(a) %. 5 (b) %. 10   (c) %. 4 (d) %. 30

7) xU bghUË¬ njit¢ rh®ò q = −3p + 15  ;  0 < p < 5  ,§F
p  v¬gJ X® myF É¦gid Éiyia¡ F¿¡»wJ vÅ±/
njit be»³¢¼ahdJ

(a) 
p

p 159
2 +

(b) 
p

p 459 −
(c) 

p

p 915 −

     (d) 

5+− p

p
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8) y = 3x + 2 v¬w rh®ò¡F  x- MdJ 1.5 ÈUªJ 1.6¡F
m½fÇ¡F«nghJ y-¬ ruhrÇ khW åjkhdJ
(a) 1 (b) 0.5 (c) 0.6 (d) 3.

9) y = 2x2 + 3x v¬w rh®¾± x = 4 vÅ±/ y-¬ cldo khW
åjkhdJ

(a) 16 (b) 19 (c) 30 (d) 4.

10) x-I bghW¤J   y-,¬ khW åj« 6 MF«.   x -MdJ
4 myFf´ / Édho v¬w åj¤½± khW»wJ vÅ± y  MdJ
1 Édho¡F khW« åjkhdJ

(a) 24 (b) 10 (c) 2 (d) 22

11) r£il jahÇ¡F« xU ÃWtd¤½¬ thuhª½u ,yhg«
(%gh­fË±)  P  MdJ/ r£il thu¤½± jahÇ¡F«  x

r£ilfis¥ bghW¤jJ. P = 2000x − 0.03x2 - 1000 v¬w
mo¥gilÆ± ,yhgkhdJ fz¡»l¥gL»wJ. c¦g¤½Æ¬
msî  x  MdJ xU thu¤½¦F  1000 r£ilf´ vÅ±/
,yhg¤½± V¦gl¡Toa kh¦w¤½¬ khW« åjkhdJ.

(a) %.140 (b) %. 2000

(c) %.1500 (d) %. 1940

12) br²tf tot Ú¢r± Fs¤½¬ moghfkhdJ 25Û x 40Û msî
bfh©L´sJ.  j©ÙuhdJ 500Û3/ÃÄl« v¬w åj¤½±
Fs¤½± C¦w¥gL»wJ vÅ± Fs¤½± vªj msî¡F
j©ÙÇ¬ k£l« caU»wJ?

(a) 0.5Û/ÃÄl« (b) 0.2Û/ÃÄl«
(c) 0.05Û/ÃÄl« (d) 0.1Û/ÃÄl«

13) y = x3 v¬w tistiu¡F (2, 8) vD« ò´ËÆ± bjhLnfh£o¬
rh­thdJ
(a) 3 (b)12 (c) 6 (d) 8

14) x + y = 5  v¬w tistiu¡F (9, 4) -,± br§nfh£o¬

rh­î

(a) 
3

2
(b) -

3

2
  (c) 

2

3
(d) −

2

3
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15) y = 1 + ax - x2  v¬w tistiuÆ± (1, −2) v¬w ò´ËÆ±
tiuªj bjhLnfhlhdJ x-m¢R¡F ,iz vÅ± ‘a’-¬
k½¥ghdJ

(a) −2 (b) 2   (c) 1 (d) −1

16) y = cos t nkY« x = sin t vD« tistiu¡F t = 
4

π Æl¤J

bjhLnfh£o¬ rh­thdJ

(a) 1 (b) 0   (c) 
2

1
(d) −1

17) y2 = x  v¬w tistiuÆ¬ bjhLnfhL  x-m¢Rl¬
4

π

nfhz¤ij cUth¡F« ò´ËahdJ

(a)(
2

1
,

4

1
)   (b) (

2

1
,

2

1
)   (c) (

4

1
,

2

1
)    (d) (1, -1)

18) y = 2x2 - x +1 v¬w tistiu¡F (1, 2) v¬w ò´ËÆ±
tiua¥g£l bjhLnfhL/ vªj nfh£o¦F ,izahf ,U¡F«?
(a) y = 3x (b) y = 2x+4

(c) 2x + y + 7 = 0 (d) y = 5x − 7

19) y = x2 − logx v¬w tistiu¡F x = 2 ± bjhLnfh£o¬ rh­î

(a) 
2

7
(b) 

7

2
  (c) −

2

7
(d) −

7

2

20) x = y2 −6y v¬w tistiu y -m¢ir fl¡F« ,l¤½± mj¬
rh­thdJ

(a) 5 (b) −5   (c) 
6

1
(d) −

16

1
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,yhg¤ij bgUk msÉ± m½fÇ¥gJ (Profit maximisation)

ru¡F Ãiy f£LghL (Inventory control) k¦W« ÄF Mjha
nfhUj± msî (Economic order quantity) M»adt¦¿id bgUk
k¦W« ¼Wk fU¤JUÉ¬ mo¥gilÆ± fh©ngh«.

gF½tifÆliyí«/ mjid¡ fz¡»L« KiwÆidí«
fh©ngh«. c¦g¤½¢ rh®ò/ bjhÊyhs® k¦W« _yjd¤½¬
,W½ Ãiy c¦g¤½f´ nkY« njitÆ¬ gF½ be»³¢¼
M»adt¦iw gF½ tifÆl± _y« m¿nth«.

4.1  bgUk« k¦W« ¼Wk« bgUk« k¦W« ¼Wk« bgUk« k¦W« ¼Wk« bgUk« k¦W« ¼Wk« bgUk« k¦W« ¼Wk« (Maximum and Minimum)

4.1.1 TL« k¦W« Fiwí« rh®òf´TL« k¦W« Fiwí« rh®òf´TL« k¦W« Fiwí« rh®òf´TL« k¦W« Fiwí« rh®òf´TL« k¦W« Fiwí« rh®òf´

,ilbtË a  < x < b ,±  x ¬ k½¥ò m½fÇ¡F« bghGJ
y = f(x) v¬w rh®¾¬ k½¥ò m½fÇ¤jh± rh®ò  f(x) MdJ
[a, b] ,± xU TL« rh®ò vd¥gL«

(m-J)   a  < x
1 
< x

2
 < b  ⇒   f(x

1
) < f(x

2
) vÅ±

f(x) MdJ xU TL« rh®ghF«.

,ilbtË  a < x  < b -,±  x-¬ k½¥ò m½fÇ¡F«
bghGJ y = f(x) v¬w rh®¾¬ k½¥ò Fiwíkhdh± rh®ò f(x)

MdJ [a, b] -,± xU Fiwí« rh®ò vd¥gL«.

(m.J)  a < x
1
 < x

2
 < b  ⇒   f(x

1
) > f(x

2
) vÅ± f(x) MdJ

xU Fiwí« rh®ghF«.

4.1.2 tif¡bfGÉ¬ F¿tif¡bfGÉ¬ F¿tif¡bfGÉ¬ F¿tif¡bfGÉ¬ F¿tif¡bfGÉ¬ F¿

[a,b]  v¬w _oa  ,ilbtËÆ± f MdJ xU TL« rh®ò
v¬f. [a, b] -,± vªj ,U bk­ba¬f´ x

1
, x

2
 fS¡F« x

1
 < x

2

vÅ±  f(x
1
) < f(x

2
) MF«.

(m-J)  f(x
1
) < f(x

2
) ,  x

2
 − x

1
 > 0

tifp£o‹ ga‹ghLfŸ´- II
4
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∴     
12

12
)()(

xx

xfxf

−

−
 > 0

vdnt

12

Lt
xx →

12

12
)()(

xx

xfxf

−

−
 > 0,  (v±iy c©L vÅ±)

⇒ f ′(x) > 0 [a,b]-,± c´s mid¤J x-fS¡F«.

,njngh±/ f  MdJ [a,b]-± Fiwíkhdh± f ′(x) < 0 Mf
,U¡F« (tifgL¤j Kíkhdh±).   f   MdJ  [a ,  b]-±
bjhl®¢¼íilaJ v¬wh± ,j¬ kWjiyí« c©ikahF«.

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

 [a,b] -± rh®ò f bjhl®¢¼ahf ,UªJ (a,b) -± tiÞL
fhzj¡fjhÆ¬/
(i) ½wªj ,ilbtË (a, b) -± c´s x²bthU x-¡F«

f  ′(x) > 0 Mf ,Uªjh±/ rh®ò f MdJ [a,b] -,±
f©o¥ghf¡ TL« rh®ghF«.

(ii) [a, b] -,± c´s mid¤J  x-¡F«   f ′(x) < 0 Mf ,Uªjh±
rh®ò  f MdJ [a,b]-,± f©o¥ghf¡ Fiwí« rh®ghF«.

(iii) [a, b] -,± c´s x²bthU  x-¡F« f ′(x) = 0 Mf ,Uªjh±
[a,b] -,± rh®ò f , xU kh¿È MF«.

(iv) [a, b] -,± c´s x²bthU x- ¡F«  f ′(x) > 0 Mf ,U¡F«
bghGJ rh®ò  f,  [a,b] -,± TL« rh®ghF«.

(v) [a, b] -,± c´s x²bthU x-¡F«  f ′(x) < 0 Mf ,U¡F«
bghGJ rh®ò  f,  [a,b] -,± Fiwí« rh®ghF«.

xU rh®ò TL« rh®gh m±yJ Fiwí« rh®gh vd m¿a
nk¦bfh©l Koîfis¥ ga¬gL¤jyh«.

4.1.3 rh®¾¬ nj¡f Ãiy k½¥òrh®¾¬ nj¡f Ãiy k½¥òrh®¾¬ nj¡f Ãiy k½¥òrh®¾¬ nj¡f Ãiy k½¥òrh®¾¬ nj¡f Ãiy k½¥ò
[a ,b] v¬w ,ilbtËÆ± VnjD« xU ò´Ë x-,±

y  = f(x) v¬w rh®ò/ TL« rh®ghfnth m±yJ Fiwí«
rh®ghfnth ,±yhk± ,U¡fyh«. mªj ÃiyÆ±  y = f(x) -ia
mªj ò´Ë x-,± nj¡f Ãiyia¥ bgW»wJ vdyh«.  nj¡f
Ãiy¥ò´ËÆ±  f ′(x) = 0 thfî« k¦W« bjhLnfhlhdJ x

m¢r¡F ,izahfî« ,U¡F«.
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vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  1

y  = x-

x
1

 vÅ±/vÅ±/vÅ±/vÅ±/vÅ±/  x ¬ v±y h  bk ­  v©¬ v±y h  bk ­  v©¬ v±y h  bk ­  v©¬ v±y h  bk ­  v©¬ v±y h  bk ­  v©

k½¥òfS¡F« k½¥òfS¡F« k½¥òfS¡F« k½¥òfS¡F« k½¥òfS¡F« (x ≠ ≠ ≠ ≠ ≠ 0)   y - MdJ xU f©o¥ghf¡MdJ xU f©o¥ghf¡MdJ xU f©o¥ghf¡MdJ xU f©o¥ghf¡MdJ xU f©o¥ghf¡
TL« rh®ghF« vd ÃWîf.TL« rh®ghF« vd ÃWîf.TL« rh®ghF« vd ÃWîf.TL« rh®ghF« vd ÃWîf.TL« rh®ghF« vd ÃWîf.

Ô®î :

 y = x − 
x

1 bfhL¡f¥g£L´sJ

x I bghW¤J tifÆl

   
dx

dy
 = 1 +

2

1

x
 > 0,   x  ,¬ v±yh bk­ v© k½¥òfS¡F« (x≠0)

∴ y   xU f©o¥ghf TL« rh®ghf mik»wJ.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  2

y  = 1+

x
1

 vÅ±/vÅ±/vÅ±/vÅ±/vÅ±/  x ¬ v±y h  bk ­  v©¬ v±y h  bk ­  v©¬ v±y h  bk ­  v©¬ v±y h  bk ­  v©¬ v±y h  bk ­  v©

k½¥òfS¡F« k½¥òfS¡F« k½¥òfS¡F« k½¥òfS¡F« k½¥òfS¡F« (x ≠ ≠ ≠ ≠ ≠ 0) y - MdJ xU f©o¥ghfMdJ xU f©o¥ghfMdJ xU f©o¥ghfMdJ xU f©o¥ghfMdJ xU f©o¥ghf
Fiwí« rh®ghF« vd ÃWîf.Fiwí« rh®ghF« vd ÃWîf.Fiwí« rh®ghF« vd ÃWîf.Fiwí« rh®ghF« vd ÃWîf.Fiwí« rh®ghF« vd ÃWîf.

Ô®î :

 y = 1 +
x

1 bfhL¡f¥g£L´sJ

    
dx

dy
= 0 −

2

1

x
 < 0,  x  ,¬ v±yh bk­ v© k½¥òfS¡F« (x ≠0)

∴ y  xU f©o¥ghf Fiwí« rh®ghf mik»wJ.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 3

vªbjªj ,ilbtËfË± vªbjªj ,ilbtËfË± vªbjªj ,ilbtËfË± vªbjªj ,ilbtËfË± vªbjªj ,ilbtËfË± 2x3 −−−−− 9x2 +12x + 4  vD«vD«vD«vD«vD«
rh®ò f©o¥ghf¡ TL« rh®ghfî« k¦W«rh®ò f©o¥ghf¡ TL« rh®ghfî« k¦W«rh®ò f©o¥ghf¡ TL« rh®ghfî« k¦W«rh®ò f©o¥ghf¡ TL« rh®ghfî« k¦W«rh®ò f©o¥ghf¡ TL« rh®ghfî« k¦W«
f©o¥ghf¡ Fiwí« rh®ghfî« ,U¡F« vd¡f©o¥ghf¡ Fiwí« rh®ghfî« ,U¡F« vd¡f©o¥ghf¡ Fiwí« rh®ghfî« ,U¡F« vd¡f©o¥ghf¡ Fiwí« rh®ghfî« ,U¡F« vd¡f©o¥ghf¡ Fiwí« rh®ghfî« ,U¡F« vd¡
fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

    y = 2x3 − 9x2 + 12x + 4   v¬f

   

dx

dy

= 6x2 − 18x + 12

= 6(x2 − 3x + 2)  = 6(x − 2) (x − 1)



142

  x < 1  m±yJ  x > 2  vÅ±  
dx

dy
> 0

∴ x  MdJ  (1, 2)  v¬w ,ilbtË¡F btËÆ± c´sJ.

nkY«  1 < x < 2   vD« bghGJ 
dx

dy
< 0

∴ bfhL¡f¥g£L´s rh®ò  [1, 2] ,ilbtË¡F btËna
f©o¥ghf¡ TL« rh®ghfî«/ (1, 2) v¬w ,ilbtËÆ±
f©o¥ghf¡ Fiwí« rh®ghfî« c´sJ.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  4

 f(x) = x3 −−−−− 3x2 −−−−−9x + 5 vD« rh®ò¡F nj¡f Ãiy¥vD« rh®ò¡F nj¡f Ãiy¥vD« rh®ò¡F nj¡f Ãiy¥vD« rh®ò¡F nj¡f Ãiy¥vD« rh®ò¡F nj¡f Ãiy¥
ò´Ëfisí« nj¡f Ãiy k½¥òfisí« fh©f.ò´Ëfisí« nj¡f Ãiy k½¥òfisí« fh©f.ò´Ëfisí« nj¡f Ãiy k½¥òfisí« fh©f.ò´Ëfisí« nj¡f Ãiy k½¥òfisí« fh©f.ò´Ëfisí« nj¡f Ãiy k½¥òfisí« fh©f.

Ô®î :

y = x3 − 3x2 − 9x + 5 v¬f

  
dx

dy
= 3x2 − 6x − 9

nj¡f Ãiy¥ ò´ËÆ±, 
dx

dy
= 0

⇒ 3x2 − 6x − 9 = 0    ⇒  x2 − 2x − 3 = 0

⇒ (x + 1) (x − 3) = 0

x = -1   k¦W«  x = 3 fË± nj¡f Ãiy¥ ò´Ëf´
»il¡»¬wd.

  x = -1  vÅ±/ y = (−1)3 − 3(−1)2 − 9(−1) + 5 = 10

 x = 3  vÅ±/  y = (3)3   − 3(3)2 − 9(3) + 5 =  -22

∴ nj¡f Ãiy k½¥òf´ 10 k¦W« −22

nj¡f Ãiy¥ ò´Ëf´ (−1, 10) k¦W« (3, −22)

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  5

bryî¢ rh®òbryî¢ rh®òbryî¢ rh®òbryî¢ rh®òbryî¢ rh®ò C = 2000 + 1800x −−−−− 75x2 + x3  ¡F¡F¡F¡F¡F
v¥bghGJ mj¬ bkh¤j bryî TL»wJ k¦W«v¥bghGJ mj¬ bkh¤j bryî TL»wJ k¦W«v¥bghGJ mj¬ bkh¤j bryî TL»wJ k¦W«v¥bghGJ mj¬ bkh¤j bryî TL»wJ k¦W«v¥bghGJ mj¬ bkh¤j bryî TL»wJ k¦W«
v¥bghGJ Fiw»wJ v¬gjid¡ fh©f.  ,W½v¥bghGJ Fiw»wJ v¬gjid¡ fh©f.  ,W½v¥bghGJ Fiw»wJ v¬gjid¡ fh©f.  ,W½v¥bghGJ Fiw»wJ v¬gjid¡ fh©f.  ,W½v¥bghGJ Fiw»wJ v¬gjid¡ fh©f.  ,W½
Ãiy bryÉ¬ Ãiy bryÉ¬ Ãiy bryÉ¬ Ãiy bryÉ¬ Ãiy bryÉ¬ (MC) j¬ikia¥ g¦¿í« nrh½¡f.j¬ikia¥ g¦¿í« nrh½¡f.j¬ikia¥ g¦¿í« nrh½¡f.j¬ikia¥ g¦¿í« nrh½¡f.j¬ikia¥ g¦¿í« nrh½¡f.
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Ô®î :

  C = 2000 + 1800x − 75x2 + x3

 
dx
dC

= 1800 − 150x + 3x2

dx
dC

=  0 ⇒ 1800 − 150x + 3x2  = 0

⇒ 3x2 − 150x + 1800 = 0

⇒ x2 − 50x + 600 = 0

⇒ (x − 20) (x − 30) = 0

⇒ x = 20  or  x = 30

(i) 0 < x < 20, 
dx
dC

 > 0      (i) x = 10 vÅ± 
dx
dC

=600 > 0

(ii) 20 < x < 30, 
dx
dC

< 0       (ii) x =25 vÅ± 
dx
dC

 = −75<0

(iii) x > 30   ;  
dx
dC

 > 0       (iii) x = 40 vÅ±
dx
dC

= 600 > 0

  ∴  0 < x < 20  k¦W«  x > 30  vD« ,ilbtËfË± C TL»wJ.

 20 < x < 30 -± C Fiw»wJ.

MC = 
dx

d
 (C)

∴ MC = 1800 − 150x + 3x2

dx

d
(MC) = −150 + 6x

dx

d
(MC) = 0   ⇒ 6x = 150  ⇒  x = 25.

(i) 0 < x < 25, 
dx

d
(MC) < 0    (i) x =10 vÅ±

dx

d
(MC)=−90< 0

(ii) x > 25, 
dx

d
(MC) >0   (ii) x = 30 vÅ±

dx

d
(MC)=30 > 0

0                  20        30

0                                     25
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∴  x < 25 -,±  MC Fiw»wJ.
k¦W«  x > 25-,±   MC TL»wJ.

4.1.4 bgUk k½¥ò« ¼Wk k½¥ò«bgUk k½¥ò« ¼Wk k½¥ò«bgUk k½¥ò« ¼Wk k½¥ò«bgUk k½¥ò« ¼Wk k½¥ò«bgUk k½¥ò« ¼Wk k½¥ò«
[a,b] ,± rh®ò  f  tiuaW¡f¥g£L´sJ.  (a,b) -±  c  xU

ò´Ë v¬f.
(i) c -,¬ m©ikaf«  (c−δ, c + δ) -,±  c jÉu x -,¬

mid¤J k½¥òfS¡F«   f(c) > f(x) vd ,Uªjh± f(c)

v¬gJ x = c ,± f ,¬ rh®ªj bgUk« m±yJ bgUk«
v¬»nwh«.

(ii) ò´Ë c ,¬ m©ikaf«  (c−δ, c + δ) -,±  c jÉu x-,¬
mid¤J k½¥òfS¡F«  f(c) < f(x) vd ,Uªjh±  x = c
v¬w ,l¤½±  f  ,¬ rh®ªj ¼Wk« m±yJ ¼Wk«
v¬ngh«.

(iii) rh®ò f MdJ ò´Ë c -,± ¼Wk k½¥ig m±yJ bgUk
k½¥ig milªj±/  f(c), xU mW½ k½¥ò (extremum  value)

vd¥gL«.
4.1.5 ,l« rh®ªj k¦W« KGjshÉa (jÅ¤j) bgUk«,l« rh®ªj k¦W« KGjshÉa (jÅ¤j) bgUk«,l« rh®ªj k¦W« KGjshÉa (jÅ¤j) bgUk«,l« rh®ªj k¦W« KGjshÉa (jÅ¤j) bgUk«,l« rh®ªj k¦W« KGjshÉa (jÅ¤j) bgUk«

k¦W« KGjshÉa ¼Wk«k¦W« KGjshÉa ¼Wk«k¦W« KGjshÉa ¼Wk«k¦W« KGjshÉa ¼Wk«k¦W« KGjshÉa ¼Wk« (Loal and Global Maxima

and Minimia)

y = f(x) v¬w rh®¾¬ tiu gl¤ij (gl« 4.1) ftÅ¡f.

y = f(x) ¡F gy bgUk k¦W« ¼Wk ò´Ëf´ c´sd.

ò´Ëf´  V
1
, V

2
, ...V

8
  ,l¤J 

dx

dy
= 0. c©ikÆ± ,ªj

rh®ghdJ/ V
1
, V

3
, V

5
, V

7
 vD« ,l¤½± bgUk khfî« nkY«

O

y

V
1

V
3

V
4

V
5

V
6

V
7

V
8

B

A V
2

x
gl« 4.1
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V
2
, V

4
, V

6
,V

8
-,± ¼Wkkhfî« c´sJ. V

5
-,± ,U¡F« bgUk

k½¥ghdJ V
8 
-,± ,U¡F« ¼Wk k½¥ig Él Fiwthf c´sJ

v¬gij ftÅ¡f.  ,ªj bgUk§f´ k¦W« ¼Wk§f´ ,l¨rh®ªj
bgUk§f´ m±yJ ¼Wk§f´ v¬W miH¡f¥gL«. A, B-fS¡F
,ilÆ± tistiuia neh¡F§fh±/ rh®ghdJ  V

7
 -,± jÅ¤j

bgUk« m±yJ KGjshÉa bgUk¤ij¥ bgW»wJ/ V
2
-,±

jÅ¤j ¼Wk« m±yJ KGjshÉa ¼Wk¤ij¥ bgW»wJ.

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

,l¨rh®ªj bgUk« m±yJ ,l¨rh®ªj ¼Wk« v¬gij
eh« bgUk« m±yJ ¼Wk« v¬W miH¡»nwh«.

4.1.6 bgUk§f´ k¦W« ¼Wk§fS¡fhd Ãgªjidf´bgUk§f´ k¦W« ¼Wk§fS¡fhd Ãgªjidf´bgUk§f´ k¦W« ¼Wk§fS¡fhd Ãgªjidf´bgUk§f´ k¦W« ¼Wk§fS¡fhd Ãgªjidf´bgUk§f´ k¦W« ¼Wk§fS¡fhd Ãgªjidf´

     bgUk«bgUk«bgUk«bgUk«bgUk« ¼Wk«¼Wk«¼Wk«¼Wk«¼Wk«

njitahd Ãgªjid      
dx

dy
= 0  

dx

dy
= 0

nghJkhd Ãgªjid    
dx

dy
= 0 ; 

2

2

dx

yd
 <0  

dx

dy
= 0;

2

2

dx

yd
 >0

4.1.7 FÊî k¦W« FÉîFÊî k¦W« FÉîFÊî k¦W« FÉîFÊî k¦W« FÉîFÊî k¦W« FÉî (Concavity and Convexity)

y = f(x) v¬w rh®¾¬ tiugl¤ij (gl« 4.2) ftÅ¡f.
y  = f(x) v¬w tistiu¡F  P-ÈUªJ tiua¥g£l

bjhLnfh£il PT v¬f.

tistiuahdJ (m±yJ tistiuÆ¬ É±) PT v¬w
bjhLnfh£o¦F nkny ,Uªjh± y= f(x) nk±neh¡» FÊî
m±yJ Ñ³neh¡» FÉî MF«.

xO

y

P

y = f(x)

T gl« 4.2
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tistiuahdJ (m±yJ tistiuÆ¬ É±) PT v¬w
bjhLnfh£o¦F ÑHhf ,Uªjh± y = f(x) nk±neh¡» FÉî
m±yJ Ñ³neh¡» FÊî MF« (gl« 4.3).

4.1.8 FÊî k¦W« FÉî¡fhd Ãgªjidf´FÊî k¦W« FÉî¡fhd Ãgªjidf´FÊî k¦W« FÉî¡fhd Ãgªjidf´FÊî k¦W« FÉî¡fhd Ãgªjidf´FÊî k¦W« FÉî¡fhd Ãgªjidf´

f (x)  ,UKiw tifÆl¤j¡fJ v¬f. VnjD« X®
,ilbtËÆ±/

(i) f ′′(x) > 0 vÅ±/ tistiu y = f(x) MdJ nk±neh¡»
FÊthF«.

(ii) f ′′(x) < 0 vÅ±/ tistiu y = f(x) MdJ  nk±neh¡»
FÉthF«.

4.1.9 tisî kh¦w¥ ò´Ëtisî kh¦w¥ ò´Ëtisî kh¦w¥ ò´Ëtisî kh¦w¥ ò´Ëtisî kh¦w¥ ò´Ë     (Point of Inflection)

y = f(x) vD« tistiuÆ¬
ÛJ´s xU ò´ËÆ±
tistiuahdJ nk±neh¡»
FÊÉÈUªJ  nk±neh¡»
FÉthfnth m±yJ nk±neh¡»
FÉîÆÈUªJ  nk±neh¡»
FÊîthfnth  khWkhdh±
m¥ò´Ëia tistiuÆ¬
tisî kh¦w¥ ò´Ë vd
miH¡»nwh«.

O

y

y = 
3

1

x

x

gl« 4.4

O x

y

P
y = f(x)

T gl« 4.3
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4.1.10  tisî kh¦w¥ò´ËfS¡fhd Ãgªjidf´tisî kh¦w¥ò´ËfS¡fhd Ãgªjidf´tisî kh¦w¥ò´ËfS¡fhd Ãgªjidf´tisî kh¦w¥ò´ËfS¡fhd Ãgªjidf´tisî kh¦w¥ò´ËfS¡fhd Ãgªjidf´
tistiu y = f(x) mjDila xU ò´Ë x = c-Æ±

(i)  f ′′(c) = 0 m±yJ tiuaW¡f¥glÉ±iy k¦W«

(ii) x MdJ c tÊna bgUf/  f ′′(x)-F¿ khW»wJ. (mjhtJ
f  ′′′ (x) csjhF«bghGJ  f ′′′(c) ≠ 0) vÅ± x = c xU
tisî kh¦w¥ò´Ë MF«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  6

 2x3 + 3x2 −−−−− 36x + 10 v¬w rh®¾¬ bgUk k¦W«v¬w rh®¾¬ bgUk k¦W«v¬w rh®¾¬ bgUk k¦W«v¬w rh®¾¬ bgUk k¦W«v¬w rh®¾¬ bgUk k¦W«
¼Wk k½¥ò¡fis¡ fh©f.¼Wk k½¥ò¡fis¡ fh©f.¼Wk k½¥ò¡fis¡ fh©f.¼Wk k½¥ò¡fis¡ fh©f.¼Wk k½¥ò¡fis¡ fh©f.

Ô®î :

y  = 2x3 + 3x2 − 36x + 10 v¬f
x -I bghW¤J tifÆl/

 
dx

dy
= 6x2 + 6x − 36 --------(1)

dx

dy
 = 0 ⇒  6x2 + 6x − 36 = 0

⇒  x2 + x − 6 = 0

⇒  (x + 3)  (x − 2) = 0

⇒  x = −3, 2

x -I bghW¤J kWgoí« tifÆl/

2

2

dx

yd
 = 12x + 6

 x = −3  vÅ±, 
2

2

dx

yd
= 12 (−3) + 6 = −30 < 0

   ∴ mªj rh®ò  x = −3 ± bgUk k½¥ig¥ bgW»wJ.

   ∴ bgUk k½¥ò   y = 2(−3)3 + 3(−3)2 − 36(−3) + 10 = 91

 x =2  vÅ±  
2

2

dx

yd
 = 12(2) + 6 = 30 > 0

∴ mªj rh®ò x = 2 -± ¼Wk k½¥ig¥ bgW»wJ.

∴ ¼Wk k½¥ò  y = 2(2)3 + 3(2)2 − 36(2) + 10 = −34
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vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 7

f(x) = 3x5 −−−−− 25x3 + 60x + 1 v¬w rh®ò¡Fv¬w rh®ò¡Fv¬w rh®ò¡Fv¬w rh®ò¡Fv¬w rh®ò¡F [−−−−−2, 1] v¬wv¬wv¬wv¬wv¬w
,ilbtËÆ± jÅ¤j (KGjshÉa) bgUk k¦W«,ilbtËÆ± jÅ¤j (KGjshÉa) bgUk k¦W«,ilbtËÆ± jÅ¤j (KGjshÉa) bgUk k¦W«,ilbtËÆ± jÅ¤j (KGjshÉa) bgUk k¦W«,ilbtËÆ± jÅ¤j (KGjshÉa) bgUk k¦W«
¼Wk k½¥òfis¡ fh©f.¼Wk k½¥òfis¡ fh©f.¼Wk k½¥òfis¡ fh©f.¼Wk k½¥òfis¡ fh©f.¼Wk k½¥òfis¡ fh©f.

Ô®î :

f(x)  = 3x5 − 25x3 + 60x + 1

f ′(x) = 15x4 − 75x2 + 60

bgUk k½¥ig k¦W« ¼Wk k½¥ig mila¤ njitahd
Ãgªjid

f ′(x) = 0

⇒ 15x4 − 75x2 + 60 = 0

⇒ x4 − 5x2 + 4 = 0  ⇒ x4 − 4x2 - x2 + 4 = 0

⇒ (x2 − 1) (x2 − 4) = 0

∴ x = +1, -2, (2∉ [−2, 1])

f ′′(x) = 60x3 − 150x

f ′′(−2) = 60(−2)3 − 150(−2) = −180 < 0

∴ x = -2-,±  f(x) bgUk k½¥ig¥ bgW»wJ.

f ′′(−1) = 60(−1)3 − 150(-1) = 90 > 0

∴ x = −1-,±  f(x) ¼Wk k½¥ig¥ bgW»wJ.

f ′′(1) = 60(1)3 − 150(1) = −90 < 0

∴  x = 1-,±  f(x) bgUk k½¥ig¥ bgW»wJ.

    x = −2 -,± bgUk k½¥ò
f(−2) = 3(−2)5 − 25(−2)3 + 60(−2) + 1 = -15

x = −1-± ¼Wk k½¥ò
f(−1) = 3(−1)5 − 25(−1)3 + 60(−1) + 1 = -37

x = 1-± bgUk k½¥ò
f(1) = 3(1)5 − 25(1)3 + 60(1) + 1 = 39

∴ jÅ¤j (KGjshÉa) bgUk k½¥ò = 39.

k¦W« jÅ¤j (KGjshÉa) ¼Wk k½¥ò  = −37
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vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 8

y = -x3 + 3x2 +9x −−−−− 27 vD« tistiuÆ¬ bgUkvD« tistiuÆ¬ bgUkvD« tistiuÆ¬ bgUkvD« tistiuÆ¬ bgUkvD« tistiuÆ¬ bgUk
rh­î v¬d? v¥ò´ËÆ± ,U¡F«?rh­î v¬d? v¥ò´ËÆ± ,U¡F«?rh­î v¬d? v¥ò´ËÆ± ,U¡F«?rh­î v¬d? v¥ò´ËÆ± ,U¡F«?rh­î v¬d? v¥ò´ËÆ± ,U¡F«?

Ô®î :

    y = −x3 + 3x2 +9x − 27

x-I bghW¤J tif¡ fhz/

dx

dy
 = −3x2 + 6x +9

∴ bjhLnfh£o¬ rh­î  −3x2 +6x + 9 MF«.
M = −3x2 +6x + 9 v¬f

x-I bghW¤J tif¡ fhz/

xd

dM
 = −6x + 6 ------------(1)

rh­î/ bgUk k½¥ig¥ bgw 
xd

dM
= 0 k¦W« 2

2

d

Md

x
< 0

   ∴

xd

dM

= 0 ⇒  −6x + 6 = 0

⇒  x = 1

(1)-I kWgoí« x-I¥ bghW¤J tif¡ fhz,

2

2

d

Md

x
= −6 < 0,  ∴  x = 1-± M bgUk k½¥ig mil»wJ.

∴ x = 1-± M-¬ bgUk k½¥ò

M = −3(1)2 + 6(1)+9 = 12

 x = 1 vD«bghGJ;  y = −(1)3 +3(1)2 +9(1)−27 = -16

∴  bgUk rh­î = 12

vdnt njitahd ò´Ë (1, -16)

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 9

y = 2x4 −−−−− 4x3 + 3 vD« tistiuÆ¬ tisîvD« tistiuÆ¬ tisîvD« tistiuÆ¬ tisîvD« tistiuÆ¬ tisîvD« tistiuÆ¬ tisî
kh¦w¥ ò´Ëfis¡ fh©f.kh¦w¥ ò´Ëfis¡ fh©f.kh¦w¥ ò´Ëfis¡ fh©f.kh¦w¥ ò´Ëfis¡ fh©f.kh¦w¥ ò´Ëfis¡ fh©f.
Ô®î :

y = 2x4 − 4x3 + 3
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x-I¥ bghW¤J tifÆl/

dx

dy

  = 8x3 − 12x2

 
2

2

dx

yd
= 24x2 − 24x

2

2

dx

yd
 =  0    ⇒ 24x (x − 1) = 0

   ⇒ x = 0, 1

3

3

dx

yd
 = 48x − 24

     x = 0, 1-±
3

3

dx

yd
 ≠0.

  ∴ tisî kh¦w ò´Ëf´ f(x)-¡F ,U¡»¬wd.

   x = 0  vÅ±, y = 2(0)4 − 4(0)3 + 3 = 3

   x = 1  vÅ±, y = 2(1)4 − 4(1)3 + 3 = 1

  ∴ tisî kh¦w ò´Ëf´  (0, 3) k¦W« (1, 1).

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 10

f(x) = x3−−−−−6x2+9x−−−−−8 v¬w tistiu vªbjªjv¬w tistiu vªbjªjv¬w tistiu vªbjªjv¬w tistiu vªbjªjv¬w tistiu vªbjªj
,ilbtËfË± nk±neh¡» FÉthfî« k¦W«,ilbtËfË± nk±neh¡» FÉthfî« k¦W«,ilbtËfË± nk±neh¡» FÉthfî« k¦W«,ilbtËfË± nk±neh¡» FÉthfî« k¦W«,ilbtËfË± nk±neh¡» FÉthfî« k¦W«
Ñ³neh¡» FÉthfî« c´sJ vd¡ fh©fÑ³neh¡» FÉthfî« c´sJ vd¡ fh©fÑ³neh¡» FÉthfî« c´sJ vd¡ fh©fÑ³neh¡» FÉthfî« c´sJ vd¡ fh©fÑ³neh¡» FÉthfî« c´sJ vd¡ fh©f.

Ô®î :

f(x) = x3 − 6x2 + 9x − 8 (bfhL¡f¥g£L´sJ)

x-I bghW¤J tifÆl/

       f ′(x) = 3x2 − 12x + 9

      f ′′(x) = 6x − 12

f ′′(x) = 0 ⇒ 6(x − 2) = 0   ∴ x = 2

(i)  -∞ < x < 2, f ′′(x) < 0    (i) x = 0 vÅ±/  f ′′(x) = −12 < 0

(ii)  2 < x < ∞, f ′′ (x) > 0    (ii) x = 3 vÅ±/  f ′′(x) = 6 > 0

-∞                                     2 ∞
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∴ (−∞, 2) vD« ,ilbtËÆ± bfhL¡f¥£L´s tis
tiuahdJ nk±neh¡» FÉthf c´sJ.

(2, ∞) vD« ,ilbtËÆ± bfhL¡f¥g£L´s tis
tiuahdJ Ñ³neh¡» FÉthf c´sJ.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 4.1

1) x3 + 3x2 + 3x + 7  v¬w rh®ò  x-,¬ mid¤J k½¥òfS¡F«
TL« rh®gh»wJ vd ÃWîf.

2) x m½fÇ¡F«nghJ 75 − 12x + 6x2 − x3  v¬gJ v¥bghGJ«
Fiw»wJ vd ÃWîf.

3) x3 + 8x2 +5x − 2  v¬w rh®ò vªbjªj ,ilbtËfË± TL«
rh®ghf m±yJ Fiwí« rh®ghf c´sJ v¬gij¡ fh£Lf.

4) f(x) = 2x3 + 3x2 − 12x + 7 v¬w rh®ò¡F nj¡f Ãiy
ò´Ëfisí«/ nj¡f Ãiy k½¥òfisí« fh©f.

5) Ñ³tU« bkh¤j tUth­ rh®òfS¡F v¥bghGJ mj¬ bkh¤j
tUth­ (R) TL»wJ.  k¦W« v¥nghJ Fiw»wJ v¬gjid¡
fh©f. ,W½ Ãiy tUthÆ¬ (MR) j¬ikia¥ g¦¿í«
Éth½¡f.

(i) R = −90 +6x2 − x3  (ii) R = −105x +60x2 −5x3

6) Ñ³tU« bryî rh®òfS¡F v¥bghGJ mj¬ bkh¤j bryî
(C)  TL»wJ k¦W« v¥bghGJ Fiw»wJ v¬gjid¡ fh©f.
,W½ Ãiy bryÉ¬ (MC) j¬ikia¥ g¦¿í« Éth½¡f.

(i) C =2000 + 600x − 45x2 + x3 (ii) C = 200 + 40x −
2

1
 x2.

7) Ñ³tU« rh®òfS¡F bgUk k¦W« ¼Wk k½¥òfis¡ fh©f.
(i)  x3 − 6x2 + 7 (ii)  2x3 − 15x2 + 24x − 15

(iii) x2 + 
x

16
(iv)  x3 − 6x2 + 9x + 15

8) f(x) = 3x5 − 25x3 + 60x + 15 v¬w tistiu¡F [−
2

3
, 3] v¬w

,ilbtËÆ± jÅ¤j (KGjshÉa) bgUk k¦W« ¼Wk
k½¥òfis¡ fh©f.

9) y = x4 − 4x3 + 2x +3 v¬w tistiuÆ¬ tisî kh¦w¥
ò´Ëfis¡ fh©f.
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10) f(x) = x3 − 27x + 108  v¬w rh®¾¬ bgUk k½¥ghdJ mj¬
¼Wk k½¥ig Él 108 TLjyhf c´sJ vd ÃWîf.

11) y = x4 − 3x3 + 3x2 + 5x + 1  vD« tistiu vªj ,il
btËfË± nk±neh¡»/ Ñ³neh¡» FÉîilaJ v¬gij¡
fh©f.

12) c¦g¤½ q-¬ v«k½¥¾¦F bryî rh®ò C = q2 − 6q + 120

MdJ ¼Wk k½¥ig bgW»wJ v¬gjid¡ fh©f.

13) x5 − 5x4 + 5x3 − 1 vD« rh®¾¬ bgUk nkY« ¼Wk k½¥òfis¡
fh©f.  x = 0 ,l¤J mj¬ j¬ikia Éth½¡f.

14) f(x) = x2 +
x

250
 vD« rh®ò x = 5 vD«nghJ Û¢¼W k½¥ig¥

bgW»wJ vd ÃWîf.

15) x vD« xU bghUË¬ bkh¤j tUth­  (TR) MdJ TR =

12x+
2

2
x

 −
3

3x
 vÅ±/ ruhrÇ tUthÆ¬ (AR)-¬ c¢r ò´ËÆ±

AR = MR     (MR v¬gJ ,W½ Ãiy tUth­) vd ÃWîf.

4.2  bgUk§f´ k¦W« ¼Wk§fË¬bgUk§f´ k¦W« ¼Wk§fË¬bgUk§f´ k¦W« ¼Wk§fË¬bgUk§f´ k¦W« ¼Wk§fË¬bgUk§f´ k¦W« ¼Wk§fË¬
ga¬ghLf´ga¬ghLf´ga¬ghLf´ga¬ghLf´ga¬ghLf´

,yhg¤ij bgUkkh¡f±/ bryit¡ Fiw¤j± ngh¬w
t¦iwfis¤ Ô®khÅ¡f ̀ ó¢¼a rh­É¬p fU¤JU ek¡F Äfî«
cjÉahf c´sJ. ,ªj gF½Æ± tÂfÉaÈ± bgUk« k¦W«
¼Wk§fË¬ ga¬ghLfis¡ fh©ngh«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 11

xU ÃWtd«/xU ÃWtd«/xU ÃWtd«/xU ÃWtd«/xU ÃWtd«/  x  l¬f´ c¦g¤½ br­a MF«l¬f´ c¦g¤½ br­a MF«l¬f´ c¦g¤½ br­a MF«l¬f´ c¦g¤½ br­a MF«l¬f´ c¦g¤½ br­a MF«

bkh¤j bryîbkh¤j bryîbkh¤j bryîbkh¤j bryîbkh¤j bryî C = (
10
1

x3−−−−−5x2 + 10x +5).  ,W½ Ãiy¢,W½ Ãiy¢,W½ Ãiy¢,W½ Ãiy¢,W½ Ãiy¢

bryî k¦W« ruhrÇ khW« bryî M»ad ¼Wkbryî k¦W« ruhrÇ khW« bryî M»ad ¼Wkbryî k¦W« ruhrÇ khW« bryî M»ad ¼Wkbryî k¦W« ruhrÇ khW« bryî M»ad ¼Wkbryî k¦W« ruhrÇ khW« bryî M»ad ¼Wk
k½¥ig¥ bgWtj¦fhd c¦g¤½Æ¬ msit¡k½¥ig¥ bgWtj¦fhd c¦g¤½Æ¬ msit¡k½¥ig¥ bgWtj¦fhd c¦g¤½Æ¬ msit¡k½¥ig¥ bgWtj¦fhd c¦g¤½Æ¬ msit¡k½¥ig¥ bgWtj¦fhd c¦g¤½Æ¬ msit¡
fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

bkh¤j bryî C(x) = (
10

1
x3−5x2 + 10x +5)
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,W½Ãiy¢ bryî = 
dx

d
(C)

        (m-J)     MC = 
10

3
x2 − 10x + 10

ruhrÇ khW« bryî = 
x

 bryîkhW«

(m-J)   AVC = (
10

1
x2 − 5x + 10)

(i) y = MC = 
10

3
x2 − 10x + 10 v¬f.

x -I bghW¤J tifÆl/ 
dx

dy
= 

5

3
x − 10

,W½Ãiy bryî ¼Wk k½¥ig¥ bgw/

dx

dy
= 0 k¦W« 

2

2

dx

yd
> 0

dx

dy
= 0 ⇒ 

5

3
 x − 10 = 0  ⇒ x = 

3

50

x = 
3

50
 vÅ±,  

2

2

dx

yd
 = 

5

3
 >0

∴ MC MdJ ¼Wk k½¥ig¥ bgW»wJ.

(m-J) x = 
3

50
 myFf´ vÅ±/ ,W½Ãiy¢ bryî ¼Wk

k½¥ig¥ bgW»wJ.

(ii) z = AVC = 
10

1
x2 − 5x + 10 v¬f.

x-I bghW¤J tifÆl/  
dx

dz
 = 

5

1
x − 5

AVC  ¼Wk k½¥ig¥ bgw 
dx

dz
= 0  k¦W« 2

2

dx

zd
 >0

dx

dz
 = 0 ⇒ 

5

1
x − 5 = 0 ⇒ x = 25.

x = 25 vÅ±, 2

2

dx

zd
 = 

5

1
 > 0

∴  AVC ¼Wk k½¥ig¥ bgW»wJ. vdnt x = 25 myFf´
vD«bghGJ ruhrÇ khW« bryî ¼Wk k½¥ig¥ bgW»wJ.



154

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 12

xU bjhÊ± ÃWtd¤½¬ bkh¤j bryî¢ rh®òxU bjhÊ± ÃWtd¤½¬ bkh¤j bryî¢ rh®òxU bjhÊ± ÃWtd¤½¬ bkh¤j bryî¢ rh®òxU bjhÊ± ÃWtd¤½¬ bkh¤j bryî¢ rh®òxU bjhÊ± ÃWtd¤½¬ bkh¤j bryî¢ rh®ò
C = 15 + 9x −−−−− 6x2 + x3 vÅ± v¥bghGJ bkh¤j bryîvÅ± v¥bghGJ bkh¤j bryîvÅ± v¥bghGJ bkh¤j bryîvÅ± v¥bghGJ bkh¤j bryîvÅ± v¥bghGJ bkh¤j bryî
¼Wk k½¥ig¥ bgW«?¼Wk k½¥ig¥ bgW«?¼Wk k½¥ig¥ bgW«?¼Wk k½¥ig¥ bgW«?¼Wk k½¥ig¥ bgW«?

Ô®î :

bryî  C = 15 + 9x − 6x2 + x3

x-I bghW¤J tifÆl/

dx
dC

 = 9 − 12x + 3x2 ----------(1)

bryî ¼Wk k½¥ig¥ bgW«bghGJ 
dx
dC

 = 0  k¦W«  2

2

dx

Cd
>0

  
dx
dC

= 0   ⇒ 3x2 − 12x + 9 = 0

x2 − 4x + 3 = 0

   ⇒ x = 3,  x = 1

(1)-I  x-I bghW¤J tifÆl/

  2

2

dx

Cd
= −12 + 6x

x = 1 vÅ±/   2

2

dx

Cd
= −12 + 6 = −6 < 0

∴ x = 1-,± C bgUk k½¥ig¥ bgW»wJ.

x = 3 vÅ±,   2

2

dx

Cd
= −12 + 18 = 6 > 0

∴ x = 3-,± C ¼Wk k½¥ig¥ bgW»wJ.

x = 3 myFf´ vÅ±/ bkh¤j bryî/ ¼Wk k½¥ig¥ bgW»wJ.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 13

P =
x
x

+500
4000

 −−−−− x v¬gJ ,yhg« k¦W« És«guv¬gJ ,yhg« k¦W« És«guv¬gJ ,yhg« k¦W« És«guv¬gJ ,yhg« k¦W« És«guv¬gJ ,yhg« k¦W« És«gu

bryit¡ F¿¡F« rk¬ghlhF« .  ,½±bryit¡ F¿¡F« rk¬ghlhF« .  ,½±bryit¡ F¿¡F« rk¬ghlhF« .  ,½±bryit¡ F¿¡F« rk¬ghlhF« .  ,½±bryit¡ F¿¡F« rk¬ghlhF« .  ,½±  x-¬¬¬¬¬
v«k½¥¾¦Fv«k½¥¾¦Fv«k½¥¾¦Fv«k½¥¾¦Fv«k½¥¾¦F P MdJ bgUk« milí«MdJ bgUk« milí«MdJ bgUk« milí«MdJ bgUk« milí«MdJ bgUk« milí«?
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Ô®î :

,yhg«  P = 
x

x

+500

4000
−x

x-I bghW¤J tifÆl/

xd

dP
 = 2

)500(

)1)(4000(4000)500(

x

xx

+

−+
−1

= 

2
)500(

2000000

x+

 −1     -----------(1)

,yhg« bgUk« vÅ±/ 
xd

dP
 = 0 k¦W« 2

2
P

dx

d
< 0

xd

dP
 = 0 ⇒ 2

)500(

2000000

x+
−1 = 0

⇒ 2000000    = (500 + x)2

⇒ 1000 x 2   = 500 + x

     1000 x 1.414 = 500 + x

x  = 914.

x-I¥ bghW¤J (1)-I tifÆl/

2

2
P

dx

d
 = − 3

)500(

4000000

x+

∴ x = 914 vÅ±/   2

2
P

dx

d
 < 0     ∴ ,yhg« bgUk« mil»wJ.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 14

xU ÃWtd¤½¬ bkh¤j c¦g¤½ bryî k¦W«xU ÃWtd¤½¬ bkh¤j c¦g¤½ bryî k¦W«xU ÃWtd¤½¬ bkh¤j c¦g¤½ bryî k¦W«xU ÃWtd¤½¬ bkh¤j c¦g¤½ bryî k¦W«xU ÃWtd¤½¬ bkh¤j c¦g¤½ bryî k¦W«
tUth ­  M»adtUth ­  M»adtUth ­  M»adtUth ­  M»adtUth ­  M»ad  C = x3 −−−−−  12x2 + 48x + 11  k¦W«k¦W«k¦W«k¦W«k¦W«
R = 83x −−−−− 4x2 −−−−− 21 vd c´sdvd c´sdvd c´sdvd c´sdvd c´sd.  (i) tUth­ bgUktUth­ bgUktUth­ bgUktUth­ bgUktUth­ bgUk
k½¥ig milí«bghGJk½¥ig milí«bghGJk½¥ig milí«bghGJk½¥ig milí«bghGJk½¥ig milí«bghGJ (ii) ,yhg« bgUk k½¥ig,yhg« bgUk k½¥ig,yhg« bgUk k½¥ig,yhg« bgUk k½¥ig,yhg« bgUk k½¥ig
bgW«bghGJ« mj¬ c¦g¤½ v¬dbgW«bghGJ« mj¬ c¦g¤½ v¬dbgW«bghGJ« mj¬ c¦g¤½ v¬dbgW«bghGJ« mj¬ c¦g¤½ v¬dbgW«bghGJ« mj¬ c¦g¤½ v¬d?

Ô®î :

(i) tUth­  R = 83x − 4x2 − 21

x-I bghW¤J tifÆl/
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dx

dR
  = 83 − 8x

2

2

dx

Rd
= −8

tUth­ bgUk k½¥ig milí«bghGJ 
dx

dR
 = 0  k¦W« 2

2

dx

Rd
 < 0

dx

dR
 = 0 ⇒ 83 − 8x = 0    ∴ x = 

8

83

nkY« 2

2

dx

Rd
= −8 < 0.    ∴  tUth­ bgUk k½¥ig mil»wJ.

∴ x = 
8

83
 vÅ±/ tUth­ bgUk k½¥ig mil»wJ.

(ii) ,yhg«  P = R − C

   = (83x − 4x2 − 21) − (x3 − 12x2 + 48x + 11)

   = -x3 + 8x2 + 35x − 32

x-I bghW¤J tifÆl/

dx
dP

= −3x2 + 16x + 35

2

2
P

dx

d
= −6x + 16

,yhg« bgUk k½¥ig bgW«bghGJ 
dx
dP

 = 0 k¦W« 2

2
P

dx

d
 < 0

∴ 
dx
dP

= 0 ⇒ −3x2 + 16x + 35 = 0  ⇒  3x2 − 16x − 35    = 0

⇒  (3x + 5)  (x − 7) = 0 ⇒  x = 
3

5−
 or x = 7

x = 

3

5−

 vÅ±,  

2

2
P

dx

d

= -6(
3

5−
) + 16= 26 > 0

∴ x = 

3

5−

-±  P Û¢¼W k½¥ig bgW»wJ.

x = 7 vÅ±, 

2

2
P

dx

d

= −6(7) + 16 = −26 < 0

∴ x = 7 vÅ±/ P bgUk k½¥ig bgW»wJ.

 ∴ x = 7 myFf´ vÅ±,  ,yhg« bgUk k½¥ig bgW»wJ.
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vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 15

bjhiyng¼ ,iz¥gf¤½±bjhiyng¼ ,iz¥gf¤½±bjhiyng¼ ,iz¥gf¤½±bjhiyng¼ ,iz¥gf¤½±bjhiyng¼ ,iz¥gf¤½±  10,000 bjhiybjhiybjhiybjhiybjhiy
ng¼fS¡F nk± ,±yhk± ,Uªjh± xUng¼fS¡F nk± ,±yhk± ,Uªjh± xUng¼fS¡F nk± ,±yhk± ,Uªjh± xUng¼fS¡F nk± ,±yhk± ,Uªjh± xUng¼fS¡F nk± ,±yhk± ,Uªjh± xU
bjhiyng¼ ÃWtd« %bjhiyng¼ ÃWtd« %bjhiyng¼ ÃWtd« %bjhiyng¼ ÃWtd« %bjhiyng¼ ÃWtd« % .2 åj« x²bthUåj« x²bthUåj« x²bthUåj« x²bthUåj« x²bthU
bjhiyng¼¡F ,yhg¤ij <£L»wJ .bjhiyng¼¡F ,yhg¤ij <£L»wJ .bjhiyng¼¡F ,yhg¤ij <£L»wJ .bjhiyng¼¡F ,yhg¤ij <£L»wJ .bjhiyng¼¡F ,yhg¤ij <£L»wJ .   10,000

bjhiyng¼fS¡F nk± ,Uªjh± ,yhg¤½± bjhiyng¼fS¡F nk± ,Uªjh± ,yhg¤½± bjhiyng¼fS¡F nk± ,Uªjh± ,yhg¤½± bjhiyng¼fS¡F nk± ,Uªjh± ,yhg¤½± bjhiyng¼fS¡F nk± ,Uªjh± ,yhg¤½± 0.01

igrh åj« x²bthU bjhiyng¼¡F« Fiw»wJigrh åj« x²bthU bjhiyng¼¡F« Fiw»wJigrh åj« x²bthU bjhiyng¼¡F« Fiw»wJigrh åj« x²bthU bjhiyng¼¡F« Fiw»wJigrh åj« x²bthU bjhiyng¼¡F« Fiw»wJ
vÅ± m½fg£r ,yhg« v¬dvÅ± m½fg£r ,yhg« v¬dvÅ± m½fg£r ,yhg« v¬dvÅ± m½fg£r ,yhg« v¬dvÅ± m½fg£r ,yhg« v¬d?

Ô®î :

bjhiyng¼fË¬ v©Â¡ifia x v¬f.
x²bthU bjhiyng¼¡F« ,yhg¤½± FiwtJ

= (x − 10,000) (0.01),     x  > 10,000.

= (0.01x − 100)

x²bthU bjhiyng¼¡F« »il¡F« ,yhg«
= 200 − (0.01x − 100)

= (300 − 0.01x)

x bjhiyng¼fË¬ bkh¤j ,yhg«
= x(300 − 0.01x)

= 300x − 0.01x2

bkh¤j ,yhg« P = 300x − 0.01x2  v¬f.
x-I bghW¤J tifÆl

dx

dP
 = 300 − 0.02 x ---------(1)

bgUk ,yhg« »il¡f Ãgªjidf´

dx

dP
 = 0 k¦W« 2

2
P

dx

d
 < 0

dx

dP
 = 0 ⇒  300 − 0.02x = 0

     ⇒ x = 
02.0

300
 = 15000.

x-I bghW¤J (1)-I   tifÆl/

2

2
P

dx

d
= − 0.02 < 0
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∴  P bgUk k½¥ig x = 15000- ,± mil»wJ.
∴ x = 15,000 vD«nghJ bgUk ,yhgkhdJ

P = (300 x 15,000) − (0.01) x (15,000)2 igrh¡f´
= %. (45,000 − 22,500) = %. 22,500

∴  bgUk ,yhg« %. 22,500.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 16

xU ÃWtd¤½¬ bkh¤j bryî rh®ghdJxU ÃWtd¤½¬ bkh¤j bryî rh®ghdJxU ÃWtd¤½¬ bkh¤j bryî rh®ghdJxU ÃWtd¤½¬ bkh¤j bryî rh®ghdJxU ÃWtd¤½¬ bkh¤j bryî rh®ghdJ

C = 
3
1

x3−−−−−5x2+28x +10 ,§F ,§F ,§F ,§F ,§F x MdJ c¦g¤½ MF«.MdJ c¦g¤½ MF«.MdJ c¦g¤½ MF«.MdJ c¦g¤½ MF«.MdJ c¦g¤½ MF«.

c¦g¤½Æ¬ x²bthU my»¦F« %c¦g¤½Æ¬ x²bthU my»¦F« %c¦g¤½Æ¬ x²bthU my»¦F« %c¦g¤½Æ¬ x²bthU my»¦F« %c¦g¤½Æ¬ x²bthU my»¦F« % .  2 åj«åj«åj«åj«åj«
É½¡f¥g£l tÇia c¦g¤½ahs® j¬ bryîl¬É½¡f¥g£l tÇia c¦g¤½ahs® j¬ bryîl¬É½¡f¥g£l tÇia c¦g¤½ahs® j¬ bryîl¬É½¡f¥g£l tÇia c¦g¤½ahs® j¬ bryîl¬É½¡f¥g£l tÇia c¦g¤½ahs® j¬ bryîl¬
nr®¤J¡ bfh´»wh®. Éahghu rªijÆ¬ njit¢nr®¤J¡ bfh´»wh®. Éahghu rªijÆ¬ njit¢nr®¤J¡ bfh´»wh®. Éahghu rªijÆ¬ njit¢nr®¤J¡ bfh´»wh®. Éahghu rªijÆ¬ njit¢nr®¤J¡ bfh´»wh®. Éahghu rªijÆ¬ njit¢
rh®òrh®òrh®òrh®òrh®ò p = 2530 −−−−− 5x vd¡ bfhL¡f¥ g£lh±/ bgUkvd¡ bfhL¡f¥ g£lh±/ bgUkvd¡ bfhL¡f¥ g£lh±/ bgUkvd¡ bfhL¡f¥ g£lh±/ bgUkvd¡ bfhL¡f¥ g£lh±/ bgUk
,yhg¤ij <£L« c¦g¤½Æ¬ msití«/ Éiyí«,yhg¤ij <£L« c¦g¤½Æ¬ msití«/ Éiyí«,yhg¤ij <£L« c¦g¤½Æ¬ msití«/ Éiyí«,yhg¤ij <£L« c¦g¤½Æ¬ msití«/ Éiyí«,yhg¤ij <£L« c¦g¤½Æ¬ msití«/ Éiyí«
fh©f. ,§Ffh©f. ,§Ffh©f. ,§Ffh©f. ,§Ffh©f. ,§F p v¬gJ c¦g¤½Æ¬ x²bthU my»¬v¬gJ c¦g¤½Æ¬ x²bthU my»¬v¬gJ c¦g¤½Æ¬ x²bthU my»¬v¬gJ c¦g¤½Æ¬ x²bthU my»¬v¬gJ c¦g¤½Æ¬ x²bthU my»¬
Éiyia¡ F¿¡»wJÉiyia¡ F¿¡»wJÉiyia¡ F¿¡»wJÉiyia¡ F¿¡»wJÉiyia¡ F¿¡»wJ.

Ô®î :

x myFf´ c¦g¤½¡fhd bkh¤j tUth­ (R) = px

= (2530 − 5x)x = 2530x − 5x2

tÇ É½¡f¥g£l ¾¬ bkh¤j bryî rh®

C +2x = 
3

1
x3 − 5x2 +28x +10 +2x

= 
3

1
x3 − 5x2 + 30x + 10

,yhg« = tUth­ − bryî

= (2530x − 5x2) − (
3

1
x3 − 5x2 +30x + 10)

P = −
3

1
 x3 + 2500x − 10

x-I bghW¤J tifÆl/

     
dx

dP
= −x2 + 2500 ----------(1)

bgUk ,yhg¤½¦fhd Ãgªjidf´

    
dx
dP

= 0 k¦W« 2

2

dx

Pd
 < 0
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dx

dP
= 0     ⇒  2500 − x2 = 0

⇒ x2 = 2500  m±yJ  x = 50

kWgoí« (1)-I,  x-I bghW¤J tifÆl/

    2

2

dx

Pd
= −2x

x = 50 vÅ±,  2

2

dx

Pd
= −100 < 0   ∴ P ahdJ x = 50 bgUk

k½¥ig bgW»¬wdJ/
∴  bgUk ,yhg¤ij <£L« c¦g¤½Æ¬ msî x = 50 myFf´

  x = 50 vÅ±,  Éiy  p  = 2530 −(5 x 50)

     = 2530 − 250 = %. 2280

4.2.1 ru¡F Ãiy f£L¥ghLru¡F Ãiy f£L¥ghLru¡F Ãiy f£L¥ghLru¡F Ãiy f£L¥ghLru¡F Ãiy f£L¥ghL     (Inventory control)

ru¡F Ãiy f£L¥ghL v¬gJ v½®fhy njit¡nf¦g
bghU´fis ifÆU¥ò br­j± MF«. tÂf¤ij R_fkhfî«/
,yhgfukhfî« el¤½ br±y f¢rh¥ bghU£fis¢ nrÄ¤J
it¤j± ,¬¿aikahjjhF«.

4.2.2 ru¡F Ãiy fz¡»± Éiy¡fhuÂfË¬ g§Fru¡F Ãiy fz¡»± Éiy¡fhuÂfË¬ g§Fru¡F Ãiy fz¡»± Éiy¡fhuÂfË¬ g§Fru¡F Ãiy fz¡»± Éiy¡fhuÂfË¬ g§Fru¡F Ãiy fz¡»± Éiy¡fhuÂfË¬ g§F
(Costs involved in inventory problems)

(i) ru¡F nj¡f bryîru¡F nj¡f bryîru¡F nj¡f bryîru¡F nj¡f bryîru¡F nj¡f bryî (Inventory carrying cost)  C
1

bghU´fis ifÆU¥ò br­at½¬ bjhl®ghf MF«
brynt ru¡F nj¡f brythF«. ,ªj bryî X® myF¡F
xU fhy msÉ¦F vd F¿¡f¥gL«.

(ii) FiwghL ÉiyFiwghL ÉiyFiwghL ÉiyFiwghL ÉiyFiwghL Éiy     (Shortage cost)  C
2

ru¡F Ãiy mik¥¾± bfh´Kj± br­a¥gL« xU
bghUshdJ Ô®ªJ nghd ¾¬dU« V¦gL« njitÆ¬
msÉdh± ,¤jifa Éiyf´ V¦gL»¬wd.

(iii) nfhUj± bryînfhUj± bryînfhUj± bryînfhUj± bryînfhUj± bryî (Ordering cost)  C
3

bghU´fis th§F«bghGJ bgW« Éiyf´ m±yJ xU
bjhÊyf¤½¦F V¦gL« xU bghUË¬ njitahdJ/
m¤bjhÊyf¤jhnyna ó®¤½ br­a¥gL«bghGJ V¦gL«
bryîf´/ nfhUj± bryî v¬W miH¡f¥gL«.
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4.2.3 ÄF Mjha nfhUj± msî ÄF Mjha nfhUj± msî ÄF Mjha nfhUj± msî ÄF Mjha nfhUj± msî ÄF Mjha nfhUj± msî (Economic Order

Quantity)

tUlhª½u ru¡F¤ nj¡f bryî k¦W« Ãiy¤j
N³ÃiyÆ± tUlhª½u njit¡nf¦g ÃWtd mik¥ò¢ bryî
,itfis Fiw¥gj¦F¤ jFªjh¦ngh±/ nfhUj± msit/
Ó®gL¤Jtnj ÄF Mjha nfhUj± msî MF«.

4.2.4 É±rÅ¬ ÄF Mjha nfhUj± msî th­ghLÉ±rÅ¬ ÄF Mjha nfhUj± msî th­ghLÉ±rÅ¬ ÄF Mjha nfhUj± msî th­ghLÉ±rÅ¬ ÄF Mjha nfhUj± msî th­ghLÉ±rÅ¬ ÄF Mjha nfhUj± msî th­ghL
njit bjÇªJ«/ FiwghLfË¬¿í«/ Óuhdjhfî«

csbghGJ/ bghUshjhu neh¡»¬Ñ³ mikªj nfhUj±
msití«/ mL¤jL¤j rhjfkhd ,ilbtËfË± nfhUj±
msit¤ Ô®khÅ¥gj¦F« ,ªj th­ghL ga¬gL»wJ.

EOQ-I¥ bgw ¾¬tUtdt¦iw¡ fUJnth«.

(i) xU fhy msÉ¦F¢ Óuhd njit R v¬f.
(ii) ru¡F Ãiy cUgofË¬ mË¥ò m±yJ c¦g¤½

cldoahf¥ bgw¥gL»wJ.
(iii) ru¡F¤ nj¡f¢ bryî %. C

1
.

(iv) X® M©o± nfhu¥gL« v©Â¡if  n  v¬f. x²bthU
Kiwí«   q   myFf´ nfhu¥gL»¬wd (c¦g¤½
br­a¥gL»¬wd).

(v) x²bthU nfhUjY¡F« nfhUj± bryî %.  C
3

mL¤jL¤j ,U nfhUj±fS¡F ,il¥g£l fhy msî  t
v¬f.

,ªj f£lik¥¾¬ És¡f glkhdJ ÑnH bfhL¡f¥
g£L´sJ (Model).

O xA→ t  ←    →  t  ←   →  t  ←

P q q

q
 =

 R
t

y

gl« 4.5
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X® c¦g¤½ X£lkhdJ  t  ,ilbtËfË± mik»wJ
vÅ±/ xU njitÆ¬ msî q  = Rt   -ahdJ x²bthU
X£l¤½¦F« c¦g¤½ br­a nt©L«. ¼¿a fhy msî dt-,±
ifÆU¥ghdJ Rt dt.  vdnt/  t  fhy msÉ± ifÆU¥ò

   ∫
t

t
0

R dt = 
2

1
 Rt2  = 

2

1
 qt (Œ Rt = q)

 = ru¡F Ãiy K¡nfhz« OAP-¬ gu¥gsî (gl«. 4.5).

x²bthU c¦g¤½ X£l¤½¬ ru¡F¤ nj¡f bryî = 
2

1
C

1
 Rt2.

x²bthU c¦g¤½ x£l¤½¬ nfhUj± bryî = C
3
.

   ∴ x²bthU c¦g¤½ X£l¤½¬ bkh¤j bryî = 
2

1
C

1
 Rt2+C

3

xU fhy msÉ¦fhd bkh¤j ruhrÇ bryî

C(t) = 
2

1
C

1
 Rt + 

t

3
C

---------(1)

C(t)-MdJ ¼Wk k½¥ig¥ bgw/

dt

d
C(t) = 0 , 2

2

dt

d
C(t) > 0

(1)-I  t -ia¥ bghW¤J tifÆl/

dt
d

C(t) = 
2

1
C

1
 R − 2

3

t

C
---------(2)

dt
d

C(t) = 0 ⇒  
2

1
 C

1
 R − 2

3

t

C
 = 0

⇒   t  = 
RC

2C

1

3

(2)-I  t -ia¥ bghW¤J tifÆl/

2

2

dt

d
C(t) = 3

3
2C

t
> 0,  when t = 

RC

2C

1

3

cfk« (optimum) fhy ,ilbtË  t
o
 = 

RC

2C

1

3

-,±

C(t)-MdJ ¼Wk k½¥ig¥ bgW»wJ.
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∴  x²bthU c¦g¤½ X£l¤½Y« cfk« msî q
0
-I c¦g¤½

br­a nt©L«.

vdnt  q
0
 = Rt

0

∴ ÄF Mjha nfhUj± msî (EOQ) = q
0
 = R 

1

3

C

R2C

,Jnt É±rÅ¬ ÄF Mjha nfhUj± msî th­ghlhF«.

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò
(i) X® M©o¦F cfk nfhUjÈ¬ v©Â¡if

n
0
 = 

EOQ

njit
  =  R

R2C

C

3

1

 = 
3

1

2C

RC
= 

0

1

t

(ii) X® myF fhy¤½± ruhrÇ ¼Wk bryî C
0
 = RC2C

31

(iii) ru¡F¤ nj¡f¢ bryî = 
2

0
q

x C
1

nfhUj± bryî = 
0

R

q
x C

3

(iv) EOQ -,± nfhUj± bryî«/ ru¡F nj¡f¢ bryî« rkkhf
,U¡F«.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 17

xU ÃWtd¤jh® j¬ Ef®nthU¡F xUxU ÃWtd¤jh® j¬ Ef®nthU¡F xUxU ÃWtd¤jh® j¬ Ef®nthU¡F xUxU ÃWtd¤jh® j¬ Ef®nthU¡F xUxU ÃWtd¤jh® j¬ Ef®nthU¡F xU
bghUis M©L¡FbghUis M©L¡FbghUis M©L¡FbghUis M©L¡FbghUis M©L¡F  12,000 myFf´ mË¥òmyFf´ mË¥òmyFf´ mË¥òmyFf´ mË¥òmyFf´ mË¥ò
br­»wh®. njit bjÇªjJ k¦W« khwhjJ MF«.br­»wh®. njit bjÇªjJ k¦W« khwhjJ MF«.br­»wh®. njit bjÇªjJ k¦W« khwhjJ MF«.br­»wh®. njit bjÇªjJ k¦W« khwhjJ MF«.br­»wh®. njit bjÇªjJ k¦W« khwhjJ MF«.
FiwghLf´ mDk½¡f¥gLt½±iy. nj¡f¢ bryîFiwghLf´ mDk½¡f¥gLt½±iy. nj¡f¢ bryîFiwghLf´ mDk½¡f¥gLt½±iy. nj¡f¢ bryîFiwghLf´ mDk½¡f¥gLt½±iy. nj¡f¢ bryîFiwghLf´ mDk½¡f¥gLt½±iy. nj¡f¢ bryî
xU khj¤½¦F xU myF¡FxU khj¤½¦F xU myF¡FxU khj¤½¦F xU myF¡FxU khj¤½¦F xU myF¡FxU khj¤½¦F xU myF¡F  20 igrh¡f´. nfhUj±igrh¡f´. nfhUj±igrh¡f´. nfhUj±igrh¡f´. nfhUj±igrh¡f´. nfhUj±
bryî xU X£l¤½¦F %bryî xU X£l¤½¦F %bryî xU X£l¤½¦F %bryî xU X£l¤½¦F %bryî xU X£l¤½¦F %.350 vÅ±vÅ±vÅ±vÅ±vÅ± (i) ÄF Mjha¡ÄF Mjha¡ÄF Mjha¡ÄF Mjha¡ÄF Mjha¡
nfhUj± msînfhUj± msînfhUj± msînfhUj± msînfhUj± msî q

0
 (ii) cfk fhy msîcfk fhy msîcfk fhy msîcfk fhy msîcfk fhy msî t

0
 (iii) tUlhª½utUlhª½utUlhª½utUlhª½utUlhª½u

¼Wk khW« bryî M»adt¦iw¡ fh©f.¼Wk khW« bryî M»adt¦iw¡ fh©f.¼Wk khW« bryî M»adt¦iw¡ fh©f.¼Wk khW« bryî M»adt¦iw¡ fh©f.¼Wk khW« bryî M»adt¦iw¡ fh©f.

Ô®î :

mË¥ò åj«  R = 
12

12000
 = 1000 myFf´ / khj«

     C
1

= 20 igrh¡f´ / myF / khj«
     C

3
= %. 350 / X£l«
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(i)   q
0

= 
1

3

C

R2C
 = 

0.20

1000  350  2 ××

= 1,870 myFf´ / X£l«.

  t
0

= 
RC

2C

1

3
 = 

1000  0.20

350  2

×
×

 = 56 eh£f´

(iii) C
0
 = RCC2

31
 =  12)(1000  350  12  0.20  2 ×××××

= %.4,490  / M©L.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 18

xU ÃWtd« tUl¤½¦FxU ÃWtd« tUl¤½¦FxU ÃWtd« tUl¤½¦FxU ÃWtd« tUl¤½¦FxU ÃWtd« tUl¤½¦F 24,000 myFf´ f¢rh¥myFf´ f¢rh¥myFf´ f¢rh¥myFf´ f¢rh¥myFf´ f¢rh¥
bghU´fis¥ ga¬gL¤J»wJ. mitfË± X®bghU´fis¥ ga¬gL¤J»wJ. mitfË± X®bghU´fis¥ ga¬gL¤J»wJ. mitfË± X®bghU´fis¥ ga¬gL¤J»wJ. mitfË± X®bghU´fis¥ ga¬gL¤J»wJ. mitfË± X®
my»¬ Éiy %my»¬ Éiy %my»¬ Éiy %my»¬ Éiy %my»¬ Éiy %. 1.25.  xU nfhUjY¡fhd nfhUj±xU nfhUjY¡fhd nfhUj±xU nfhUjY¡fhd nfhUj±xU nfhUjY¡fhd nfhUj±xU nfhUjY¡fhd nfhUj±
bryî %bryî %bryî %bryî %bryî % .  22.50 X® M©o¦F nj¡f bryîX® M©o¦F nj¡f bryîX® M©o¦F nj¡f bryîX® M©o¦F nj¡f bryîX® M©o¦F nj¡f bryî
ifÆU¥¾¬ ruhrÇÆ±ifÆU¥¾¬ ruhrÇÆ±ifÆU¥¾¬ ruhrÇÆ±ifÆU¥¾¬ ruhrÇÆ±ifÆU¥¾¬ ruhrÇÆ±  5.4% MF« vÅ±/ MF« vÅ±/ MF« vÅ±/ MF« vÅ±/ MF« vÅ±/ EOQ,

x²bthU nfhUjY¡F« ,il¥g£l fhy msî/x²bthU nfhUjY¡F« ,il¥g£l fhy msî/x²bthU nfhUjY¡F« ,il¥g£l fhy msî/x²bthU nfhUjY¡F« ,il¥g£l fhy msî/x²bthU nfhUjY¡F« ,il¥g£l fhy msî/
tUlhª½u nfhUjÈ¬ v©Â¡if ,itfis¡tUlhª½u nfhUjÈ¬ v©Â¡if ,itfis¡tUlhª½u nfhUjÈ¬ v©Â¡if ,itfis¡tUlhª½u nfhUjÈ¬ v©Â¡if ,itfis¡tUlhª½u nfhUjÈ¬ v©Â¡if ,itfis¡
fh©f. nkY« fh©f. nkY« fh©f. nkY« fh©f. nkY« fh©f. nkY« EOQ-,± ru¡F¤ nj¡f¢ bryî«/,± ru¡F¤ nj¡f¢ bryî«/,± ru¡F¤ nj¡f¢ bryî«/,± ru¡F¤ nj¡f¢ bryî«/,± ru¡F¤ nj¡f¢ bryî«/
nfhUj±/ bryî« rk« v¬gjid¢ rÇgh®¡fnfhUj±/ bryî« rk« v¬gjid¢ rÇgh®¡fnfhUj±/ bryî« rk« v¬gjid¢ rÇgh®¡fnfhUj±/ bryî« rk« v¬gjid¢ rÇgh®¡fnfhUj±/ bryî« rk« v¬gjid¢ rÇgh®¡f.

Ô®î :

       njit = 24,000 myFf´ / tUl«

nfhUj± bryî(C
3
)= %. 22.50

ru¡F¤ nj¡f bryî(C
1
)= 5.4%   X® my»¬ Éiy k½¥¾±

= 
100

5.4
 x  1.25

= 0.0675 / myF / tUl«

EOQ  = 
1

3

C

2RC
= 

0.0675

22.5  2400  2 ××
 = 4000 myFf´

x²bthU nfhUjY¡F«

,il¥g£l fhy msî = t
o
 = 

R

0
q

 = 
24000

4000
 = 

6

1  tUl«

tUl« x¬W¡F nfhu¥gL« v©Â¡if =
0

R

q  = 
4000

24000
= 6
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EOQ-,± ru¡F¤ nj¡f bryî  = 
2

0
q

 x C
1
 = 

2

4000
x 0.0675 = %.135

nfhUj± bryî = 
0

R

q
 x C

3
 = 

4000

24000
x 22.50 = %.135

∴ EOQ-,± nfhUj± bryî = ru¡F¤ nj¡f¢ bryî

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 19

xU jahÇ¥ò ÃWtd« j¬Dila tUlhª½uxU jahÇ¥ò ÃWtd« j¬Dila tUlhª½uxU jahÇ¥ò ÃWtd« j¬Dila tUlhª½uxU jahÇ¥ò ÃWtd« j¬Dila tUlhª½uxU jahÇ¥ò ÃWtd« j¬Dila tUlhª½u
njit¡fhf xU ,aª½u¤½¦Fnjit¡fhf xU ,aª½u¤½¦Fnjit¡fhf xU ,aª½u¤½¦Fnjit¡fhf xU ,aª½u¤½¦Fnjit¡fhf xU ,aª½u¤½¦F 9000 c½Ç ghf§fisc½Ç ghf§fisc½Ç ghf§fisc½Ç ghf§fisc½Ç ghf§fis
th§F»wJ. x²bthU c½Ç ghf¤½¬ Éiy %th§F»wJ. x²bthU c½Ç ghf¤½¬ Éiy %th§F»wJ. x²bthU c½Ç ghf¤½¬ Éiy %th§F»wJ. x²bthU c½Ç ghf¤½¬ Éiy %th§F»wJ. x²bthU c½Ç ghf¤½¬ Éiy %.20.

x²bthU nfhUjÈ¬ nfhUj± bryî %x²bthU nfhUjÈ¬ nfhUj± bryî %x²bthU nfhUjÈ¬ nfhUj± bryî %x²bthU nfhUjÈ¬ nfhUj± bryî %x²bthU nfhUjÈ¬ nfhUj± bryî % . 15 X®X®X®X®X®
M©o¦F nj¡f brythdJ ifÆU¥¾¬ ruhrÇÆ±M©o¦F nj¡f brythdJ ifÆU¥¾¬ ruhrÇÆ±M©o¦F nj¡f brythdJ ifÆU¥¾¬ ruhrÇÆ±M©o¦F nj¡f brythdJ ifÆU¥¾¬ ruhrÇÆ±M©o¦F nj¡f brythdJ ifÆU¥¾¬ ruhrÇÆ±
15% MF« vÅ±/MF« vÅ±/MF« vÅ±/MF« vÅ±/MF« vÅ±/

(i) EOQ

(ii) x²bthU nfhUjY¡F« ,il¥g£l fhyx²bthU nfhUjY¡F« ,il¥g£l fhyx²bthU nfhUjY¡F« ,il¥g£l fhyx²bthU nfhUjY¡F« ,il¥g£l fhyx²bthU nfhUjY¡F« ,il¥g£l fhy
msîmsîmsîmsîmsî

(iii) tUlhª½u FWk ruhrÇ bryî M»adt¦iw¡tUlhª½u FWk ruhrÇ bryî M»adt¦iw¡tUlhª½u FWk ruhrÇ bryî M»adt¦iw¡tUlhª½u FWk ruhrÇ bryî M»adt¦iw¡tUlhª½u FWk ruhrÇ bryî M»adt¦iw¡
fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

njit R = 9000 c½Ç ghf§f´ / M©L

C
1

= 15%   my»¬ Éiy k½¥¾±

=
100

15
x 20 = %. 3 x²bthU c½Çghf« / M©L

C
3

= %.15  / nfhUj±

      EOQ =
1

3

C

R2C
 = 

3

9000  15  2 ××
 = 300 myFf´

t
0

= 
R

0
q

= 
9000

300
 = 

30

1
 M©L

= 
30

365
 = 12 eh£f´.

   ¼Wk ruhrÇ = RCC2
31

  =  9000  15  3  2 ×××   = %. 900
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gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  4.2

1) xU F¿¥¾£l c¦g¤½ ÃWtd¤½¬ bkh¤j bryî¢ rh®ò

C = 
5

1
x2 − 6x + 100 vÅ± bkh¤j bryî v¥bghGJ ¼Wk

k½¥ig¥ bgW«?

2) xU ÃWtd« xU F¿¥¾£l bghUis x-l¬f´ c¦g¤½¢ br­a

MF« bkh¤j bryî C = 300x − 10x2 +
3

1
x3 vÅ±/ vªj

c¦g¤½Æ± ruhrÇ bryî ¼Wk« milí« v¬gijí« mªj
ÃiyÆ± ruhrÇ bryití« fh©f.

3) x myFf´ c¦g¤½ br­tj¦fhd bryî¢ rh®ò C = x (2ex +e−x)

vÅ±/ ¼Wk ruhrÇ bryî 22  vd¡ fh©f.

4) xU k½¥òÄ¡f cnyhf¤ij xU ÃWtd« khj¤½¦F  x

l¬f´ c¦g¤½ br­í«bghGJ mj¬ bkh¤j bryî¢ rh®ò

C = Rs.(
3

1
x3 − 5x2 + 75x + 10) Mf c´sJ. c¦g¤½Æ¬ vªj

msÉ¦F/ mj¬ ,W½Ãiy¢ bryî ¼Wk« milí«?

5) xU ÃWtd« xU thu¤½¦F x myFf´ c¦g¤½ br­a MF«

bkh¤j bryî %. (
3

1
x3 − x2 + 5x + 3) vÅ±, ,W½Ãiy¢

bryî k¦W« ruhrÇ khW« bryî v¬gd c¦g¤½Æ¬ vªj
ÃiyÆ± ¼Wkkhf ,U¡F«?

6) bjhÊyhs® v©Â¡if x-«/ bkh¤j c¦g¤½ bryî C-«

C = 
4)-2(

3

x +
32

3
x  v¬wthW bjhl®òilad.  x-¬

v«k½¥¾¦F bryî ¼Wk k½¥ig¥ bgW«?

7) xU ÃWtd¤½¬ bkh¤j tUth­ R = 21x - x2 k¦W« mj¬

bkh¤j bryî¢ rh®ò C = 
3

3x
−3x2 + 9x + 16. ,½± c¦g¤½ x

myFf´ É¦f¥gL»wJ vÅ±/

(i) tUth­ bgUk k½¥ig¥ bgWtj¦fhd c¦g¤½ ahJ?
mªj ò´ËÆ± bkh¤j tUth­ ahJ?

(ii) ¼Wk ,W½ Ãiy¢ bryî v¬d?

(iii) bgUk ,yhg« <£l c¦g¤½ v¬d?
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8) xU ÃWtd¤½¬ tUth­ rh®ò  R = 8x k¦W« c¦g¤½Æ¬

bryî rh®ò C = 150000 + 60 








900

2
x

.  bkh¤j ,yhg rh®igí«/

bgUk ,yhg« »il¡f v¤jid c¦g¤½ myFf´ É¦f
nt©L« v¬gijí« fh©f.

9) xU thbdhÈ jahÇ¥ghs® xU thu¤½¦F  x  thbdhÈfis

x²bth¬W« %.  p  åj« É¦»wh®.  p = 2(100−
4

x
)  vd

fz¡»l¥gL»wJ.  thuªnjhW«  x  thbdhÈfis c¦g¤½

br­a MF« c¦g¤½ bryî % .  (120x+
2

2
x

) MF« .

thuªnjhW« 40 thbdhÈf´ c¦g¤½ br­jh± bgUk
,yhg¤ij milayh« vd fh©f. nkY« thuhª½u bgUk
,yhg¤ií« fz¡»Lf.

10) xU jahÇ¥ghs® thuªnjhW« x  cU¥gofis p = %.600 − 4x

vd É¦»wh®. x cUgofis c¦g¤½ br­a MF« bryî
C = %.40x + 2000.  c¦g¤½ahdJ vªj msÉ± ,Uªjh±
bgUk ,yhg¤ij <£lyh«?

11) xU ÃWtd¤½¬ bkh¤j tUth­/ bkh¤j bryî rh®òf´
Kiwna  R = 30x −x2 k¦W«  C = 20 +4x.  ,§F x  v¬gJ
c¦g¤½ vÅ±/ Û¥bgU ,yhg« »il¡f c¦g¤½Æ¬ msî
v¬d?

12) ¾¬tU« Étu§fS¡F/  EOQ-it¡ fh©f.  EOQ-,±
nfhUj± bryî = nj¡f¢ bryî v¬gjid¢ rÇgh®

cUgof´      khjhª½u        xU nfhUjY¡F  xU my»¦F
g©l¤½¬ msî nfhUj± bryî   nj¡f¢ bryî

A 9000 %. 200 %.  3.60

B 25000 %. 648 %. 10.00

C 8000 %. 100 %.  0.60

13) Ñ³f©l Étu§fS¡F EOQ-iaí« k¦W« bkh¤j khW«
bryití« fh©f. nfhUj± bryî %.5 k¦W« nj¡f¢ bryî
10% vd¡ bfh´f.
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           cUgof´   tUlhª½u njit     X® my»¬ Éiy (%.)

A 460 myFf´ 1.00

B 392 myFf´ 8.60

C 800 myFf´ 0.02

D 1500 myFf´ 0.52

14) xU jahÇ¥ghs® j¬Dila Ef®nthU¡F M©LnjhW«
j¬Dila jahÇ¥¾±  600 myFf´ mË¥ò br­»wh®.
FiwghLf´ vJî« mDk½¡f¥glÉ±iy. ru¡F nj¡f¢
bryî x²bthU myF¡F« x²bthU M©L« 60 igrh¡f´.
mik¥ò¢ bryî %. 80 vÅ± Ñ³tUtdt¦iw¡ fh©f.

(i) EOQ

(ii) ¼Wk tUlhª½u ruhrÇ bryî

(iii) x²bthU tUl¤½¦F« cfªj nfhUjÈ¬ v©Â¡if

(iv) x²bthU cfªj nfhUjY¡F« cfªj mË¥ò fhy«

15) xU cU¥goÆ¬ tUlhª½u njit 3200 myFf´. X® my»¬
Éiy %.6 k¦W« x²bthU tUl¤½¦F« ru¡F¤ nj¡f¢
bryî 25%. xU bfh´KjÈ¬ Éiy %.150 vÅ±,  (i) EOQ

(ii) mL¤jL¤j nfhUj±fS¡F ,il¥g£l fhy msî
(iii) tUlhª½u nfhUjÈ¬ v©Â¡if tUlhª½u ¼Wk
ruhrÇ bryî M»adt¦iw¡ fh©f.

4.3  gF½ tifÞLf´gF½ tifÞLf´gF½ tifÞLf´gF½ tifÞLf´gF½ tifÞLf´
,Jtiu tif¡bfG fhQ«bghGJ  y = f(x) v¬w toÉ±

xU kh¿¢ rh®ig k£L« vL¤J¡bfh©nlh«.  Mdh±/ xU
rh®¾id gy kh¿fË¬ rh®ghf mik¡f Koí«. cjhuzkhf
c¦g¤½ rh®ig bjhÊyhs® bryî/ _yjd« thÆyhfî«; Éiy¢
rh®ig mË¥ò/ njit thÆyhfî« btË¥gL¤jyh«. bghJthf
bryî/ ,yhg¢ rh®òf´ gy rhuh kh¿fis¥ bghU¤nj k½¥òfis¥
bgW»¬wd. cjhuzkhf f¢rh bghU´fË¬ Éiy/
bjhÊyhs®fË¬ C½a«/ rªijÆ¬ Ãytu« v¬gJ nghy gy
rhuhkh¿fis¥ bg¦W mik»wJ.  vdnt  y v¬w rh®ªj
kh¿ahdJ x

1
,  x

2
,  x

3
. .x

n
 v¬w rhuh kh¿fis bghU¤nj
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k½¥òfis¥ bg¦¿U¡F«. ,jid y = f(x
1
, x

2
, x

3
..x

n
) vd¡

F¿¥ngh«.  ,Uªj ngh½Y« rhuh kh¿fis ,u©L m±yJ
_¬whf¡ Fiw¤J mikªj rh®òfis k£L« vL¤J¡
bfh´nth«.  mj¬ tifÞL br­í« Kiwia¥ g¦¿¡ fh©ngh«.

4.3.1 tiuaiwtiuaiwtiuaiwtiuaiwtiuaiw

u = f(x, y) v¬gJ x , y vD« ,u©L rhuh kh¿fis¡
bfh©l rh®ò v¬f. y-I kh¿Èahf¡ bfh©L/ x-I bghW¤J
u = f(x, y)-I tifÞL br­J »il¥gJ x-I bghW¤j u-¬ gF½

tif¡bfG MF«. ,ij 
x
u

∂
∂

 , 

x

f

∂

∂

 f
x
 , u

x
  vD« F¿Þ£o±

F¿¥gJ tH¡f«. ,njngh± y-I bghW¤J f-¬ gF½
tifÞliyí« tiuaW¡fyh«.

∴

x

f

∂

∂

 = 

0
Lt
→∆x

 

x

yxfyxx

∆

−∆+ ),(),f(

 ,ªj v±iy ,Uªjh±

(,§F  y  v¬gJ khwhjJ/ ∆x v¬gJ x-,± V¦gL« ¼W
kh¦wkhF«)

,njgh±
y

f

∂

∂
 = 

0
Lt
→∆y

 
y

yxfyyxf

∆

−∆+ ),() ,(
 ,ªj v±iy

,Uªjh± (,§F  x  v¬gJ khwhjJ/ ∆y v¬gJ y-,± V¦gL«
¼W kh¦wkhF«)

4.3.2 bjhl® gF½ tif¡ bfG¡f´bjhl® gF½ tif¡ bfG¡f´bjhl® gF½ tif¡ bfG¡f´bjhl® gF½ tif¡ bfG¡f´bjhl® gF½ tif¡ bfG¡f´

bghJthf/ 
x

f

∂

∂
 nkY« 

y

f

∂

∂

 v¬gd x, y-¬ rh®òfshf

,U¡F«. Mifah± eh« 

x

f

∂

∂

 k¦W« 

y

f

∂

∂

 vD« rh®òfS¡F

x, y-ia¥ bghW¤J gF½ tif¡ bfG¡fis¡ fhzyh«. ,ªj
gF½ tif¡ bfG¡f´ f(x, y)-,¬ ,u©lh« tÇir gF½ tif¡
bfG¡f´ MF«. ,u©lh« tÇir gF½ tif¡ bfG¡fis

x∂
∂









∂

∂

x

f

 = 
2

2

x

f

∂

∂
 = f

xx

y∂
∂









∂

∂

y

f

 = 2

2

y

f

∂

∂
= f

yy
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x∂
∂









∂

∂

y

f

 = 
yx

f

∂∂

∂ 2

= f
xy

y∂
∂









∂

∂

x

f

 = 
xy

f

∂∂

∂ 2

 = f
yx

    vd¡ F¿¥gJ tH¡f«.

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

f ,   f
x
, f

y
  v¬gd bjhl®¢¼ahf ,Uªjh±,   f

xy
 = f

yx
  MF«.

4.3.3 rkgo¤jhd rh®òf´rkgo¤jhd rh®òf´rkgo¤jhd rh®òf´rkgo¤jhd rh®òf´rkgo¤jhd rh®òf´ (Homogenous functions)

f(tx, ty)=tn f(x, y) ,  t > 0 vÅ± f(x, y) v¬gij x, y-,±
mikªj n goí´s rkgo¤jhd rh®ò v¬»nwh«.

4.3.4 rkgo¤jhd rh®¾¦F MÆyÇ¬ nj¦w«rkgo¤jhd rh®¾¦F MÆyÇ¬ nj¦w«rkgo¤jhd rh®¾¦F MÆyÇ¬ nj¦w«rkgo¤jhd rh®¾¦F MÆyÇ¬ nj¦w«rkgo¤jhd rh®¾¦F MÆyÇ¬ nj¦w«

nj¦w«nj¦w«nj¦w«nj¦w«nj¦w« : f  v¬gJ  x,  y-,± mikªj n  goí´s rkgo¤jhd
rh®ò vÅ±/

x 
x

f

∂

∂
 + y

y

f

∂

∂

 =  n  f.

»is¤ nj¦w«»is¤ nj¦w«»is¤ nj¦w«»is¤ nj¦w«»is¤ nj¦w« : bghJthf  f(x
1
, x

2
, x

3
...x

m
) v¬gJ x

1
, x

2
,

x
3
...x

m
, v¬w m kh¿fsh± mikªj n goí´s rkgo¤jhd rh®ò

vÅ±/

x
1
 1

x

f

∂

∂

 + x
2

2
x

f

∂

∂

 + x
3

3
x

f

∂

∂

 + ... + x
m

mx

f

∂

∂

 = n f.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 20

u(x, y) = 1000 −−−−− x3 −−−−− y2 + 4x3y6 + 8y, vÅ± Ñ³tUtdvÅ± Ñ³tUtdvÅ± Ñ³tUtdvÅ± Ñ³tUtdvÅ± Ñ³tUtd
t¦iw¡ fh©ft¦iw¡ fh©ft¦iw¡ fh©ft¦iw¡ fh©ft¦iw¡ fh©f.

  (i) 

x
u

∂
∂

   (ii) 

y
u

∂
∂

   (iii) 

2

2

x

u

∂
∂

   (iv) 
2

2

y

u

∂
∂   (v) 

yx
u
∂∂

∂ 2

  (vi) 
xy

u
∂∂

∂ 2

Ô®î :

u(x, y) = 1000 − x3 − y2 + 4x3y6 + 8y

(i)
x
u

∂
∂

= 

x∂
∂

 (1000 − x3 − y2 + 4x3y6 + 8y)

= 0 − 3x2 − 0 + 4 (3x2)y6 + 0

= −3x2 + 12x2y6.
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(ii)

y
u

∂
∂

= 

y∂
∂

 (1000 − x3 − y2 + 4x3y6 + 8y)

= 0 − 0 − 2y + 4x3(6y5) + 8

= −2y + 24x3y5 + 8

(iii)

2

2

x

u

∂

∂

= 
x∂

∂








∂
∂

x
u

= 
x∂

∂
(−3x2 + 12x2y6)

= −6x +12(2x)y6

= −6x + 24xy6.

(iv)

2

2

y

u

∂
∂

= y∂
∂









∂
∂

y
u

= y∂
∂

(−2y + 24x3y5 + 8)

= −2 + 24x3(5y4) + 0

=-2 + 120x3y4

(v)

yx
u
∂∂

∂ 2= 
x∂

∂









∂
∂

y
u

= 
x∂

∂
 (−2y + 24x3y5 + 8)

= 0 + 24(3x2)y5 + 0

= 72x2y5.

(vi)

xy
u
∂∂

∂ 2

= y∂
∂








∂
∂

x
u

= y∂
∂

(−3x2 + 12x2y6)

= 0 + 12x2(6y5) = 72x2y5

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 21

f(x, y) = 3x2 + 4y3 + 6xy −−−−− x2y3 + 5 vÅ±/vÅ±/vÅ±/vÅ±/vÅ±/

(i) f
x
(1, -1)  (ii) f

yy
(1, 1)  (iii) f

xy
(2, 1) ,itfis¡ fh©f.,itfis¡ fh©f.,itfis¡ fh©f.,itfis¡ fh©f.,itfis¡ fh©f.
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Ô®î :

(i) f(x, y) = 3x2 + 4y3 + 6xy − x2y3 + 5

f
x
 = 

x∂
∂

(f) = 

x∂
∂

(3x2 + 4y3 + 6xy − x2y3 + 5)

= 6x + 0 + 6(1)y − (2x)y3 + 0

= 6x + 6y − 2xy3.

    f
x
(1, −1) = 6(1) + 6(−1) − 2(1)(−1)3 = 2

(ii) f
y
 =

y∂
∂

(f) = 

y∂
∂

(3x2 + 4y3 + 6xy − x2y3 + 5)

= 12y2 + 6x − 3x2y2

       f
yy

= 

y∂
∂









∂

∂

y

f

= y∂
∂

(12y2 + 6x − 3x2y2)

= 24y − 6x2y

∴ f
yy

(1, 1) = 18

(iii) f
xy

 = 

x∂
∂









∂

∂

y

f
 = 

x∂
∂

 (12y2 + 6x − 3x2y2)

= 6 − 6xy2

∴   f
xy

(2, 1) = −6

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 22

u = log

222 zyx ++

vÅ±vÅ±vÅ±vÅ±vÅ±

2

2

x

u

∂

∂
+ 2

2

y

u

∂
∂

+ 2

2

z

u

∂

∂
 = 222

1

zyx ++
 vd ÃWîf.vd ÃWîf.vd ÃWîf.vd ÃWîf.vd ÃWîf.

Ô®î :

u = 
2

1
log (x2 + y2 + z2) -----------(1)

x-I bghW¤J gF½ tifÆl/

 
x
u

∂
∂

= 

2

1

222

2

zyx

x

++
 = 222 zyx

x

++
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2

2

x

u

∂
∂

= 
x∂

∂








∂
∂

x
u

= x∂
∂










++ 222
zyx

x

 = 2222

222

)(

)2()1)((

zyx

xxzyx

++

−++

= 2222

2222

)(

2

zyx

xzyx

++

−++
 = 2222

222

)( zyx

zyx

++

++−

y-I bghW¤J gF½ tifÆl

y
u

∂
∂

= 

222
zyx

x

++

2

2

y

u

∂
∂

= 2222

222

)(

)2()1)((

zyx

yyzyx

++

−++
 = 2222

222

)( zyx

xzy

++

++−

z-I¥ bghW¤J gF½ tifÆl

z
u

∂
∂

= 

222
zyx

z

++

2

2

z

u

∂
∂

= 2222

222

)(

)2()1)((

zyx

zzzyx

++

−++
 = 2222

222

)( zyx

yxz

++

++−

        2

2

x

u

∂
∂

+ 2

2

y

u

∂
∂

+ 2

2

z

u

∂
∂

= 2222

222222222

)( zyx

yxzxzyzyx

++

++−++−++−

= 2222

222

)( zyx

zyx

++

++
 = 222

1

zyx ++

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 23

u(x, y) = x3 + y3 + x2y vD« rh®ò¡F MÆyÇ¬vD« rh®ò¡F MÆyÇ¬vD« rh®ò¡F MÆyÇ¬vD« rh®ò¡F MÆyÇ¬vD« rh®ò¡F MÆyÇ¬
nj¦w¤ij¢ rÇgh®nj¦w¤ij¢ rÇgh®nj¦w¤ij¢ rÇgh®nj¦w¤ij¢ rÇgh®nj¦w¤ij¢ rÇgh®

Ô®î :

    u(x, y) = x3 + y3 + x2y ---------(1)

   u(tx, ty)= t3x3 + t3y3 + t2x2 (ty)

= t3 (x3 + y3 + x2y) = t3 u(x, y)

∴ u v¬gJ x, y-± 3 go c´s rkgo¤jhd rh®ò
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x
x
u

∂
∂

 +y

y
u

∂
∂

 = 3u vd rÇgh®¡f nt©L«.

(1)-I  x-I¥ bghW¤J gF½ tifÆl

 

x
u

∂
∂

= 3x2 + 2xy

∴ x

x
u

∂
∂

= 3x3 + 2x2y

(1)-I  y-I bghW¤J gF½ tifÆl

 

y
u

∂
∂

= 3y2 + x2

∴ y

y
u

∂
∂

= 3y3 + x2y

∴ x

x
u

∂
∂

+ y

y
u

∂
∂

= 3x3 + 2x2y + 3y3 + x2y

= 3(x3 + x2y + y3) = 3u

vdnt MÆyÇ¬ nj¦w« rÇgh®¡f¥g£lJ

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 24

MÆyÇ¬ nj¦w¤ij ga¬gL¤½MÆyÇ¬ nj¦w¤ij ga¬gL¤½MÆyÇ¬ nj¦w¤ij ga¬gL¤½MÆyÇ¬ nj¦w¤ij ga¬gL¤½MÆyÇ¬ nj¦w¤ij ga¬gL¤½ u = log

yx

yx
44

−

+

vÅ±vÅ±vÅ±vÅ±vÅ±  x
x
u

∂∂∂∂
∂∂∂∂  + y

y
u

∂∂∂∂
∂∂∂∂

 = 3 vd ÃWîf.vd ÃWîf.vd ÃWîf.vd ÃWîf.vd ÃWîf.

Ô®î :

u = log 

yx

yx

−

+ 44

   ⇒ eu = 
yx

yx

−

+ 44

,J x , y-± c´s 3-« go rh®ghF«

∴ MÆyÇ¬ nj¦w¤½¬go/

x
x∂

∂
(eu) + y

y∂
∂

(eu) = 3eu

x eu 

x
u

∂
∂

 +  yeu

y
u

∂
∂

 = 3eu

eu M± tF¡f »il¥gJ   x

x
u

∂
∂

 + y

y
u

∂
∂

 = 3



185

tiuaW¡f¥g£l bjhiffË¬ g©òf´/ tot fÂj
És¡f«/ ,W½ Ãiy rh®òfËÈUªJ bkh¤j k¦W« ruhrÇ
rh®òfis¡ fhQj± M»adt¦iw ,¥ghl¥ gF½Æ±
fh©ngh«.  nkY« njitÆ¬ be»³¢¼/ Éiy bfhL¡f¥go¬/
njitÆ¬ rh®ig¡ f©L¾o¤j± g¦¿í« fhzyh«.  ,W½ahf
Ef®nth® k¦W« c¦g¤½ahs®fË¬ v¢r¥ghL (surplus) g¦¿í«
M­ªj¿nth«.

5.1  bjhif E©fÂj¤½¬bjhif E©fÂj¤½¬bjhif E©fÂj¤½¬bjhif E©fÂj¤½¬bjhif E©fÂj¤½¬
mo¥gil¤ nj¦w«mo¥gil¤ nj¦w«mo¥gil¤ nj¦w«mo¥gil¤ nj¦w«mo¥gil¤ nj¦w«

[a, b] ,±  f(x) xU bjhl®¢¼ahd rh®ò. nkY« f(x) ¡F/
F(x) MdJ xU K¦gL rh®ò vÅ±/

)(xf
b

a
∫ dx = F(b) − F(a)

5.1.1 tiuaW¤j bjhifÆ¬ g©òf´tiuaW¤j bjhifÆ¬ g©òf´tiuaW¤j bjhifÆ¬ g©òf´tiuaW¤j bjhifÆ¬ g©òf´tiuaW¤j bjhifÆ¬ g©òf´

1) )(xf
b

a
∫ dx = − )(xf

a

b
∫ dx

Ã%gz« :

F(x) v¬gJ f(x) ,¬ K¦gL rh®ò v¬f.

)(xf
b

a
∫ dx =

b

axF )]([ = F(b)−F(a)

= −[F(a) −F(b)] = − )(xf
a

b
∫ dx

2) )(xf
b

a
∫ dx = )(xf

c

a
∫ dx + )(xf

b

c
∫ dx  ,§F  a < c < b.

Ã%gz« :

   a, b, c  v¬gd bk­ba©fis¡ F¿¡f£L« ,§F  a < c < b.

bjhifp£o‹ ga‹ghLfŸ
5



186

  )(xf
b

a
∫ dx = F(b) − F(a) -----(1)

  )(xf
c

a
∫ dx + )(xf

b

c
∫ dx = F(c) − F(a) + F(b) − F(c)

= F(b) − F(a) -----(2)

 (1),  (2) ÈUªJ  )(xf
b

a
∫ dx = )(xf

c

a
∫ dx + )(xf

b

c
∫ dx

3) )(xf
b

a
∫ dx = )( xbaf

b

a

−+∫ dx

Ã%gz« :

  a + b − x = t v¬f. ∴ −dx = dt

x = a  vÅ±  t = b  ; x = b  vÅ±  t = a

∴ )(xf
b

a
∫ dx = - )( tbaf

a

b

−+∫  dt

= )( tbaf
b

a

−+∫  dt           [g©ò (1) ¬ go]

= )( xbaf
b

a

−+∫ dx    [ )(xf
b

a
∫ dx = )(tf

b

a
∫ dt]

4) )(

0

xf
a

∫ dx = )(

0

xaf
a

−∫ dx

Ã%gz« :

a − x = t       ∴ −dx = dt

x = 0    vÅ±    t = a  ; x = a    vÅ±     t = 0

∴ )(

0

xf
a

∫ dx = )(

0

taf
a

−∫ (−dt) = )(

0

taf
a

−∫ dt

= )(

0

xaf
a

−∫  dx

5) (i) f(x)  X® ,u£il¢ rh®ò vÅ±/ )(xf
a

a
∫

−

dx = 2 )(

0

xf
a

∫ dx
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(ii) f(x)  X® x¦iw¢ rh®ò vÅ±/ )(xf
a

a
∫

−

dx =  0.

Ã%gz« :

(i) f(x) v¬gJ ,u£il rh®ò vÅ±   f(−x) = f(x).

)(xf
a

a
∫

−

dx = )(

0

xf
a
∫

−

dx + )(

0

xf
a

∫ dx           [g©ò (2) ¬go]

t = −x  vÅ±   dt = −dx [Kj± bjhifÆ± k£L«]

 x = − a vÅ±  t = a    ;   x = 0    vÅ±  t = 0

∴   )(xf
a

a
∫

−

dx = − )(

0

tf
a

−∫ dt + )(

0

xf
a

∫ dx

= )(

0

xf
a

−∫ dx + )(

0

xf
a

∫ dx

= )(

0

xf
a

∫ dx + )(

0

xf
a

∫ dx    [f(x) X® ,u£il¢ rh®ò]

= 2 )(

0

xf
a

∫ dx

(ii) f(x)  v¬gJ x¦iw¢ rh®ò vÅ±
   f(−x) = −f(x)

∴  )(xf
a

a
∫

−

dx = )(

0

xf
a
∫

−

dx + )(

0

xf
a

∫ dx

t = −x  vÅ± dt = −dx [Kj± bjhifÆ± k£L«]

x = − a  vÅ±  t = a  ;  x =  0   vÅ±   t = 0

∴   )(xf
a

a
∫

−

dx = − )(

0

tf
a

−∫ dt + )(

0

xf
a

∫ dx

= )(

0

xf
a

−∫ dx + )(

0

xf
a

∫ dx

= − )(

0

xf
a

∫ dx + )(

0

xf
a

∫ dx [f(x) X® x¦iw¢ rh®ò]

= 0



188

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L  1

k½¥¾Lf :k½¥¾Lf :k½¥¾Lf :k½¥¾Lf :k½¥¾Lf : ∫
−

+
1

1

)(
3 xx dx

Ô®î :

x3 + x v¬gJ X® x¦iw¢ rh®ò

∴ ∫
−

+
1

1

)(
3

xx dx = 0

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 2

k½¥¾Lf :k½¥¾Lf :k½¥¾Lf :k½¥¾Lf :k½¥¾Lf : ∫
−

+
2

2

)(
24 xx  dx

Ô®î :

x4 + x2 X® ,u£il¢ rh®ò

∴ ∫
−

+
2

2

)(
24

xx dx = 2 ∫ +
2

0

)(
24

xx dx

= 2 ][
3

3

5

5
2

0

xx +   = 2 ][
3

2

5

2
35

+  = 
15

272

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 3

k½¥¾Lf :k½¥¾Lf :k½¥¾Lf :k½¥¾Lf :k½¥¾Lf : ∫
+

2

π

0
33

3

cossin

sin

  xx

x  dx

Ô®î :

      I = ∫

π

+

2

0
33

3

cossin

sin

  xx

x
 dx -------(1)

g©ò (4)-¬ go,   )(

0

xf
a

∫ dx = )(

0

xaf
a

−∫ dx

nkY«/     I = ∫

π

ππ

π

−+−

−
2

22

2

0
33

3

)(cos)(sin

)(sin

  xx

x
dx

= ∫

π

+

2

0
33

3

sincos

cos

  xx

x
dx ---------(2)
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(1) + (2) ⇒

   2I = ∫ +

+
2
π

  

  

0
33

33

cossin

cossin

xx

xx dx  = ∫
2
π

0

dx   = ][
2
π

0
x = 

2

π
  ∴  I = 

4

π

⇒

∫

π

+

2

0
33

3

cossin

sin

  xx

x

dx = 
4

π

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  4

k½¥¾Lf :k½¥¾Lf :k½¥¾Lf :k½¥¾Lf :k½¥¾Lf : 

∫
1

0

x

(1−−−−−x)5 dx

Ô®î :

g©ò (4)-¬ go,  )(

0

xf
a

∫ dx = )(

0

xaf

a

−∫  dx

∴ ∫
1

0

x (1−x)5 dx = ∫
1

0

( 1−x) (1−1+x)5 dx    = ∫ −
1

0

)1( x x5 dx

= ∫ −
1

0

)(
65 xx dx = 

1

0
76

76







− xx

 = 
42

1

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 5

k½¥¾Lf :k½¥¾Lf :k½¥¾Lf :k½¥¾Lf :k½¥¾Lf : ∫
+

3
π

6
π tan1 x

dx

Ô®î :

   I = ∫
+

3

π

6

π tan1 x

dx

=  ∫
+

3

π

6

π cossin

 cos

xx

dxx
--------(1)

g©ò (3)-¬ go, ∫
b

a

xf )( dx = ∫
b

a

f (a+b−x) dx
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∴  I = ∫
−++−+

−+

ππππ

ππ3

π

6

π
3636

36

)cos()sin(

)cos(

xx

x
dx

= ∫ −−

−

+

3

π

6

π
 

2

π
 

2

π

 
2

π

)cos()sin(

)cos(

xx

x
dx

= ∫
+

3

π

6

π sincos

sin

xx

x
dx --------(2)

(1) + (2) ⇒

2 I = ∫
+

+
3

π

6

π sincos

sincos

xx

xx
dx  = ∫

3

π

6

π

dx  = ][
3
π

6
πx  = 

6

π

∴ I = 
12

π ∴ ∫
+

3

π

6

π tan1 x

dx
 = 

12

π

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  5.1

tiuaW¤j¤ bjhifÆ¬ g©òfis¥ ga¬gL¤½tiuaW¤j¤ bjhifÆ¬ g©òfis¥ ga¬gL¤½tiuaW¤j¤ bjhifÆ¬ g©òfis¥ ga¬gL¤½tiuaW¤j¤ bjhifÆ¬ g©òfis¥ ga¬gL¤½tiuaW¤j¤ bjhifÆ¬ g©òfis¥ ga¬gL¤½
Ñ³f©l bjhiffË¬ k½¥òfis¡ fh©f.Ñ³f©l bjhiffË¬ k½¥òfis¡ fh©f.Ñ³f©l bjhiffË¬ k½¥òfis¡ fh©f.Ñ³f©l bjhiffË¬ k½¥òfis¡ fh©f.Ñ³f©l bjhiffË¬ k½¥òfis¡ fh©f.

1) ∫
−

10

10

( 4x5 + 6x3 +
3

2
x) dx 2) ∫

−

2

2

( 3x2 + 5x4) dx

3) ∫
2
π

2
π-

2
sin x  dx 4) ∫

2

π

2

π-

cos x dx 5) ∫ −
2

0

2 xx dx

6) ∫
1

0

x (1 − x)3 dx 7) ∫
+

3

π

6

π cot1 x

dx
8) ∫ −+

2

0
  2 xx

dxx  
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9) ∫
π

0

x sin2 x  dx 10) ∫ +
+

2

π

0
cossin

cossin

xx
xbxa  dx

5.2 tiuaW¤j bjhifÆ¬ tot fÂj És¡f«tiuaW¤j bjhifÆ¬ tot fÂj És¡f«tiuaW¤j bjhifÆ¬ tot fÂj És¡f«tiuaW¤j bjhifÆ¬ tot fÂj És¡f«tiuaW¤j bjhifÆ¬ tot fÂj És¡f«
tistiuah± mikí« gu¥òtistiuah± mikí« gu¥òtistiuah± mikí« gu¥òtistiuah± mikí« gu¥òtistiuah± mikí« gu¥ò

y = f(x) v¬w rk¬gh£o¬

tiu¥gl« x m¢R k¦W«  x = a,

x = b  v¬w Ãiy¤ bjhiyîf´

,t¦wh± milgL« gu¥gsit

    A = ∫
b

a

y dx

    = )(xf
b

a
∫ dx vd¡ F¿¡fyh«.

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

y = f(x) v¬w rk¬gh£o¬ tiugl« x m¢ir x = a,

x = b-¡F ,il¥g£l gF½ia fl¡f¡TlhJ.

,njngh±/ x = g(y) v¬w tistiu y m¢R k¦W« »il¤
bjhiyîf´ y  = c,  y = d ,t¦¿¦F ,il¥g£l gu¥gsî/

  A = ∫
d

c

x dy

= )(yg
d

c
∫ dy

F¿¥òF¿¥òF¿¥òF¿¥òF¿¥ò

x = g(y)  v¬w rk¬gh£o¬
tiugl« y m¢¼±/  y = c,

y = d-¡F ,il¥g£l gF½Æ¬
tÊna  br±y¡ TlhJ.

y

xO

y = f(x)

x=a x=b

A

gl« 5.1

y

xO

x = g(y)

y=d

y=c
A

gl« 5.2
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vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  6

y2 = 4x v¬w gutisa¤½¦F«/ v¬w gutisa¤½¦F«/ v¬w gutisa¤½¦F«/ v¬w gutisa¤½¦F«/ v¬w gutisa¤½¦F«/ x m¢R/ m¢R/ m¢R/ m¢R/ m¢R/ x =1

k¦W« k¦W« k¦W« k¦W« k¦W«  x  = 4 v¬w nfhLfS¡F« ,il¥g£lv¬w nfhLfS¡F« ,il¥g£lv¬w nfhLfS¡F« ,il¥g£lv¬w nfhLfS¡F« ,il¥g£lv¬w nfhLfS¡F« ,il¥g£l
gu¥ig¡ fh©f.gu¥ig¡ fh©f.gu¥ig¡ fh©f.gu¥ig¡ fh©f.gu¥ig¡ fh©f.

Ô®î :

njitahd gu¥ò

   A = ∫
b

a

y dx = ∫
4

1

4x dx

= 2 ∫
4

1

x dx  = 2 

4

1
2

3

2

3








 x

= 2 x
3

2
)14( 2

3

2

3

−   =
3

28 rJu myFf´.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  7

x2 = 4y v¬w gutisa¤½¦F«/v¬w gutisa¤½¦F«/v¬w gutisa¤½¦F«/v¬w gutisa¤½¦F«/v¬w gutisa¤½¦F«/ y m¢R/ k¦W«m¢R/ k¦W«m¢R/ k¦W«m¢R/ k¦W«m¢R/ k¦W«
y  = 2,   y  = 4  vD« nfhLfS¡F« ,il¥g£lvD« nfhLfS¡F« ,il¥g£lvD« nfhLfS¡F« ,il¥g£lvD« nfhLfS¡F« ,il¥g£lvD« nfhLfS¡F« ,il¥g£l
gu¥ig¡ fh©f.gu¥ig¡ fh©f.gu¥ig¡ fh©f.gu¥ig¡ fh©f.gu¥ig¡ fh©f.

Ô®î :

tistiuÆ¬ Ñ³ mikí« gu¥ò

   A = ∫
d

c

x dy = ∫
4

2

4y dy

= 2 ∫
4

2

y dy  = 2 

4

2
2

3

2

3








 y

= 2 x
3

2
)24( 2

3

2

3

−

=
3

2832−  rJu myFf´.

y

xO x=1 x=4

y
2
 = 4x

gl« 5.3

y

xO

y=4

y=2

x
2
 = 4y

gl« 5.4
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vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  8

y = 4x2 −−−−− 8x + 6 v¬w tistiuÆ¬/ v¬w tistiuÆ¬/ v¬w tistiuÆ¬/ v¬w tistiuÆ¬/ v¬w tistiuÆ¬/ y m¢R/m¢R/m¢R/m¢R/m¢R/
k¦W« k¦W« k¦W« k¦W« k¦W« x = 2 ,t¦W¡F ,ilna c´s gu¥ig¡,t¦W¡F ,ilna c´s gu¥ig¡,t¦W¡F ,ilna c´s gu¥ig¡,t¦W¡F ,ilna c´s gu¥ig¡,t¦W¡F ,ilna c´s gu¥ig¡
fh©f.fh©f.fh©f.fh©f.fh©f.
Ô®î :

y  m¢¼¬ rk¬ghL/  x  = 0.vdnt bfhL¡f¥g£l
tistiu¡F«/ x = 0,  x = 2  v¬w
nfhLfS¡F« ,il¥g£l
njitahd gu¥ò/

A = ∫
b

a

y dx

= ∫
2

0

( 4x2 − 8x + 6) dx

= [ ]2 

0 

23

64
2

8

3
xxx +−

= 
3

4
(2)3 − 4(2)2 + 6(2) - 0

= 
3

20 rJu myFf´.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  9

y2 = x3  vD« miuK¥go  gutisa« vD« miuK¥go  gutisa« vD« miuK¥go  gutisa« vD« miuK¥go  gutisa« vD« miuK¥go  gutisa« x = 0,

y = 1,  y = 2 vD« nfhLfsh± milgL« gu¥¾id¡vD« nfhLfsh± milgL« gu¥¾id¡vD« nfhLfsh± milgL« gu¥¾id¡vD« nfhLfsh± milgL« gu¥¾id¡vD« nfhLfsh± milgL« gu¥¾id¡
fh©ffh©ffh©ffh©ffh©f.

Ô®î :

njitahd gu¥ò,  A = ∫
d

c

x dy

= ∫
2

1

3

2

y dy = 

2

1
3

5

3

5








 y

=
5

3








−123

5

rJu myFf´.

y

xO x=2

y= 4x
2
-8x+6

gl« 5.5

y

xO

y=2

y=1

y
2
 = x

3

gl« 5.6
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vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 10

y = sin ax v¬w tistiuÆ¬ xU É±È¦F« v¬w tistiuÆ¬ xU É±È¦F« v¬w tistiuÆ¬ xU É±È¦F« v¬w tistiuÆ¬ xU É±È¦F« v¬w tistiuÆ¬ xU É±È¦F« x

m¢R¡F« ,il¥g£l gu¥ò fh©f.m¢R¡F« ,il¥g£l gu¥ò fh©f.m¢R¡F« ,il¥g£l gu¥ò fh©f.m¢R¡F« ,il¥g£l gu¥ò fh©f.m¢R¡F« ,il¥g£l gu¥ò fh©f.
Ô®î :

y = sin ax  tistiu x m¢ir bt£L« ò´Ë fhz
 y = 0 v¬f.
      vdnt/ xU É±Y¡fhd

v±iyf´/  x = 0,  x = 
a
π

njitahd gu¥ò,

 A = ∫
b

a

y dx

   = ∫

π
a

ax
0

sin dx =
a

a
ax

π





−

0

cos

= −
a
1

[cosπ − cos0]

= 
a
2 rJu myFf´.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  11

y2 = x2 (4−−−−−x2) v¬w tistiuÆ¬ xnu xU RH±v¬w tistiuÆ¬ xnu xU RH±v¬w tistiuÆ¬ xnu xU RH±v¬w tistiuÆ¬ xnu xU RH±v¬w tistiuÆ¬ xnu xU RH±
tisÆ¬ gu¥ig¡ fh©f. tisÆ¬ gu¥ig¡ fh©f. tisÆ¬ gu¥ig¡ fh©f. tisÆ¬ gu¥ig¡ fh©f. tisÆ¬ gu¥ig¡ fh©f. (v±iyf´ v±iyf´ v±iyf´ v±iyf´ v±iyf´ x = 0, x = 2).

Ô®î :

tistiuÆ¬ rk¬ghL

y2 = x2 (4−x2)

∴ y = + x 2
4 x−

njitahd gu¥ò,  A = ∫
b

a

y dx

= 2 x Kj± fh± gF½Æ± mikí« gu¥ò

y

xO
a
π

y = sinax

gl« 5.7

y

x
O

(2, 0)

gl« 5.8
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= 2 ∫ −
2

0

2
4 xx  dx

∴ A  = 2 
2

)(
0

4

  
dt

t
−

∫   = ∫
4

0

  t dt

= 

4

0
2

3

2

3

t









  =

3

16  rJu myFf´.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  5.2

1) y = 4x − x2  v¬w tistiu¡F« x m¢R/ x = 0 k¦W«  x = 3

nfhLfS¡F« ,il¥g£l gu¥ig¡ fh©f.

2) y = 3x2−4x + 5 v¬w tistiu¡F« x m¢R k¦W« ne®nfhL
x = 1,   x = 2 ,t¦¿¦»ilna  mikí« gF½Æ¬ gu¥ig¡
fh©f.

3)   y = 
2

1

1

x+
 vD«  tistiu¡F« y = 0  x = −1,  k¦W«  x = 1

nfhLfS¡F« ,il¥g£l gu¥¾id¡ fh©f.

4) y = cos x v¬w tistiuÆ¬  xU É±Y¡F«/ x = 
2

π− ,

x = 
2

π
 k¦W« x-m¢R/ ,t¦¿¦F ,ilÆY´s  gu¥ig¡ fh©f

5) y2 = x2 (1−x2) v¬w tistiuÆ¬ xnu xU RH± tisÆ¬
x = 0,   x = 1 v¬w ò´ËfS¡F ,il¥g£l   gu¥ig¡  fh©f

6) xy = 1 v¬w njit tistiu¡F« x = 3 , x = 9 vD«
nfhLfS¡F« ,il¥g£l gu¥ò¡ fh©f

7) y2 = 4ax v¬w gutisa¤½¦F« mj¬ br²tfy¤½¦F«
,ilnaí´s gu¥ig¡ fh©f.

8) x = 3y2 − 9 vD« tistiu¡F« nfhLf´ x = 0,  y = 0 k¦W«
y = 1 nfhLfS¡F« ,il¥g£l¥ gu¥ò¡ fh©f..

9) y = 

x
4

 v¬w tistiuÆ¬ x m¢R¡F nk± x = 1,  x = 4

v¬w  nfhLfS¡F ,il¥g£l gu¥¾id¡ fh©f.

10) ‘a’ myF Mu« bfh©l t£l¤½¬ gu¥ig¡ fh©f

 t = 4 - x2   v¬f.
dt = - 2xdx

2

dt− = xdx.

 x = 0  vÅ± t = 4

 x = 2  vÅ± t = 0



196

11)
2

2

a

x
+ 

2

2

b

y
= 1 v¬w Ú´t£l¤½¬ gu¥ig¡ fh©f

5.3  bghUshjhu« k¦W« tÂfÉaÈ±bghUshjhu« k¦W« tÂfÉaÈ±bghUshjhu« k¦W« tÂfÉaÈ±bghUshjhu« k¦W« tÂfÉaÈ±bghUshjhu« k¦W« tÂfÉaÈ±
bjhifÞ£o¬ ga¬ghLf´bjhifÞ£o¬ ga¬ghLf´bjhifÞ£o¬ ga¬ghLf´bjhifÞ£o¬ ga¬ghLf´bjhifÞ£o¬ ga¬ghLf´

,j¦F Kªija ghl¥gF½Æ± bkh¤j bryî¢ rh®ò
bkh¤j tUth­ rh®ò k¦W« njit¢ rh®ò bfhL¡f¥g£L
,U¥¾¬ mj¦fhd ,W½Ãiy bryî¢ rh®ò/ ,W½ Ãiy
tUth­ rh®ò/ njit be»³¢¼ fhQ« Kiwfis¡ f©nlh«.
mj¦F khwhf ,W½ Ãiy rh®ò bfhL¡f¥g£oU¥¾¬ bkh¤j
rh®ig¡ fhQ« Kiwia ,§F fhzyh«.

5.3.1 ,W½ Ãiy bryî¢ rh®¾ÈUªJ,W½ Ãiy bryî¢ rh®¾ÈUªJ,W½ Ãiy bryî¢ rh®¾ÈUªJ,W½ Ãiy bryî¢ rh®¾ÈUªJ,W½ Ãiy bryî¢ rh®¾ÈUªJ (Marginal cost

function) bryî /  k¦W« ruhrÇ bryî¢ bryî /  k¦W« ruhrÇ bryî¢ bryî /  k¦W« ruhrÇ bryî¢ bryî /  k¦W« ruhrÇ bryî¢ bryî /  k¦W« ruhrÇ bryî¢
rh®òfis¡rh®òfis¡rh®òfis¡rh®òfis¡rh®òfis¡ (Average cost function) fhQj± fhQj± fhQj± fhQj± fhQj±

C v¬gJ bkh¤j bryî¢ rh®ò.  ,½± x v¬gJ
c¦g¤½Æ¬ msî vÅ± ,W½ Ãiy¢ bryî¢ rh®ò/

MC = 
xd

dC
. bjhif fhz± v¬gJ tif¡bfG K¦gL

v¬gjh±

bryî rh®ò,  C = ∫ (MC)  dx + k

,½±  k  v¬gJ bjhif fhzÈ¬ kh¿È.  F¿¥¾£l
msî c¦g¤½Æ¬ bryî bfhL¡f¥g£oUªjh± mjid¥
ga¬gL¤½ k -,¬ k½¥ò fhzyh«.

ruhrÇ bryî¢ rh®ò ,  AC = 
x
C

,  x ≠ 0

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 12

x  myFf´ c¦g¤½Æ¬ ,W½ Ãiy bryîmyFf´ c¦g¤½Æ¬ ,W½ Ãiy bryîmyFf´ c¦g¤½Æ¬ ,W½ Ãiy bryîmyFf´ c¦g¤½Æ¬ ,W½ Ãiy bryîmyFf´ c¦g¤½Æ¬ ,W½ Ãiy bryî
MC = 6 + 10x −−−−− 6x2  k¦W« k¦W« k¦W« k¦W« k¦W« 1 myF c¦g¤½¡fhd bkh¤j myF c¦g¤½¡fhd bkh¤j myF c¦g¤½¡fhd bkh¤j myF c¦g¤½¡fhd bkh¤j myF c¦g¤½¡fhd bkh¤j
bryî bryî bryî bryî bryî 15, vÅ± bkh¤j bryî¢ rh®ò k¦W« ruhrÇ vÅ± bkh¤j bryî¢ rh®ò k¦W« ruhrÇ vÅ± bkh¤j bryî¢ rh®ò k¦W« ruhrÇ vÅ± bkh¤j bryî¢ rh®ò k¦W« ruhrÇ vÅ± bkh¤j bryî¢ rh®ò k¦W« ruhrÇ
bryî M»at¦iw fh©f.bryî M»at¦iw fh©f.bryî M»at¦iw fh©f.bryî M»at¦iw fh©f.bryî M»at¦iw fh©f.

Ô®î :

,W½ Ãiy bryî¢ rh®ò,
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MC = 6 + 10x − 6x2

   C = ∫ (MC)  dx + k  = ∫ ( 6 + 10x − 6x2) dx + k

= 6x + 
2

10 2x  - 
3

6
3x

 + k

= 6x+ 5x2 - 2x3+ k ----------(1)

      x = 1, C = 15

∴(1) ⇒ 15= 6 + 5 − 2 + k   ⇒   15 − 9 = k  ⇒ k = 6

∴ bkh¤j bryî¢ rh®ò ,   C = 6x + 5x2 − 2x3 + 6

ruhrÇ bryî¢ rh®ò  , AC = 
x

C

= 6 + 5x − 2x2 +
x

6

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 13

xU bghUË¬ ,W½ Ãiy bryî¢ rh®òxU bghUË¬ ,W½ Ãiy bryî¢ rh®òxU bghUË¬ ,W½ Ãiy bryî¢ rh®òxU bghUË¬ ,W½ Ãiy bryî¢ rh®òxU bghUË¬ ,W½ Ãiy bryî¢ rh®ò
3x2 −−−−− 2x + 8.  khwh¢ bryî ,±iy vÅ± bkh¤jkhwh¢ bryî ,±iy vÅ± bkh¤jkhwh¢ bryî ,±iy vÅ± bkh¤jkhwh¢ bryî ,±iy vÅ± bkh¤jkhwh¢ bryî ,±iy vÅ± bkh¤j
bryî¢ rh®ò k¦W« ruhrÇ bryî¢ rh®ò M»at¦iwbryî¢ rh®ò k¦W« ruhrÇ bryî¢ rh®ò M»at¦iwbryî¢ rh®ò k¦W« ruhrÇ bryî¢ rh®ò M»at¦iwbryî¢ rh®ò k¦W« ruhrÇ bryî¢ rh®ò M»at¦iwbryî¢ rh®ò k¦W« ruhrÇ bryî¢ rh®ò M»at¦iw
fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

,W½ Ãiy bryî¢ rh®ò,

MC = 3x2 − 2x + 8

    C = ∫ (MC) dx + k  = ∫ ( 3x2 − 2x + 8) dx + k

= x3 − x2 + 8x + k -------------- (1)

khwh¢ bryî ,±iy  ⇒  k = 0   ∴ (1) ⇒ C = x3 − x2 + 8x

ruhrÇ bryî¢ rh®ò  AC  = 
x

C
 = x2 − x + 8.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  14

x myF jahÇ¥gj¦fhd xU bghUË¬ ,W½myF jahÇ¥gj¦fhd xU bghUË¬ ,W½myF jahÇ¥gj¦fhd xU bghUË¬ ,W½myF jahÇ¥gj¦fhd xU bghUË¬ ,W½myF jahÇ¥gj¦fhd xU bghUË¬ ,W½
Ãiy bryî¢ rh®ò Ãiy bryî¢ rh®ò Ãiy bryî¢ rh®ò Ãiy bryî¢ rh®ò Ãiy bryî¢ rh®ò 3 −−−−− 2x −−−−− x2.  khwh¢ bryî khwh¢ bryî khwh¢ bryî khwh¢ bryî khwh¢ bryî 200

vÅ± bkh¤j¢ bryî¢ rh®ò k¦W« ruhrÇ bryî¢vÅ± bkh¤j¢ bryî¢ rh®ò k¦W« ruhrÇ bryî¢vÅ± bkh¤j¢ bryî¢ rh®ò k¦W« ruhrÇ bryî¢vÅ± bkh¤j¢ bryî¢ rh®ò k¦W« ruhrÇ bryî¢vÅ± bkh¤j¢ bryî¢ rh®ò k¦W« ruhrÇ bryî¢
rh®ò M»at¦iw¡ fh©f.rh®ò M»at¦iw¡ fh©f.rh®ò M»at¦iw¡ fh©f.rh®ò M»at¦iw¡ fh©f.rh®ò M»at¦iw¡ fh©f.
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Ô®î :

,W½ Ãiy bryî¢ rh®ò

MC = 3 − 2x − x2

   C = ∫ (MC)  dx + k  = ∫ ( 3 − 2x − x2) dx + k

= 3x −  x2  −
3

3
x

 + k ---------(1)

    k = 200 [bfhL¡f¥g£L´sJ]

∴(1) ⇒ C = 3x − x2  −
3

3
x

 + 200

ruhrÇ bryî¢ rh®ò AC =  
x
C

 = 3 − x − 
3

2
x

+
x

200

5.3.2 bfhL¡f¥g£L´s ,W½Ãiy tUth­ bfhL¡f¥g£L´s ,W½Ãiy tUth­ bfhL¡f¥g£L´s ,W½Ãiy tUth­ bfhL¡f¥g£L´s ,W½Ãiy tUth­ bfhL¡f¥g£L´s ,W½Ãiy tUth­ (Marginal

revenue) rh®¾ÈUªJ bkh¤j tUth ­ rh®òrh®¾ÈUªJ bkh¤j tUth ­ rh®òrh®¾ÈUªJ bkh¤j tUth ­ rh®òrh®¾ÈUªJ bkh¤j tUth ­ rh®òrh®¾ÈUªJ bkh¤j tUth ­ rh®ò
(Revenue function) k¦W« njit¢ rh®ò k¦W« njit¢ rh®ò k¦W« njit¢ rh®ò k¦W« njit¢ rh®ò k¦W« njit¢ rh®ò (Demand

function) M»at¦iw¡ fhQj± :M»at¦iw¡ fhQj± :M»at¦iw¡ fhQj± :M»at¦iw¡ fhQj± :M»at¦iw¡ fhQj± :

R v¬gJ tUth­ rh®ò vÅ± ,W½ Ãiy tUth­¢ rh®ò

MR = 
xd

dR
 . ,½± ‘x’ v¬gJ c¦g¤½Æ¬ msî

,UòwK«  x I¥ bghU¤J bjhif fhz/

tUth­¢ rh®ò, R = ∫ (MR) dx + k ,½± k v¬gJ xU
kh¿È ,«kh¿ÈÆ¬ k½¥ig  x = 0 k¦W« R = 0 vd¥¾u½Æ£L
fhzyh«.  mjhtJ c¦g¤½ ,±yhk± ,U¡F« nghJ tUth­
R = 0.

tUth­ rh®ò, R = px   ∴  njit¢ rh®ò/   p = 
x
R

, (x≠0)

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  15

,W½ Ãiy tUth­ rh®ò,W½ Ãiy tUth­ rh®ò,W½ Ãiy tUth­ rh®ò,W½ Ãiy tUth­ rh®ò,W½ Ãiy tUth­ rh®ò MR = 9 - 6x2 + 2x  vÅ±vÅ±vÅ±vÅ±vÅ±
bkh¤j tUth ­  r h ®ò  k¦W« njit¢ r h ®òbkh¤j tUth ­  r h ®ò  k¦W« njit¢ r h ®òbkh¤j tUth ­  r h ®ò  k¦W« njit¢ r h ®òbkh¤j tUth ­  r h ®ò  k¦W« njit¢ r h ®òbkh¤j tUth ­  r h ®ò  k¦W« njit¢ r h ®ò
M»at¦iw¡ fh©f.M»at¦iw¡ fh©f.M»at¦iw¡ fh©f.M»at¦iw¡ fh©f.M»at¦iw¡ fh©f.

Ô®î :

,W½Ãiy  tUth­ rh®ò/  MR = 9 − 6x2 + 2x
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    R (x) = ∫ (MR)  dx +k    =  ∫ ( 9 − 6x2 + 2x) dx +k

= 9x − 
3

6
3x

 + 
2

2
2x

 + k   =  9x − 2x3 + x2 + k

bghU´f´ É¦gid ,±iybaÅ± tUth­ ó¢¼akhF«
mjhtJ x = 0,  R = 0

  ∴    R = 9x − 2x3 + x2

  njit¢ rh®ò/     p  = 
x
R

 = 9 − 2x2 +x

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  16

,W½Ãiy tUth­¢ rh®ò ,W½Ãiy tUth­¢ rh®ò ,W½Ãiy tUth­¢ rh®ò ,W½Ãiy tUth­¢ rh®ò ,W½Ãiy tUth­¢ rh®ò MR = 3 −−−−− 2x −−−−− x2  vÅ±vÅ±vÅ±vÅ±vÅ±
mj¬ tUth­¢ rh®ò k¦W« njit¢ rh®ig¡mj¬ tUth­¢ rh®ò k¦W« njit¢ rh®ig¡mj¬ tUth­¢ rh®ò k¦W« njit¢ rh®ig¡mj¬ tUth­¢ rh®ò k¦W« njit¢ rh®ig¡mj¬ tUth­¢ rh®ò k¦W« njit¢ rh®ig¡
fh©f.fh©f.fh©f.fh©f.fh©f.

Ô®î :

MR = 3 − 2x − x2

   R = ∫ (MR) dx + k  = ∫ ( 3 − 2x − x2) dx + k

= 3x − 
2

2
2x

 −
3

3x  + k   =  3x − x2 −
3

3x  + k

bghU´f´ É¦gid ,±iy vÅ±  R = 0 mjhtJ/

x = 0 vÅ±  R = 0    ∴    k = 0

∴ R = 3x − x2 − 
3

3x

 njit¢ rh®ò  p = 
x
R

 = 3 − x − 
3

2x

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  17

xU ÃWtd¤½¬ ,W½Ãiy tUth­¢ rh®òxU ÃWtd¤½¬ ,W½Ãiy tUth­¢ rh®òxU ÃWtd¤½¬ ,W½Ãiy tUth­¢ rh®òxU ÃWtd¤½¬ ,W½Ãiy tUth­¢ rh®òxU ÃWtd¤½¬ ,W½Ãiy tUth­¢ rh®ò

=
100

xe
 + x + x2vÅ± mj¬ tUth­¢ rh®ig¡ fh©f.vÅ± mj¬ tUth­¢ rh®ig¡ fh©f.vÅ± mj¬ tUth­¢ rh®ig¡ fh©f.vÅ± mj¬ tUth­¢ rh®ig¡ fh©f.vÅ± mj¬ tUth­¢ rh®ig¡ fh©f.

Ô®î :

MR = 
100

xe + x + x2

 R = ∫ (MR) dx + k  = ∫ (
100

x
e

+ x + x2) dx + k
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= 
100

xe
 + 

2

2
x  + 

3

3
x  + k

bghU´f´ É¦gid ,±iybaÅ± R = 0

mjhtJ x = 0  vÅ±   R = 0.

∴(1)  ⇒ 0 = 
100

0
e

+ 0+ 0 +k ∴ k = −
100

1

∴ tUth­,  R = 
100

xe
+

2

2x  + 
3

3x −
100

1

5.3.3 njitbe»³¢¼njitbe»³¢¼njitbe»³¢¼njitbe»³¢¼njitbe»³¢¼  (Elasticity of demand) bfhL¡f¥bfhL¡f¥bfhL¡f¥bfhL¡f¥bfhL¡f¥
g£oU¥¾¬ tUth­ k¦W« njit¢ rh®òg£oU¥¾¬ tUth­ k¦W« njit¢ rh®òg£oU¥¾¬ tUth­ k¦W« njit¢ rh®òg£oU¥¾¬ tUth­ k¦W« njit¢ rh®òg£oU¥¾¬ tUth­ k¦W« njit¢ rh®ò
fhQj±fhQj±fhQj±fhQj±fhQj±

njit be»³¢¼  η
d

= 
x

p−
dp
dx

⇒ 
p

dp−
= 

x
dx

dη
1

 − ∫ p
dp

= 
dη
1

∫ x
dx

,UòwK« bjhif fhz p vD« njit¢ rh®ig x-¬
rh®ghf¡ fhzyh«.

tUth­ rh®ò/  R = px v¬w nfh£gh£oÈUªJ fhzyh«.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L 18

xU bghUË¬ njitxU bghUË¬ njitxU bghUË¬ njitxU bghUË¬ njitxU bghUË¬ njit x vD«bghGJ Éiyia¥ vD«bghGJ Éiyia¥ vD«bghGJ Éiyia¥ vD«bghGJ Éiyia¥ vD«bghGJ Éiyia¥

bghU¤j njit be»³¢¼bghU¤j njit be»³¢¼bghU¤j njit be»³¢¼bghU¤j njit be»³¢¼bghU¤j njit be»³¢¼ 
x

x 5−
, x > 5  vÅ±/ Éiy vÅ±/ Éiy vÅ±/ Éiy vÅ±/ Éiy vÅ±/ Éiy 2

njit 7 vD«bghGJ njit¢rh®ò k¦W« tUth­¢njit 7 vD«bghGJ njit¢rh®ò k¦W« tUth­¢njit 7 vD«bghGJ njit¢rh®ò k¦W« tUth­¢njit 7 vD«bghGJ njit¢rh®ò k¦W« tUth­¢njit 7 vD«bghGJ njit¢rh®ò k¦W« tUth­¢
rh®ò fh©f.rh®ò fh©f.rh®ò fh©f.rh®ò fh©f.rh®ò fh©f.

Ô®î :

njit be»³¢¼ , η
d
 = 

x
x 5− (bfhL¡f¥g£L´sJ)

  ⇒ −
x

p

dp
dx

 = 
x

x 5−
  ⇒   

5-x
dx

 = −
p

dp

,UòwK« bjhif¡fhz/

∫ 5-

d

x
x

= - ∫ p
dp

  + log k  ⇒ log ( x − 5) = − log p + log k

⇒ log ( x − 5)+ log p = log k   ⇒ log p ( x − 5) = log k
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⇒ p ( x − 5) = k ---------(1)

p = 2  vÅ±  x = 7  ∴  k  = 4

 njit rh®ò     p = 
5

4

−x
,      x > 5

tUth­,  R = px  = 
5

4

−x
x

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 19

xU bghUË¬ Éiyia¥ bghU¤j njitxU bghUË¬ Éiyia¥ bghU¤j njitxU bghUË¬ Éiyia¥ bghU¤j njitxU bghUË¬ Éiyia¥ bghU¤j njitxU bghUË¬ Éiyia¥ bghU¤j njit
be»³¢¼ xU kh¿È. mJ be»³¢¼ xU kh¿È. mJ be»³¢¼ xU kh¿È. mJ be»³¢¼ xU kh¿È. mJ be»³¢¼ xU kh¿È. mJ 2 ¡F rk«. njit ¡F rk«. njit ¡F rk«. njit ¡F rk«. njit ¡F rk«. njit 4 vD« vD« vD« vD« vD«
nghJ Éiy nghJ Éiy nghJ Éiy nghJ Éiy nghJ Éiy 1 vÅ± njit¢ rh®ò k¦W« tUth­¢ vÅ± njit¢ rh®ò k¦W« tUth­¢ vÅ± njit¢ rh®ò k¦W« tUth­¢ vÅ± njit¢ rh®ò k¦W« tUth­¢ vÅ± njit¢ rh®ò k¦W« tUth­¢
rh®ò M»at¦iw¡ fh©f.rh®ò M»at¦iw¡ fh©f.rh®ò M»at¦iw¡ fh©f.rh®ò M»at¦iw¡ fh©f.rh®ò M»at¦iw¡ fh©f.

Ô®î :

njit be»³¢¼, η
d
 = 2 (bfhL¡f¥g£L´sJ)

⇒ −
x

p

dp
dx

 = 2   ⇒  
x

dx
 = −2

p

dp

,UòwK« bjhif fhz

⇒ ∫ x
xd

= −2 ∫ p

dp
 +  log k    ⇒ logx = − 2log p + log k

logx + log p2 = log k

p2x = k ---------(1)

njit 4 vÅ± Éiy 1. x = 4,   p = 1

∴ (1) ⇒ 4 = k   vdnt  p2x = 4     p2 = 
x
4

  p = 
x

2
 ;   tUth­/   R = px  = 

x

x2
 = 2 x

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 20

xU ÃWtd¤½± xU bghUË¬ ,W½ ÃiyxU ÃWtd¤½± xU bghUË¬ ,W½ ÃiyxU ÃWtd¤½± xU bghUË¬ ,W½ ÃiyxU ÃWtd¤½± xU bghUË¬ ,W½ ÃiyxU ÃWtd¤½± xU bghUË¬ ,W½ Ãiy
bryî¢ rh®ò k¦W« ,W½ Ãiy tUth­ Kiwnabryî¢ rh®ò k¦W« ,W½ Ãiy tUth­ Kiwnabryî¢ rh®ò k¦W« ,W½ Ãiy tUth­ Kiwnabryî¢ rh®ò k¦W« ,W½ Ãiy tUth­ Kiwnabryî¢ rh®ò k¦W« ,W½ Ãiy tUth­ Kiwna
C′′′′′(x) = 4 + 0.08x k¦W« k¦W« k¦W« k¦W« k¦W« R′′′′′(x) = 12.  c¦g¤½ VJ«c¦g¤½ VJ«c¦g¤½ VJ«c¦g¤½ VJ«c¦g¤½ VJ«
,±yhjjh± bkh¤j bryî ó¢¼a« vÅ± bkh¤j,±yhjjh± bkh¤j bryî ó¢¼a« vÅ± bkh¤j,±yhjjh± bkh¤j bryî ó¢¼a« vÅ± bkh¤j,±yhjjh± bkh¤j bryî ó¢¼a« vÅ± bkh¤j,±yhjjh± bkh¤j bryî ó¢¼a« vÅ± bkh¤j
,yhg« fh©f.,yhg« fh©f.,yhg« fh©f.,yhg« fh©f.,yhg« fh©f.
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Ô®î :

,W½ Ãiy bryî/

MC = 4 + 0.08x   ⇒ C (x)  = ∫ (MC)  dx + k
1

=  ∫ ( 4 + 0.08x) dx + k
1

= 4x + 0.08
2

x
2

+ k
1

= 4x + 0.04x2 + k
1

--------- (1)

 x = 0  vÅ±  C = 0 ∴   k
1
 = 0

bryî¢ rh®ò C  = 4x + 0.04x2 ---------(2)

,W½ Ãiy tUth­/

MR = 12.

R(x) = ∫MR dx + k
2  

  =  ∫12  dx + k
2
   = 12x + k

2

É¦gid ,±iy vÅ± tUth­ ó¢¼akhF«

mjhtJ   x = 0   vÅ±   R = 0.

∴ k
2
 = 0

tUth­/ R  = 12x ---------(3)

bkh¤j ,yhg¢ rh®ò/  P = R − C

= 12x − 4x − 0.04x2  = 8x − 0.04x2.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  21

xU bghUË¬ ,W½Ãiy tUth ­¢  r h ®òxU bghUË¬ ,W½Ãiy tUth ­¢  r h ®òxU bghUË¬ ,W½Ãiy tUth ­¢  r h ®òxU bghUË¬ ,W½Ãiy tUth ­¢  r h ®òxU bghUË¬ ,W½Ãiy tUth ­¢  r h ®ò
(%gh ­  MÆu§fË±)  (%gh ­  MÆu§fË±)  (%gh ­  MÆu§fË±)  (%gh ­  MÆu§fË±)  (%gh ­  MÆu§fË±)  7 + e−−−−−0.05x  (x  myF v¬gJmyF v¬gJmyF v¬gJmyF v¬gJmyF v¬gJ
É¦gidia¡ F¿¡F«) vÅ± 100 myF É¦gidÆ±É¦gidia¡ F¿¡F«) vÅ± 100 myF É¦gidÆ±É¦gidia¡ F¿¡F«) vÅ± 100 myF É¦gidÆ±É¦gidia¡ F¿¡F«) vÅ± 100 myF É¦gidÆ±É¦gidia¡ F¿¡F«) vÅ± 100 myF É¦gidÆ±
bkh¤j tUth­ fh©fbkh¤j tUth­ fh©fbkh¤j tUth­ fh©fbkh¤j tUth­ fh©fbkh¤j tUth­ fh©f ( e−−−−−5 = 0.0067).

Ô®î :

,W½ Ãiy tUth­¢ rh®ò   R′ (x) = 7 + e −0.05x

vdnt 100 myF É¦gidÆ± tUth­ rh®ò/

    R = ∫
100

0

7(  + e −0.05x)  dx = [ ]100 

0 05.0

05.0

7
−

−

+
xex
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= 700 − 
5

100
(e-5 -1) = 700 − 20 (0.0067 - 1)

= 700 + 20 - 0.134 = (720 − 0.134) MÆu§f´

= 719.866 x 1000

tUth­, R = %.7,19,866.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  22

,W½ Ãiy bryî¢ rh®ò k¦W« ,W½ Ãiy,W½ Ãiy bryî¢ rh®ò k¦W« ,W½ Ãiy,W½ Ãiy bryî¢ rh®ò k¦W« ,W½ Ãiy,W½ Ãiy bryî¢ rh®ò k¦W« ,W½ Ãiy,W½ Ãiy bryî¢ rh®ò k¦W« ,W½ Ãiy

tUth­rh®ò Kiwna tUth­rh®ò Kiwna tUth­rh®ò Kiwna tUth­rh®ò Kiwna tUth­rh®ò Kiwna C′′′′′(x) = 20 + 
20
x

, R′′′′′(x) = 30

Ãiyahd bryî %.Ãiyahd bryî %.Ãiyahd bryî %.Ãiyahd bryî %.Ãiyahd bryî %.200  vÅ±/ Û¥bgU ,yhg¤ij¡vÅ±/ Û¥bgU ,yhg¤ij¡vÅ±/ Û¥bgU ,yhg¤ij¡vÅ±/ Û¥bgU ,yhg¤ij¡vÅ±/ Û¥bgU ,yhg¤ij¡
f©L¾o.f©L¾o.f©L¾o.f©L¾o.f©L¾o.

Ô®î :

  C′(x) = 20 + 
20

x
 ∴  C(x) = ∫ ′C (x)dx + k

1

= ∫ +
20

(20
x

) dx + k
1

= 20x +
40

2x
 + k

1
-----------(1)

c¦g¤½ ó¢¼a« vÅ± Ãiyahd bryî %.200.

mjhtJ x = 0, C = 200,

∴     (1) ⇒ 200 = 0 + 0 + k
1
   ⇒  k

1
 = 200

bryî¢ rh®ò C(x) = 20x + 
40

2x
 + 200

bkh¤j tUth­,    R′(x) = 30

∴ R(x) = ∫ ′R (x) dx + k
2 
 = ∫30 dx + k

2

= 30x + k
2

-------------(2)

bghU´f´ VJ« É¦gid MfÉ±iybaÅ± tUth­
ó¢¼akhF«.

mjhtJ   x = 0,   R = 0 vÅ±/    (1) ⇒  0 = 0 + k
2

∴ k
2
 = 0 ∴    R(x) = 30x
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,yhg«/ P = bkh¤j tUth­ − bkh¤j bryî

= 30x − 20x −
40

2x
 − 200 = 10x −

40

2x
 − 200

dx
dP

= 10 − 
20

x
   ; 

dx
dP

 = 0 ⇒  x = 200

2

2

dx

Pd
= 

20  

1−
 < 0

∴ x = 200-±  ,yhg« Û¥bgUk½¥ig milí«.

Û¥bgU ,yhg«/   P = 2000 − 

40

40000

 − 200 = %. 800.

vL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£LvL¤J¡fh£L  23

,W½ Ãiy bryî¢ rh®ò,W½ Ãiy bryî¢ rh®ò,W½ Ãiy bryî¢ rh®ò,W½ Ãiy bryî¢ rh®ò,W½ Ãiy bryî¢ rh®ò C′′′′′(x) = 10.6x.  ,½± ,½± ,½± ,½± ,½± x

v¬gJ c¦g¤½Æ¬ msî. khwh¢ bryî %.v¬gJ c¦g¤½Æ¬ msî. khwh¢ bryî %.v¬gJ c¦g¤½Æ¬ msî. khwh¢ bryî %.v¬gJ c¦g¤½Æ¬ msî. khwh¢ bryî %.v¬gJ c¦g¤½Æ¬ msî. khwh¢ bryî %.50. xU. xU. xU. xU. xU
myF c¦g¤½Æ¬ É¦gid ÉimyF c¦g¤½Æ¬ É¦gid ÉimyF c¦g¤½Æ¬ É¦gid ÉimyF c¦g¤½Æ¬ É¦gid ÉimyF c¦g¤½Æ¬ É¦gid Éiy % .y % .y % .y % .y % .5 vÅ± vÅ± vÅ± vÅ± vÅ±
(i) bkh¤j tUth­¢ rh®òbkh¤j tUth­¢ rh®òbkh¤j tUth­¢ rh®òbkh¤j tUth­¢ rh®òbkh¤j tUth­¢ rh®ò  (ii) bkh¤j bryî¢ rh®òbkh¤j bryî¢ rh®òbkh¤j bryî¢ rh®òbkh¤j bryî¢ rh®òbkh¤j bryî¢ rh®ò
(iii) ,yhg rh®ò M»at¦iw¡ fh©f,yhg rh®ò M»at¦iw¡ fh©f,yhg rh®ò M»at¦iw¡ fh©f,yhg rh®ò M»at¦iw¡ fh©f,yhg rh®ò M»at¦iw¡ fh©f.....

Ô®î :

bkh¤j bryî¢ rh®ò  C′(x) = 10.6x

∴ C(x) = ∫ ′C (x) dx + k  = ∫ x6.10 dx + k  = 10.6
2

2x
 + k

= 5.3x2 + k --------(1)

khwh¢ bryî = %. 50

mjhtJ   x = 0     vÅ±    C = 50  ∴ k = 50

∴ (1) ⇒ bryî¢ rh®ò/ C = 5.3x2 + 50

bkh¤j tUth­
= É¦gid br­a¥g£l myFf´ x X® my»¬ Éiy

x v¬gJ É¦gid msî.  xU myF É¦gid Éiy %.5
vÅ±  tUth­  R(x) = 5x.

(iii) ,yhg«,  P = bkh¤j tUth­ − bkh¤jbryî

= 5x - (5.3x2 + 50) = 5x − 5.3x2 − 50.
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vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  24

X® myF¡fhd xU bghUË¬ ,W½ ÃiyX® myF¡fhd xU bghUË¬ ,W½ ÃiyX® myF¡fhd xU bghUË¬ ,W½ ÃiyX® myF¡fhd xU bghUË¬ ,W½ ÃiyX® myF¡fhd xU bghUË¬ ,W½ Ãiy

bryî¢ rh®ò bryî¢ rh®ò bryî¢ rh®ò bryî¢ rh®ò bryî¢ rh®ò C′′′′′(x) =
3000

x
 + 2.50 vÅ± vÅ± vÅ± vÅ± vÅ± 3000 myFf´ myFf´ myFf´ myFf´ myFf´

jahÇ¡f MF« bryit¡ f©L¾o.jahÇ¡f MF« bryit¡ f©L¾o.jahÇ¡f MF« bryit¡ f©L¾o.jahÇ¡f MF« bryit¡ f©L¾o.jahÇ¡f MF« bryit¡ f©L¾o.

Ô®î :

,W½ Ãiy bryî , C′(x) = 
3000

x
 + 2.50

∴ C (x) = ∫ ′C (x) dx + k = ∫ (
3000

x
+2.50) dx + k

= 
6000

2x
 + 2.50x + k.

x = 0 vÅ±  C = 0   ∴ k = 0.

 ⇒ C(x) = 
6000

2x
 + 2.50x

    x = 3000    vÅ±/  C(x) = 
6000

)3000(
2

 + 2.50(3000)

= 
6

9000
 + 7500   = 1500 + 7500 =  %.9000

∴ 3000 myFf´ jahÇ¡f MF« bryî = %.9000

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 25

 x myFf´ c¦g¤½ ÃiyÆ± c´s ,W½ ÃiymyFf´ c¦g¤½ ÃiyÆ± c´s ,W½ ÃiymyFf´ c¦g¤½ ÃiyÆ± c´s ,W½ ÃiymyFf´ c¦g¤½ ÃiyÆ± c´s ,W½ ÃiymyFf´ c¦g¤½ ÃiyÆ± c´s ,W½ Ãiy

bryî¢ rh®ò bryî¢ rh®ò bryî¢ rh®ò bryî¢ rh®ò bryî¢ rh®ò  C′′′′′(x) = 85 + 2

375

x
 vÅ± vÅ± vÅ± vÅ± vÅ± 15 myFf´ myFf´ myFf´ myFf´ myFf´

c¦g¤½ br­j¾¬ m½f¥goahf c¦g¤½ br­j¾¬ m½f¥goahf c¦g¤½ br­j¾¬ m½f¥goahf c¦g¤½ br­j¾¬ m½f¥goahf c¦g¤½ br­j¾¬ m½f¥goahf 10 myFf´ c¦g¤½ myFf´ c¦g¤½ myFf´ c¦g¤½ myFf´ c¦g¤½ myFf´ c¦g¤½

br­a¤ njitahd bryit¡ fh©f.br­a¤ njitahd bryit¡ fh©f.br­a¤ njitahd bryit¡ fh©f.br­a¤ njitahd bryit¡ fh©f.br­a¤ njitahd bryit¡ fh©f.

Ô®î :

 C′(x) = 85 + 2

375

x
   ∴  C(x) = 

∫ ′C

(x) dx + k

= ∫
25

15







 +

2

375
85

x
 dx   (15 myFf´ c¦g¤½¡F ¾¬ 10

      myFf´ m½f¥go c¦g¤½)
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= 

25 

15 

375
85





 −

x
x   = 



 −

25

375
)25(85  − 



 −

15

375
)15(85

= (2125 − 15) − (1275 −25)  = 2110 − 1250 = %. 860.

∴  15 myFf´ c¦g¤½ br­j¾¬ 10 myFf´
m½f¥goahf c¦g¤½ br­a MF« bryî = %. 860

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  5.3

1) x myF c¦g¤½Æ¬ ,W½Ãiy¢ bryî¢ rh®ò  MC = 10 +

24x − 3x2 k¦W« 1 myF c¦g¤½¡fhd bkh¤j bryî %.25
vÅ± bkh¤j¢ bryî¢ rh®ò k¦W« ruhrÇ bryî¢ rh®ò
M»at¦iw¡ fh©f.

2) ,W½ Ãiy¢ bryî¢ rh®ò MC =
x

100
.  C(16) = 100  vÅ±

bryî¢ rh®ò k¦W« ruhrÇ bryî¢ rh®òfis¡ f©L¾o¡f.

3) xU bghUË¬ ,W½ Ãiy bryî¢ rh®ò MC = 3x2 − 10x + 3

,½± x v¬gJ c¦g¤½asî.  1 myF c¦g¤½¡fhd bryî
%.7 vÅ± bkh¤j bryî¢ rh®ò k¦W« ruhrÇ bryî¢ rh®ò
M»at¦iw¡ fh©f.

4) ,W½ Ãiy bryî¢ rh®ò  MC = 5 − 6x + 3x2, ,½± x v¬gJ
c¦g¤½asî.  10 myFf´ bghUis jahÇ¡f MF« bryî
%..850 vÅ± bkh¤j bryî¢ rh®ò k¦W« ruhrÇ bryî¢ rh®ò
M»a¦iw¡ fh©f.

5) ,W½ Ãiy bryî¢ rh®ò  MC = 20 − 0.04x + 0.003x2 ,½±  x

v¬gJ c¦g¤½asî.   c¦g¤½Æ¬ Ãiyahd  bryî %.7,000.

vÅ± bkh¤j bryî¢ rh®ò k¦W« ruhrÇ bryî¢ rh®ò
M»a¦iw¡ fh©f.

6) ,W½ Ãiy tUth­¢ rh®ò  R′ (x) = 15 − 9x − 3x2 ,vÅ±
tUth­¢ rh®ò k¦W« ruhrÇ tUth­¢ rh®ò M»a¦iw¡
fh©f.

7) xU bghUË¬ ,W½ Ãiy tUth­¢ rh®ò MR = 9 − 2x + 4x2,

vÅ± njit¢ rh®ò k¦W«  tUth­¢  rh®ò M»a¦iw¡ fh©f.

8) ,W½ Ãiy tUth­¢ rh®ò MR = 100 − 9x2 vÅ± mj¬ bkh¤j
tUth­¢ rh®ò k¦W« njit¢ rh®òfis¡ f©L¾o¡f.
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9) ,W½ Ãiy tUth­¢ rh®ò MR = 2 + 4x − x2  vÅ± mj¬
bkh¤j tUth­ rh®ò k¦W« njit rh®ò M»at¦iw  fh©f.

10) xU bghUË¬ ,W½ Ãiy tUth­¢ rh®ò   MR = 4 − 3x.  vÅ±
tUth­ rh®ò k¦W« njit rh®ò M»at¦iw  fh©f.

11) xU bghUË¬ Éiyia¥ bghU¤j njit be»³¢¼ 
x

x−3
, x<3.

x v¬gJ njit vD« nghJ Éiy p MF«.  Éiy 2 k¦W«
njit 1 Mf ,U¡F« nghJ njit¢rh®ò fh©f.  nkY«
tUth­¢ rh®igí« fh©f.

12) njit x vD«nghJ Éiy p c´s xU bghUË¬ Éiyia¥

bghU¤j njit be»³¢¼ 
2

x

p
 Éiy 3 vD« nghJ njit 2

vÅ± njit¢ rh®ig¡ fh©f.

13) njit be»³¢¼ 1 vÅ± mj¬ njit¢ rh®ig¡ fh©f.

14) xU ÃWtd¤½¬ ,W½ Ãiy bryî¢ rh®ò  2 + 3e3x. ,½± x
v¬gJ c¦g¤½ msî.  Ãiyahd bryî %.500 vÅ± bkh¤j¢
bryî/ ruhrÇ bryî M»at¦iw¡ fh©f.

15) ,W½ Ãiy tUth­¢ rh®ò R′(x)=
2

3

x
−

x
2

. R(1) =6 vÅ±

tUth­¢ rh®ò k¦W« njit¢ rh®ò M»at¦iw¡  fh©f.

16) ,W½ Ãiy tUth­ rh®ò R′ (x) = 16 − x2  vÅ±/ tUth­¢
rh®ò k¦W« njit¢ rh®ò M»at¦iw¡  fh©f.

17) xU ÃWtd¤½¬ ,W½ Ãiy¢ bryî k¦W« ,W½ Ãiy
tUth­¢ rh®ò Kiwna C′(x) = 5 + 0.13x,  R′(x) = 18.  Ãiyahd
bryî %.120  vÅ± ,yhg¢ rh®¾id¡ fh©f.

18) xU bghUË¬ ,W½ Ãiy tUth­ (%gh­ MÆu§fË±)
R′(x) = 4 + e−0.03x,  (x  v¬gJ É¦gidia¡ F¿¡F«) vÅ±
100 myF É¦gidÆ± bkh¤j tUthÆid¡ fh©f (e−3 = 0.05)

5.4  Ef®nthÇ¬ v¢r¥ghLEf®nthÇ¬ v¢r¥ghLEf®nthÇ¬ v¢r¥ghLEf®nthÇ¬ v¢r¥ghLEf®nthÇ¬ v¢r¥ghL (Consumers’ Surplus)

xU É¦gid¥ bghUË¬ Éiy p Mf ,U¡F« nghJ
th§f¥gL« m¥bghUË¬ msit¡ F¿¥gJ njitÆ¬
tistiu MF«.  rªijÆ± j¦nghija Éiy p

0
v¬f.  mªj
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ÉiyÆ± É¦gidahF« bghUË¬ msî x
0
 v¬gJ njit

tistiuÆ¬ mo¥gilÆ± Ô®khÅ¡f¥gL«.  vÅD« p
0

Éiyia Él m½fkhd Éiy¡F th§f ÉU«ò« Ef®nth®f´
,U¡f¡TL«. rªijÆ± j¦nghija ÃytuÉiy p

0 
k£Lnk/

,U¥gjh± m¤jifa Ef®nth®f´ Mjhakilt®. ,ªj Mjha«
“Ef®nth® v¢r¥ghL” vd¥gL«.  ,J p = f(x) v¬w njit
tistiu¡F¡ Ñ³ p = p

0 
v¬w nfh£o¦F nk± mikí« gu¥ig¡

F¿¡F«.

Ef®nth® v¢r¥ghL/ CS =

[njit¢ rh®ò¡F Ñ³ x = 0,  x = x
0

k¦W«   x m¢Rtiuí´s bkh¤j¥
gu¥ò  − OAPB  v¬w br²tf¤½¬
gu¥ò]

 ∴ CS = )(

0

0

xf

x

∫ dx − p
0
x

0

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  26

njit¢ rh®ò njit¢ rh®ò njit¢ rh®ò njit¢ rh®ò njit¢ rh®ò p = 25 −−−−− x −−−−− x2 ,  p
0
 = 19 vÅ±vÅ±vÅ±vÅ±vÅ±

Ef®nth® v¢r¥gh£il¡ fh©f.Ef®nth® v¢r¥gh£il¡ fh©f.Ef®nth® v¢r¥gh£il¡ fh©f.Ef®nth® v¢r¥gh£il¡ fh©f.Ef®nth® v¢r¥gh£il¡ fh©f.

Ô®î :

njit¢ rh®ò   p  = 25 − x − x2

p
0
 = 19  vÅ±  19 = 25 − x − x2

⇒ x2 + x − 6 = 0  ⇒  (x + 3) (x − 2) = 0

⇒ x = 2  (or)  x = −3

Mdh± njit Fiw v©zhf ,U¡fKoahJ.

∴ x
0
 = 2   ∴  p

0
 x

0
 = 19 x 2 = 38

Ef®nth® v¢r¥ghL/  CS = )(

0

0

xf

x

∫ dx − p
0
x

0

O x

y

x
0
     A

B
É

i
y

msî

p=f(x)

CS

gl« 5.9

P

p
0
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= ∫
2

0

( 25 − x − x2)dx − 38  = [ ]2 

0 32

32

25
xxx −−  − 38

= [25(2) − 2 − 
3

8
 ] − 38  = 

3

22 myFf´

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L  27

xU bghUË¬ njit¢ rh®ò xU bghUË¬ njit¢ rh®ò xU bghUË¬ njit¢ rh®ò xU bghUË¬ njit¢ rh®ò xU bghUË¬ njit¢ rh®ò p = 28 −−−−− x2 , x
0
 = 5

vÅ± Ef®nth® v¢r¥gh£il¡ fh©f.vÅ± Ef®nth® v¢r¥gh£il¡ fh©f.vÅ± Ef®nth® v¢r¥gh£il¡ fh©f.vÅ± Ef®nth® v¢r¥gh£il¡ fh©f.vÅ± Ef®nth® v¢r¥gh£il¡ fh©f.

Ô®î :

njit¢ rh®ò/  p = 28 − x2

x
0
  = 5  ;   p

0
  = 28 − 25 = 3  ∴  p

0
x

0
 = 15

Ef®nth® v¢r¥ghL/ CS  = )(

0

0

xf

x

∫ dx − p
0
x

0

= ∫
5

0

( 28 − x2)dx − 15 = [ ]5 

0 3

3

28
xx −  − 15

= [28 x 5 −
3

125
]  − 15 = 

3

250myFf´.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 28

xU bghUË¬ njit¢ rh®òxU bghUË¬ njit¢ rh®òxU bghUË¬ njit¢ rh®òxU bghUË¬ njit¢ rh®òxU bghUË¬ njit¢ rh®ò p =

3
12
+x

. Éahghu¢. Éahghu¢. Éahghu¢. Éahghu¢. Éahghu¢

rªijÆ± ÉiyrªijÆ± ÉiyrªijÆ± ÉiyrªijÆ± ÉiyrªijÆ± Éiy  p
0
 = 2 vD« nghJ Ef®nth®vD« nghJ Ef®nth®vD« nghJ Ef®nth®vD« nghJ Ef®nth®vD« nghJ Ef®nth®

v¢r¥ghL fh©f.v¢r¥ghL fh©f.v¢r¥ghL fh©f.v¢r¥ghL fh©f.v¢r¥ghL fh©f.

Ô®î :

njit¢ rh®ò  p = 
3

12

+x
 k¦W«  p

0
 = 2  vÅ±  2  = 

3

12

+x

2x + 6 = 12 m±yJ  x = 3   ∴   x
0 
 = 3  ⇒ p

0
x

0
 = 6

CS = )(

0

0

xf

x

∫ dx − p
0
x

0
    = ∫ +

3

0
3

12

x
dx − 6

= 12 
3

0
)]3[log( +x − 6  = 12[log 6 − log 3] −6

= 12 log
3

6
 − 6 = 12 log 2 − 6
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5.5  c¦g¤½ahsÇ¬ v¢r¥ghLc¦g¤½ahsÇ¬ v¢r¥ghLc¦g¤½ahsÇ¬ v¢r¥ghLc¦g¤½ahsÇ¬ v¢r¥ghLc¦g¤½ahsÇ¬ v¢r¥ghL
(PRODUCERS’ SURPLUS)

rªij ÉiyÆ± tH§F« xU bghUË¬ Éiy p Mf
,U¡F« nghJ tH§f¥gL« m¥bghUË¬ msit¡ F¿¥gJ
mË¥ò tistiu MF«. rªijÆ± j¦nghija Éiy p

0
 v¬f.

mªj ÉiyÆ± tH§f¥gL« bghUË¬ msî  x
0
 v¬gJ mË¥ò

tistiuÆ± mo¥gilÆ± Ô®khÅ¡f¥gL« vÅD«  p
0

Éiyia Él Fiwthd Éiy¡F tH§f K¬tU«
c¦g¤½ahs®f´ ,U¡f¡TL«.  rªijÆ± j¦nghija Ãytu
Éiy p

0
 k£Lnk ,U¥gjh± m¤jifa c¦g¤½ahs®f´ Mjha«

milt®.  ,ªj Mjhank ``c¦g¤½ahs® v¢r¥ghLpp vd¥gL«.
,J p = g(x)  v¬w mË¥ò tistiu¡F nk± p = p

0
 v¬w

nfh£o¦F Ñ³ mikí« gu¥ig¡ F¿¡F«.

c¦g¤½ahs® v¢r¥ghL,

PS = [br²tf« OAPB-¬
gu¥ò - mË¥ò tistiu¡F Ñ³
x = 0,  x = x

0
  k¦W« x - m¢R

tiuí´s gu¥ò]

∴ PS = p
0
x

0
 - )(

0

0

xg

x

∫ dx

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 29

xU bghUË¬ mË¥ò¢ rh®òxU bghUË¬ mË¥ò¢ rh®òxU bghUË¬ mË¥ò¢ rh®òxU bghUË¬ mË¥ò¢ rh®òxU bghUË¬ mË¥ò¢ rh®ò  p = x2 + 4x + 5

,½±,½±,½±,½±,½±  x  v¬gJ mË¥ò MF« .  Éiy v¬gJ mË¥ò MF« .  Éiy v¬gJ mË¥ò MF« .  Éiy v¬gJ mË¥ò MF« .  Éiy v¬gJ mË¥ò MF« .  Éiy p  = 10

vD«bghGJ c¦g¤½ahs® v¢r¥ghL fh©fvD«bghGJ c¦g¤½ahs® v¢r¥ghL fh©fvD«bghGJ c¦g¤½ahs® v¢r¥ghL fh©fvD«bghGJ c¦g¤½ahs® v¢r¥ghL fh©fvD«bghGJ c¦g¤½ahs® v¢r¥ghL fh©f.

Ô®î :

mË¥ò¢ rh®ò p = x2 + 4x + 5

p
0

= 10 vÅ±/

10 = x2 + 4x + 5     ⇒ x2 + 4x − 5 = 0

⇒ (x + 5) (x − 1) = 0  ⇒  x = −5    or x = 1

O x

y

x
0
        A

B

É
i

y

msî

PS

P

p
0

p=
g(

x)

gl« 5.10
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mË¥ò Fiw v©zhf ,U¡f KoahJ.

∴  x = 1  ∴    p
0
 = 10,  x

0
 = 1   ⇒  p

0
x

0
 = 10

c¦g¤½ahs® v¢r¥ghL

PS = p
0
x

0
 − )(

0

0

xg

x

∫ dx =  10 − ∫
1

0

( x2 + 4x + 5) dx

= 10 − [ ]1 

0 
5

2

4

3

23

xxx ++ = 10 − [
3

1
+2+5]  = 

3

8 myFf´.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 30

mË¥ò¢ rh®òmË¥ò¢ rh®òmË¥ò¢ rh®òmË¥ò¢ rh®òmË¥ò¢ rh®ò p = x2 + x + 3-¡F ¡F ¡F ¡F ¡F x
0
 = 4 vD«bghGJvD«bghGJvD«bghGJvD«bghGJvD«bghGJ

c¦g¤½ahsÇ¬ v¢r¥ghL fh©f.c¦g¤½ahsÇ¬ v¢r¥ghL fh©f.c¦g¤½ahsÇ¬ v¢r¥ghL fh©f.c¦g¤½ahsÇ¬ v¢r¥ghL fh©f.c¦g¤½ahsÇ¬ v¢r¥ghL fh©f.

Ô®î :

mË¥ò¢ rh®ò  p = x2 + x + 3

  x
0
 = 4 vD«nghJ /  p

0
 = 42 + 4 +3 = 23 ∴ p

0
x

0
 = 92.

c¦g¤½ahs® v¢r¥ghL/

PS = p
0
x

0
 - )(

0

0

xg

x

∫ dx   = 92 - ∫
4

0

( x2 + x + 3) dx

= 92 - [ ]4 

0 
3

23

23

xxx ++

= 92 - [
3

64
+

2

16
+12] = 

3

152 myFf´.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 31

mË¥ò¢ rh®òmË¥ò¢ rh®òmË¥ò¢ rh®òmË¥ò¢ rh®òmË¥ò¢ rh®ò  p = 3 + x2  ¡F Éiy¡F Éiy¡F Éiy¡F Éiy¡F Éiy p = 12 vD«vD«vD«vD«vD«
nghJ c¦g¤½ahsÇ¬ v¢r¥ghL fh©fnghJ c¦g¤½ahsÇ¬ v¢r¥ghL fh©fnghJ c¦g¤½ahsÇ¬ v¢r¥ghL fh©fnghJ c¦g¤½ahsÇ¬ v¢r¥ghL fh©fnghJ c¦g¤½ahsÇ¬ v¢r¥ghL fh©f.

Ô®î :

mË¥ò¢ rh®ò/  p = 3 + x2

 p
0
 = 12 vÅ±  12 = 3 + x2   or  x2  = 9  or  x = + 3

mË¥ò Fiw v©zhf ,U¡f KoahJ.
∴ x

0
 = 3  ∴  p

0
x

0
= 36.

c¦g¤½ahs® v¢r¥ghL PS = p
0
x

0
 − )(

0

0

xg

x

∫ dx
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= 36 − ∫
3

0

( 3 + x2) dx  = 36 − [ ]3 

0 3

3

3
xx +  = 18 myFf´.

vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L vL¤J¡fh£L 32

xU ngh£o Éahghu¤½± njit k¦W«xU ngh£o Éahghu¤½± njit k¦W«xU ngh£o Éahghu¤½± njit k¦W«xU ngh£o Éahghu¤½± njit k¦W«xU ngh£o Éahghu¤½± njit k¦W«
mË¥ò¢ rh®òf´ KiwnamË¥ò¢ rh®òf´ KiwnamË¥ò¢ rh®òf´ KiwnamË¥ò¢ rh®òf´ KiwnamË¥ò¢ rh®òf´ Kiwna    p

d
 = 16 −−−−−  x2 k¦W«k¦W«k¦W«k¦W«k¦W«

p
s
 = 2x2 + 4.  rkhd ÉiyÆ± Ef®nth® v¢r¥ghLrkhd ÉiyÆ± Ef®nth® v¢r¥ghLrkhd ÉiyÆ± Ef®nth® v¢r¥ghLrkhd ÉiyÆ± Ef®nth® v¢r¥ghLrkhd ÉiyÆ± Ef®nth® v¢r¥ghL

k¦W« c¦g¤½ahs® v¢r¥ghL M»at¦iw¡ fh©fk¦W« c¦g¤½ahs® v¢r¥ghL M»at¦iw¡ fh©fk¦W« c¦g¤½ahs® v¢r¥ghL M»at¦iw¡ fh©fk¦W« c¦g¤½ahs® v¢r¥ghL M»at¦iw¡ fh©fk¦W« c¦g¤½ahs® v¢r¥ghL M»at¦iw¡ fh©f.

Ô®î :

xU ngh£o Éahghu¤½± Éahghu¢ rª;ij rkhd Ãiy
fhz/ njit k¦W« mË¥ò¢ rh®ò M»at¦iw rk¥gL¤j
nt©L«.
⇒  16 - x2 = 2x2 + 4 ⇒ 3x2 = 12

⇒        x2 = 4 ⇒   x  = + 2 Mdh± x =−2 rh¤½aÄ±iy
∴ x = 2 ⇒   x

0
= 2

∴  p
0
= 16 − (2)2     = 12    ∴   p

0
x

0
= 12 x 2  = 24.

Ef®nthÇ¬ v¢r¥ghL

  CS = )(

0

0

xf

x

∫ dx − p
0
x

0
  =  ∫

2

0

( 16 - x2) dx − 24

= [ ]2 

0 3

3

16
xx − − 24 = 32 −

3

8 − 24  = 
3

16 myFf´.

c¦g¤½ahs® v¢r¥ghL

   PS = p
0
x

0
 −  )(

0

0

xg

x

∫ dx   = 24 −  ∫
2

0

( 2x2 + 4) dx

= 24 − [ ]2 

0 
4

3

2 3

xx +   = 24 −
3

8  2 x − 8

= 
3

32 myFf´.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  5.4

1) njit¢ rh®ò p = 35 − 2x − x2 vÅ± njit x
0
 = 3 vD«nghJ

Ef®nth® v¢r¥ghL fh©f.
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2) xU bghUË¬ njit¢ rh®ò p = 36 − x2,  p
0
 = 11 vÅ±

Ef®nth® v¢r¥ghL fh©f.

3) xU bghUË¬ njit¢ rh®ò   p = 10 − 2x vÅ±  (i) p = 2

(ii) p = 6 vD«nghJ Ef®nth® v¢r¥ghL fh©f.

4) p = 80 − 4x − x2 v¬w njit¢ rh®¾¬ p = 20 vD« nghJ
Ef®nth® v¢r¥ghL fh©f.

5) mË¥ò¢ rh®ò p = 3x2 + 10 k¦W« x
0
 = 4 vÅ± c¦g¤½ahs®

v¢r¥gh£il¡ fh©f.

6) mË¥ò É½ p = 4 − x + x2 -¡F Éiy p = 6 vD« nghJ
c¦g¤½ahs® v¢r¥gh£il¡ fh©f.

7) xU bghUË¬ mË¥ò¢ rh®ò  p = 3 + x  vÅ±  (i) x
0
 = 3

(ii) x
0
 = 6 vD«nghJ c¦g¤½ahs® v¢r¥ghL fh©f.

8) xU bghUË¬ mË¥ò¢ rh®ò p =
2

2x
 + 3 k¦W« P

0
 = 5 vÅ±

c¦g¤½ahs® v¢r¥gh£il¡ fh©f.

9) njit¢ rh®ò  p
d
 = 16−2x  k¦W« mË¥ò¢ rh®ò p

s
 = x2 + 1

vÅ± Éahghu¢ rªijÆ¬ rkhd ÃiyÆ¬ Ñ³ c¦g¤½ahs®
k¦W« Ef®nth® v¢r¥ghLfis¡ fh©f.

10) rÇahd ngh£oÆ¬ Ñ³ xU bghUË¬ njit k¦W« mË¥ò
É½f´ M»ad Kiwna p

d
 = 23 − x2 k¦W« p

s
 = 2x2 − 4  Éiy

rkhd ÃiyÆ± ,U¡F«nghJ Ef®nth® v¢r¥ghL/ k¦W«
c¦g¤½ahs® v¢r¥ghLfis¡ fh©f.

11) rÇahd ngh£oÆ¬ Ñ³ xU bghUË¬ njit k¦W« mË¥ò

É½f´ M»ad Kiwna p
d
 = 56 − x2  k¦W« p

s
 = 8 +

3

2x .

Éiy rkhd ÃiyÆ± ,U¡F«nghJ Ef®nth® v¢r¥ghL
k¦W« c¦g¤½ahs® v¢r¥ghLfis¡ fh©f.

12) xU bghUË¬ njit k¦W« mË¥ò M»at¦¿¬ rh®òf´
p

d
 = 20 − 3x − x2  k¦W« p

s
 = x − 1 vÅ± Éahghu¢ rªijÆ¬

rkhd ÃiyÆ¬ Ñ³ c¦g¤½ahs® k¦W« Ef®nth®
v¢r¥ghLfis¡ fh©.

13) njit¢ rh®ò  p
d
 = 40− x2 k¦W« mË¥ò¢ rh®ò p

s
 = 3x2 + 8x +8

vÅ± Éahghu¢ rªijÆ± rkhd ÃiyÆ¬ Ñ³ c¦g¤½ahs®
k¦W« Ef®nth® v¢r¥ghLfis¡ fh©.
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14) xU bghUË¬ njit k¦W« mË¥ò¢ rh®òf´ p
d
 = 15 − x k¦W«

p
s
 = 0.3x + 2 vÅ± Éahgu¢ rªijÆ± rkhd ÃiyÆ¬ Ñ³

c¦g¤½ahs® k¦W« Ef®nth® v¢r¥ghLfis¡ fh©f.

15) njit k¦W« mË¥ò¢ rh®òfË¬ tistiuf´ p
d
 =

4

16

+x

k¦W« p
s
 =

2

x vd bfhL¡f¥g£L´sJ. Éahghu¢ rªijÆ±

rkhd ÃiyÆ¬ Ñ³ Ef®nth® k¦W« c¦g¤½ahs®
v¢r¥ghLfis¡ fh©f.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼  5.5

V¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­fV¦òila Éilia¤ bjÇî br­f

1) f(x) xU x¦iw rh®ò vÅ± ∫
−

a

a

xf )( dx =

(a) 1 (b) 2a (c) 0 (d) a

2) f(x) xU ,u£il¢ rh®ò vÅ± ∫
−

a

a

xf )(  dx =

(a) 2 ∫
a

xf
0

)(  dx   (b) ∫
a

xf
0

)(  dx   (c) −2a (d) 2a

3) ∫
−

3

3

x dx =

(a) 0 (b) 2 (c) 1 (d) −1

4) ∫
−

2

2

4
x dx =

(a) 
5

32
(b) 

5

64
(c) 

5

16
(d)

5

8

5) ∫

π

π−

2

2

sin x dx =

(a) 0 (b) −1 (c) 1 (d) 
2

π
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6)

∫

π

π−

2

2

cos x

dx =

(a) 2 (b) −2 (c) −1 (d) 1

7) y = f(x) v¬w tistiu x-m¢R k¦W« Ãiy¤ bjhiyîf´
x = a ,   x = b  ,t¦¿¦F ,il¥g£l gu¥ò

(a) ∫
b

a

y  dx (b) ∫
b

a

y  dy (c) ∫
b

a

x  dy (d) ∫
b

a

x  dx

8) x = g(y) v¬w tistiu/ y - m¢R k¦W« nfhLf´/ y = c,

y = d  ,t¦¿¦F ,il¥g£l gu¥ò

(a) ∫
d

c

y  dy (b) ∫
d

c

x  dy (c) ∫
d

c

y  dx (d) ∫
d

c

x dx

9) y = ex  v¬w tistiu¡F« x - m¢R/ nfhLf´ x = 0 k¦W«
x = 2 ,t¦wh± milgL« gu¥ò
(a) e2-1 (b) e2+1 (c) e2 (d) e2-2

10) y = x, y -m¢R k¦W« y = 1 vD« nfhLfsh± milgL« gu¥ò

(a) 1 (b) 
2

1
(c) log 2 (d) 2

11) y = x + 1 vD« nfhL/ x -m¢R x = 0 k¦W« x = 1 ,t¦wh±
milgL« gu¥ò

(a) 
2

1
(b) 2 (c) 

2

3
(d) 1

12) xy = 1 v¬w tistiu¡F«  x -m¢R, x = 1 k¦W« x = 2 ¡F«
,il¥g£l gu¥ò

  (a) log 2 (b) log
2

1
(c) 2 log 2 (d) 

2

1
log 2

13) ,W½ Ãiy bryî¢ rh®ò MC = 3e 3x  vÅ± bryî¢ rh®ò

(a) 
3

3 xe
(b) e3x+k (c) 9e3x (d) 3e3x

14) ,W½ Ãiy bryî¢ rh®ò MC = 2 - 4x  vÅ± bryî¢ rh®ò

(a) 2x−2x2+k (b) 2−4x2 (c) 
x
2 −4 (d) 2x − 4x2

15) ,W½ Ãiy tUth­ rh®ò MR = 15 − 8x vÅ± tUth­ rh®ò

(a) 15x−4x2+k  (b)
x

15 −8 (c) −8 (d) 15x − 8
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16) ,W½ Ãiy tUth­ rh®ò R′(x) = 
1

1

+x
vÅ± tUth­¢ rh®ò

(a) log |x+1| + k  (b) -
)1(

1

+x (c) 2
)1(

1

+x
(d) log

1

1

+x

17) njit¢ rh®ò  p = f(x)-±  x
0
 njit/  p

0
 -Éiy vD« nghJ

Ef®nth® v¢r¥ghL

(a) )(

0

0

xf

x

∫ dx − p
0
x

0
(b) )(

0

0

xf

x

∫ dx

(c)  p
0
x

0 
− )(

0

0

xf

x

∫ dx (d) )(

0

0

xf

p

∫ dx

18) mË¥ò¢ rh®ò p = g(x)-± x
0
 mË¥ò p

0
 Éiy vD« nghJ

c¦g¤½ahs® v¢r¥ghL

(a) )(

0

0

xg

x

∫ dx − p
0
x

0
(b) p

0
x

0
 - )(

0

0

xg

x

∫ dx

(c) )(

0

0

xg

x

∫ dx (d) )(

0

0

xg

p

∫ dx
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ÉilfŸ

mÂf´ k¦W« mÂ¡nfhitfË¬mÂf´ k¦W« mÂ¡nfhitfË¬mÂf´ k¦W« mÂ¡nfhitfË¬mÂf´ k¦W« mÂ¡nfhitfË¬mÂf´ k¦W« mÂ¡nfhitfË¬
ga¬ghLf´ga¬ghLf´ga¬ghLf´ga¬ghLf´ga¬ghLf´

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 1.1

1) 








−−

−

12

31
2) 

















−

−−

−

225

5615

113

    

    8) 

16

1

 






 −

23

42

9) 
3

1

















−

−−

−

111

524

221

    

 10) 

















−

−

100

b10

01

    

a

 11) 
















3

2

1

a

a
1

a
1

100

00

00

13) 
















−

−−

−

721

1031

210

   18) 4, −2     19) −1, 0 20) 








2

5

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 1.2

1)  (i) 3  (ii) 2  (iii) 1  (iv) 3  (v) 2 (vi) 3  (vii) 1  (viii) 2  (ix) 2

2)  2, 0.   6) x¥òik¤ j¬ik m¦wit.
11) k = −3 12) k MdJ 0 m±yhj VnjD« xU bk­ba©

13) k = −3 14) k  MdJ  8 m±yhj VnjD« xU bk­ba©

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 1.3

1) 2, 1. 2)0, 1,  1.     3) 5, 2.  4) 2, -1, 1.

5) 0, 2, 4. 6) 20, 30.     7) %..2, %.3, %.5.

8) %.1,  %.2, %.3.            9) 11 l¬f´, 15 l¬f´, 19 l¬f´.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 1.4

1)  





















0100

0010

0000

1011

9

8

5

2

12986    

2) 





















0111

0011

0001

0000

9

6

4

2

9642    
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3) {(a, l), (b,  m), (c,  m)} 4) 









1010

1001

b

a

dcba    

5) 

















111

100

100

9

5

3

834    

, 

















000

100

100

8

3

4

521    

, 

















100

000

000

9

5

3

521    

 6) 





















1000

0100

0010

0001

4

3

2

1

4321    

; rkhd cwî

7)



















1000

0100

0010

0011

4

3

2

1

4321     

 ; rkÅ cwî/ rk¢Ó® cwî m±y/ bjhl® cwî

8)



















1000

0100

0010

0010

4

3

2

1

4321     

 ;  rkÅ cwî m±y/ rk¢Ó® cwî

bjhl® cwî

9)



















0000

0000

0100

0010

4

3

2

1

4321     

 ;  rkÅ cwî m±y/ rk¢Ó® cwî/ bjhl®

cwî m±y.

10) (i) 

















0  1  1

0  0  0

0  0  0

P

P

P

PPP      

3

2

1

321

     (ii) 





















0 0  1  0

1  0  0  0

0  1  0  0

0  0  0  0

P

P

P

P

PPPP      

4

3

2

1

4321

 
(iii) 

















0  1  0

0  0  0

0  1  0

P

P

P

PPP      

3

2

1

321

(iv) 





















0 1  0  0

0  0  0  0

0  1  0  0

1  0  1  0

P

P

P

P

PPPP      

4

3

2

1

4321

 (v) 



























0   0  0  0  0 1 

1   0   0  0  0 0 

0   0   0  0  0 0 

0   1   1  0  0  0 

0   1   0   1  0 0 

1   0   0   0  1 0 

V

V

V

V

V

V

VVVVVV      

6

5

4

3

2

1

654321

 (vi) 





















0  0   1   0

1   0   1   0

1   1   0   0

1   0   1   0

V

V

V

V

VVVV      

4

3

2

1

4321
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11)

 i)                         ii)            12) 3, CBA, CDA, CDBA

13) (i) 





















0  1 0 0

1  010

1  000

1  110

W

Z

Y

X

WZYX      

 (ii) tYthf ,iz¡f¥glÉ±iy

      (iii) 





















1  1 1 0

1  110

1  110

1  110

W

Z

Y

X

WZYX      

  14) (i) 





















0  1   0   1

1   0   0   1

1   1   0   1

1   0   0   0

V

V

V

V

VVVV      

4

3

2

1

4321

(ii) 2, V
2
 V

1
 V

4
 V

3
, V

2
 V

3
 V

4
 V

3
 .

(iii) 5, V
2
 V

1
 V

4
 V

1
 V

4
,

V
2
 V

1
 V

4
 V

3
 V

4
,

V
2
 V

4
 V

3 
V

1
 V

4
,

V
2
 V

3
 V

4
 V

1
 V

4
,

V
2
 V

3
 V

4
 V

3
 V

4
 .

(iv) 4, V
4
 V

1
,
 
 V

4
 V

3
 V

1
, V

4
 V

3
 V

4
V

1
, V

4
 V

1
 V

4
 V

1
 .

(v) 13 (vi) tYthf ,iz¡f¥glÉ±iy  (vii) 





















1  1   0   1

1   1   0   1

1   1   0   1

1   1   0   1

V

V

V

V

VVVV      

4

3

2

1

4321

15) 





















0  1   0   1

0   0   0   0

0   1   0   0

0   1   1   0

V

V

V

V

VVVV      

4

3

2

1

4321

   17) 

















0  1  1

0  0  1

1  0  0

P

P

P

PPP      

3

2

1

321

 ; 

















1  1  1

1  1  1

1  1  1

P

P

P

PPP      

3

2

1

321

P
1

P
2

P
3

V
2

V
1

V
4 V

3
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18) 





















0  1   1   1

0   1   1   1

0   1   1   1

0   1   1   1

V

V

V

V

VVVV      

4

3

2

1

4321

   19)  





















0  0   0   0

1   0   0   0

1   1   0   0

0   1   1   0

V

V

V

V

VVVV      

4

3

2

1

4321

  ;  





















0  0   0   0

1   0   0   0

1   1   0   0

1   1   1   0

V

V

V

V

VVVV      

4

3

2

1

4321

20) (i) 24, 21, 61, 47, 76, 55, 33, 28 (ii) THURSDAY

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 1.5

1) bra±gL« tifÆ± c´sJ   2) bra±gL« tifÆ± ,±iy

3) 110 myFf´, 320 myFf´.  4) %. 72 Ä±Èa¬, %.96 Ä±Èa¬.

5) (i) %. 42 ,y£r§f´, %. 78 ,y£r§f´

(ii) %.28 ,y£r§f´, %.52 ,y£r§f´.

6) %. 80 Ä±Èa¬f´, %. 120 Ä±Èa¬f´.

7) %. 1200 nfho, %. 1600 nfho.  8) %. 7104 nfho, %. 6080 nfho.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 1.6

1) 74.8%, 25.2% ; 75%, 25%        2) 39%       3) 54.6%, 45.4%

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 1.7

1) c 2) b 3) c 4) c 5) a 6) a 7) b 8) b

9) b 10) c 11) a 12) a 13) a 14) a 15) a 16) b

17) a 18) b 19) d 20) b

gFKiw tot fÂj«gFKiw tot fÂj«gFKiw tot fÂj«gFKiw tot fÂj«gFKiw tot fÂj«
gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 2.1

1) gutisa«        2) m½gutisa«    3) Ú´t£l«

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 2.2

1) (a) x2 + y2 − 2xy − 4y + 6 = 0

(b) x2 + y2 + 2xy − 4x + 4y + 4 = 0

(c) 4x2 + 4xy +y2 − 4x + 8y − 4 = 0

(d) x2 + 2xy +y2 − 22x − 6y + 25 = 0

2) (a) (0, 0), (0, 25),  x = 0,  y + 25 = 0

(b) (0, 0), (5, 0),  y = 0,  x + 5 = 0

(c) (0, 0), (−7, 0), y = 0, x − 7 = 0

(d) (0, 0), (0, −15), x = 0,  y + 15 = 0

3) (a) (
2

1
- , 1), (

2

3
- , 1),  2x − 1 = 0,  4

(b) (−1, −1), (0, -1),  x + 2 = 0,  4
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(c) (
8

9
- , 0), (

8

7
, 0),  8x + 25 = 0,  8

(d) (0, 1), (0, 
4

7
- ),  4y − 1 = 0,  3     4) 15 l¬f´/ %.40

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 2.3

1) (i) 101x2 + 48xy + 81y2 − 330x − 324y + 441 = 0

(ii)  27x2 + 20y2 − 24xy + 6x + 8y − 1 = 0

(iii)  17x2 + 22y2 + 12xy − 58x + 108y + 129 = 0

2) (i) 1
128144

22

=+
yx

  (ii) 1
1524

22

=+
yx

   (iii) 1
259

22

=+
yx

3) (i) (0, 0), (0, + 3);   
3

5
; (0, + 5 ); 

3

8

(ii) (1, −5), (1, + 7 −5);   
7

3
; (1, + 3  − 5); 

7

8

      y = 
3

7
-5,  y = 

3

7−
-5,

(iii) (−2, 1), (2, 1) (−6, 1);   

4

7

; (+ 7  -2, 1);  
2

9

      x = 
7

16
−2,  x = 

7

16-
 −2,

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 2.4

1) (a) 19x2 + 216xy − 44y2 − 346x − 472y + 791 = 0

(b) 16(x2 + y2) = 25(x cosα + y sinα − p)2

2) 12x2 − 4y2 − 24x + 32y − 127 = 0

3) (a) 16x2 − 9y2 − 32x − 128 = 0

(b) 3x2 − y2 − 18x + 4y + 20 = 0

(c) 3x2 − y2 − 36x + 4y + 101 = 0

4) (a) (0, 0);  
4

5
; (+5, 0); 5x +16 = 0

(b) (−2, −4);  
3

4
; (2, −4) (−6, −4); 4x −1 = 0, 4x + 17 = 0

(c) (1, 4); 2; (6, 4) (-4, 4); 4x −9 = 0, 4x + 1 = 0

5) (a)  3x + y + 2 = 0 ,  x − 2y + 5 = 0;

(b)  4x − y + 1 = 0 ,  2x + 3y − 1 = 0
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6) 4x2 − 5xy − 6y2 − 11x + 11y + 57 = 0

7) 12x2 − 7xy − 12y2 + 31x + 17y = 0

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 2.5

1) a 2) b 3) c 4) d 5) c 6) a 7) c 8) b

9) b 10) a 11) b 12) c 13) b 14) b 15) a 16) c

17) a 18) c 19) c 20) c

tifÞ£o¬ ga¬ghLf´tifÞ£o¬ ga¬ghLf´tifÞ£o¬ ga¬ghLf´tifÞ£o¬ ga¬ghLf´tifÞ£o¬ ga¬ghLf´-I

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 3.1

1) (i) 
2

1
x2 − 4x + 25 + 

x

8
(ii) 

2

1
x2 − 4x + 25

    (iii) 
x

8
.  AC = %.35.80,  AVC = %.35,   AFC = %.0.80

2) %.600.05      3) %.5.10   4) %.1.80   5) %.1.50, %.1406.25

6) (i) 
10

1
x2 − 4x + 8 + 

x

4
     (ii) 

10

3
x2 − 8x + 8   (iii) 

5

1
x − 4−

2

4

x

7) %.55/  %.23 8) %.119 10) 0.75 11) 1.15

13) (i) 
( )

bx

bxa −2
  (ii) 

2

3
14) m 15) 

52

4

2

2

+p

p
16) ( )bp

p

−2

17) AR = p,   MR = 550 − 6x − 18x2

18) (i) R = 20,000 x e−0.6x (ii) MR = 20,000 x e-0.6x [1 − 0.6x]

19) 
2

2

430

24

pp

pp

−−
+

,

( )22

3083
2

+

−+

p

pp

 20) 20, 3 21) %.110  22) 
11

30
, %.1.90

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 3.2

1) −1.22,  −1.25 2) -1 myF / Édho    3) 12 myF / Édho

5) (i) tUkhd« khj¤½¦F %.40,000 åj« TL»wJ.
    (ii) bryî khj¤½¦F %.4,000 åj« TL»wJ.
    (iii) ,yhg« khj¤½¦F %.36,000 åj« TL»wJ.

6) (i) tUkhd« thu¤½¦F %.48,000 åj« TL»wJ.
    (ii) bryî thu¤½¦F %.12,000 åj« TL»wJ.
   (iii) ,yhg« thu¤½¦F %.36,000 åj« TL»wJ.



223

8) 10π br.Û2 / Édho  9) 115π br.Û3 / ÃÄl«   10) x =
3

1
, 3.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 3.3

1) 
3

10
, 

5

13−
     2) a = 2,  b = 2   4) (i) x − y + 1 = 0,  x + y − 3 = 0

(ii) 2x − 2y + 

3

− 
3

π
 = 0;  2x + 2y −

3

− 
3

π
 = 0

(iii) 3x + 2y + 13 = 0 ;  2x − 3y = 0

(iv) 9x + 16y − 72 = 0;  64x − 36y − 175 = 0

(v) 3ex − y − 2e2 = 0;   x + 3ey − 3e3 − e = 0

(vi) 

2

bx + 2 ay − 2ab = 0;  2 ax − 2 by − a2 + b2 = 0

5) 13x − y − 34 = 0;  x + 13y − 578 = 0

6) 10x + y − 61 = 0;  x − 10y + 105 = 0

7) (1,
3

1
), (-1,

3

1−
) 9) x − 20y − 7 = 0; 20x + y − 140 = 0

11) 

a

x

secθ − 
b

y
tanθ = 1;

θ
+

θ tansec

byax
 = a2 + b2.

12)  (i)  (1, 0)  k¦W«  (1, 4)   (ii) (3, 2) k¦W« (-1, 2)

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 3.4

1) d 2) c 3) a 4) a 5) b 6) c 7) d

8) d 9) b 10) a 11) d 12) a 13) b 14) c

15) b 16) d 17) c 18) a 19) a 20) c

tifÞ£o¬ ga¬ghLf´tifÞ£o¬ ga¬ghLf´tifÞ£o¬ ga¬ghLf´tifÞ£o¬ ga¬ghLf´tifÞ£o¬ ga¬ghLf´-II

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 4.1

3) (-∞,−5) k¦W« (−
3

1
, ∞ ) ,± TL«/  (−5, −

3

1
) ,± Fiwí«

4) (−2, 27),  (1, 0)

5) (i) R v¬gJ 0 < x < 4 ,± TL«/ x > 4 ¡F Fiwí«.  MR

v¬gJ 0 < x < 2 ,± TL« x > 2 ¡F Fiwí«.

(ii) R v¬gJ 1 < x < 7 ,± TL«/ 0 < x < 1 k¦W« x > 7 ,±
Fiwí«.  MR v¬gJ 0 < x < 4 k¦W« x > 4 ,± Fiwí«
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6) (i) TC, 0 < x < 10 ,   x > 20 ,± TL»wJ. 10 < x < 20.

MC  0 < x < 15 ,± Fiw»wJ x > 15 ,± TL»wJ.

(ii) TC, 0 < x < 40  ,± TL»wJ/ x > 40 ,± Fiw»wJ
MC v¥bghGJ« Fiw»wJ.

7) (i) x = 0 ,± bgUk k½¥ò = 7,  x = 4 ,± ¼Wk k½¥ò = −25.

(ii) x = 1 ,± bgUk k½¥ò =−4,  x = 4 ,± ¼Wk k½¥ò = −31

(iii) x = 2 ,± ¼Wk k½¥ò = 12

(iv) x = 1 ,± bgUk k½¥ò = 19, x = 3 ,± ¼Wk k½¥ò = 15

8) x = 1 ,± bgUk k½¥ò = 53, x = −1 ,± ¼Wk k½¥ò = −23.

9) (0, 3),  (2, -9)     11) 
2

1
 < x < 1 nk±neh¡» FÉthfî«/

-∞ < x < 
2

1
   k¦W«   1 < x <∞ ,± Ñ³neh¡» FÉthfî«

c´sJ.      12) q = 3.   13) x = 1  ,± bgUk k½¥ò = 0,

x = 3 ,± ¼Wk k½¥ò = −28,x = 0 ,± tisî kh¦w¥ò´Ë

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 4.2

1) x = 15     2) 15,  225    4) x = 5       5) 1, 
2

3
     6) x = 8

7) (i) 10.5, %.110.25   (ii) 3, 0   (iii) x = 6  8) x = 60  9) Rs.1600

10) x = 70 11) x = 13  12) A : 1000,  B : 1800,  C : 1633

13) A : 214.476,  %.21.44   B : 67.51  %.58.06   C : 2000, %.4,

     D : 537.08, %.27.93  14) (i) 400  (ii) %.240

(iii) 
2

3
 nfhUj± / M©L (iv) X® M©o¬

3

2
 ghf«  15) (i) 800

(ii) X® M©o¬ 
4

1
 ghf«  (iii) 4  (iv) %.1200.

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 4.3

1)  8x + 6y;   6x − 6y

3)  (i)  24x5 + 3x2y5 − 24x2 + 6y − 7   (ii)  5x3y4 + 6x + 8

(iii)  120x4 − 48x + 6xy5     (iv)  20x3y3   (v)  15x2y4 + 6

(vi)  15x2y4 + 6   4) (i)  30x4y2 + 8x + 4     (ii) 500

(iii) 12x5y − 24y2 + 6   (iv) −90    (v)  120x3y2 + 8   (vi) 968



225

(vii) 12x5 − 48y   (viii) 12   (ix) 60x4y     (x)  2880   (xi) 2880

14) (i) 940 (ii) 700   15) neh£L¥ ò¤jf«

16) (i) %.18,002       (ii) %.8005

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 4.4

1) (i) 10 − 2L + 3K,   (ii) 5 − 4K + 3L     (iii) 14, 0

3) 1, 4      4) 3.95,  120          5) 2.438,  3.481

7) (i) 
4

3
  (ii) 

2

1
     8) 

5

2
,

5

3
         9) 6, 1      10) −

6

5
,

3

10

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 4.5

1) b 2) d 3) a 4) b 5) c 6) c 7) a

8) c 9) b 10) d 11) a 12) a 13) d 14) a

15) c 16) a 17) c 18) d 19) a 20) a

bjhifÞ£o¬ ga¬ghLf´bjhifÞ£o¬ ga¬ghLf´bjhifÞ£o¬ ga¬ghLf´bjhifÞ£o¬ ga¬ghLf´bjhifÞ£o¬ ga¬ghLf´

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 5.1

1) 0      2) 80      3) 
2

π
   4) 2    5) 

15

16

2   6) 
20

1
     7) 

12

π

8) 1  9) 
4

2π  10) (a + b)
4

π

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 5.2

Éilf´ rJu myFfË± c´sd

1) 9   2) 6     3) 

2

π

   4) 2   5) 

3

2

  6) log3   7) 
3

2
8 a   8) 8

9) 4 log4  10) πa2  11) πab

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 5.3

1) C = 10x + 12x2 − x3 +4 ,   AC = 10 + 12x − x2 +
x
4

2) C = 100 (log
16

x
 +1) ,    AC=

x
100

 (log
16

x
 +1)

3) C = x3 − 5x2 + 3x + 8 ,  AC = x2 − 5x + 3 + 
x
8

4) C = 5x − 3x2 + x3 + 100,   AC = 5 − 3x + x2 + 
x

100
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5) C = 20x − 0.02x2 + 0.001x3 + 7000

AC = 20 − 0.02x + 0.001x2 + 
x

7000

6) R = 15x − 
2

2
9 x  − x3 ,  AR = 15 − 

2

9x
 − x2

7) R = 9x − x2 + 
3

3
4 x  ,   p = 9 − x + 

3

2
4x

8) R = 100x − 3x3 ,    p = 100 − 3x2

9) R = 2x + 2x2 − 
3

3x  ,    p = 2 + 2x − 
3

2x

10) R = 4x −
2

2
3x  ,   p = 4 − 2

3 x

11) p = 3 − x  ,     R = 3x − x2

12) p = 5 −
2

2x  ,   R = 5x − 
2

3x       13) p = x
k

, k xU kh¿È.

14) C = 2x + e3x + 500  ,  AC = 2 + x

xe3

 + x
500

15) R = −

x
3

− logx2 + 9 ,    p = -
2

3

x
- 

x

x2
log

+ 
x
9

16) R = 16x −
3

3x ,     p = 16 − 
3

2x    17) 13x − 0.065x2 −120

18) R = %. 4,31,667

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 5.4

Éilf´ myFfË± c´sd.

1) 27     2) 
3

250
     3) (i) 16  (ii) 4   4)  216   5) 128   6) 

3

10

7) (i) 
2

9
 (ii) 18   8) 

3

8
  9)  9  ;  18  10) 18 ; 36   11) 144  ; 48

12)
2

63
 ; 

2

9
  13)  

3

16
; 32    14) 50 ; 15   15)16 log2 -8 ;  4

gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼gÆ¦¼ 5.5

1) (c) 2) (a) 3) (a) 4) (b)   5) (a)

6) (a) 7) (a) 8) (b) 9) (a)   10) (b)

11) (c) 12) (a) 13) (b) 14) (a) 15) (a)

16) (a) 17) (a) 18) (b)


